
PHYSICAL REVIEW B 1 MARCH 1999-IVOLUME 59, NUMBER 9
Atomic defects in the ordered compoundB2-NiAl: A combination of ab initio
electron theory and statistical mechanics

B. Meyer and M. Fa¨hnle
Max-Planck-Institut fu¨r Metallforschung, Heisenbergstrasse 1, D-70569 Stuttgart, Germany

~Received 4 September 1998!

For an ideal model of a homogeneous thermodynamically stable ordered compoundB2-NixAl12x the effec-
tive formation energies and volumes of vacancies and antistructure atoms as well as the Ni and Al activities are
calculated by a combination of theab initio electron theory with a generalized grand canonical statistical
approach. For nonstoichiometric compounds the structural defects are Ni vacancies~for x,0.5! or Ni anti-
structure atoms on the Al sublattice~for x.0.5!. At stoichiometry (x50.5! the calculated effective Ni vacancy
formation energy agrees quite well with experimental data. Forx,0.5 the theory predicts a shrinkage of the
sample with increasing temperature~superimposed to the usual anharmonic lattice expansion! due to thermal
annihilations of structural Ni vacancies, in contrast to the experimental observation. The reason for this
discrepancy is probably deviations of the structure of realB2-NixAl12x from the ideal model.
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I. INTRODUCTION

B2-NixAl12x is one of the promising candidates for hig
temperature structural applications, and therefore nume
investigations of the mechanical properties were carried
in the past. Nevertheless, there is only little known about
formation and migration properties of atomic defects@vacan-
cies and antistructure atoms on the two simple-cubic sub
tices of the B2 ~CsCl! structure# in these ordered com
pounds, which have a great influence on the mechan
creep resistance,1 for instance. One of the problems for th
investigation of the atomic defects is that it is very difficu
to prepare samples with well-defined composition and g
homogeneity which are in a thermodynamically stable st
Usually the uncertainties in the composition amount to
at. % at the stoichiometric composition (x50.5!, and it be-
came possible only most recently2 to reduce the uncertaint
to 0.1 at. %. Because for Ni-poor systems structural vac
cies appear~i.e., vacancies which survive even when goi
to zero temperature to guarantee the deviations from sto
ometry!, even small deviations from stoichiometry have
strong influence on the defect structure. For nonstoichiom
ric samples local concentration inhomogeneities may app
within one single crystal due to seigering effects.2 The for-
mation of voids is observed3,4 which may lead to an overes
timation of the vacancy concentration when using den
measurements. Finally, it is hard to prepare samples in t
modynamic equilibrium, on the one hand, because of
very slow annealing kinetics due to a high vacancy migrat
energy,5 on the other hand, by vacancy supersaturation
to surface oxidation,3,6 a suggestion made in Ref. 3 but que
tioned in Ref. 4.

In view of all the above discussed problems it appears
measurements on samples with nominally the same com
sition may yield drastically different results. For instance,
maximum plastic deformation obtained for six ‘‘stoichio
metric’’ NiAl samples was 12.9% in one sample an
1–2.4 % in the five remaining samples.7 Tracer diffusion
PRB 590163-1829/99/59~9!/6072~11!/$15.00
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measurements for the Ni atoms in well annealed N
samples8 found a monotonic increase of the diffusion coe
ficient with increasing Ni content, in contrast to former me
surements of Hancock and McDonnell9 who found a mini-
mum in the diffusion coefficient close to the stoichiomet
composition and diffusion coefficients which were orders
magnitude larger. Finally, Zobel10 obtained for Ni47Al53 an
effective vacancy formation energy of 0.21 eV from diffe
ential thermal-expansion measurements, whereas ti
differential thermal-expansion measurements11 yielded a for-
mation energy of (1.560.25) eV for a sample with
nominally the same composition. For a better understand
of the properties ofB2-NiAl more experiments on well-
defined samples2,8,12,13are indispensable.

In this complicated situation the help from theory
highly desirable, because there the ideal situation of a ho
geneous thermodynamically stable compound can be con
ered. If the calculations are accurate enough, the quantita
results obtained for this model may serve as some kind
reference, and deviations between theory and experim
may be discussed in terms of possible deviations from
simple model occurring in real nature. The first calculatio
of this type were performed by the embedded-at
method,14 and it was shown15 that various forms of
embedded-atom potentials fitted to various sets of input d
may yield even qualitatively different results for the defe
properties. An appropriate set of input data has to be cho
and the repulsive terms have to be adjusted accordingl
order to develop an embedded-atom potential which yie
the correct structural defects for off-stoichiometr
samples.15,16 The ab initio calculations based on the loca
density approximation17 are free from all these ambiguities
however, they are very costly. The firstab initio calculations
of the effective formation energies for stoichiometr
B2-NiAl were performed by Fuet al.18 within the frame-
work of a supercell method with up to 32 atoms and theab
initio mixed-basis pseudopotential approach.19 In the mean-
while, a more efficient and more accurate code for
6072 ©1999 The American Physical Society
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mixed-basis approach has been developed20 which makes the
use of larger supercells possible. The present paper rep
on results for the effective formation energies for stoich
metric and nonstoichiometric NiAl obtained with this mo
accurate code for supercells containing up to 54 atoms.
results for the defect properties as functions of composi
are compared with previous theoretical results and with
perimental data. Finally, the effective defect formation v
umes are calculated and discussed.

II. CALCULATIONAL METHOD

A. Statistical mechanics

The basic assumption of the theory is that the orde
compoundAxB12x is in a homogenous and thermodynam
cally stable state. As discussed in Sec. I this is hard
achieve in real nature, and therefore one way to interp
deviations between theoretical and experimental results
relate them to deviations from this simple model occurring
nature. If we assume that the homogeneity of the orde
compound is conserved when raising the temperature
inevitably various types of atomic defects have to be gen
ated simultaneously by thermal excitation.21–25 Suppose, for
instance, that only vacancies on the sublattice of theA atoms
would be generated in thermal equilibrium. Then, with
creasing temperature, more and moreA atoms would be re-
moved from theA-atom sublattice of the bulk and deposite
at inner or outer surfaces, i.e., the homogeneity of the c
pound would be destroyed. The only way to avoid this pro
lem is to generate simultaneously other types of atomic
fects ~i.e., vacancies on the other sublattice or antistruct
i-
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atoms! with such a statistical weight that on the average
structure of the material is conserved.

To calculate the concentrationsci
n ( i denotes the type o

defect, i.e., vacancy or antistructure atom, andn labels the
sublatticesa and b of the A and B atoms!, a generalized
grand canonical formalism was developed which in its m
extended form is described in Refs. 21 and 22. This form
ism is valid for small defect concentrations, i.e., at or close
stoichiometry and far from the order-disorder transition. T
ci

n are obtained by minimizing an appropriate ansatz for
Gibbs free energy with respect to the numbersNi

n of various
grand canonical defects~grand canonical vacancies whic
are obtained by totally removing an atom from the syste
and grand canonical antistructure atoms where an atom o
own sublattice is replaced by an atom of the other ty!
which are introduced in the originally perfectly ordered co
pound. The conservation of particle numbersNA and NB is
guaranteed by means of Lagrangian parametersmA and mB
which have the meaning of chemical potentials. During
introduction of a grand canonical defect the energy, the v
ume, and the vibrational entropy of the system changes
« i

n , DVi
n , andsi

n ~defect formation parameters!. We assume
that for small defect concentrations these defect forma
parameters are independent of the defect concentrations.
minimization of the Gibbs free energy yields the concent
tionsci

n5Ni
n/2M (2M is the total number of lattice sites! as

function of temperatureT, pressurep, and chemical poten-
tials mA and mB . For instance, for the concentration of v
cancies on thea sublattice orA antistructure atoms on theb
sublattice we find
cv
a5

1

2

esv
a/kBe2~«v

a
1mA1pDVv

a
!/kBT

11esv
a/kBe2~«v

a
1mA1pDVv

a
!/kBT1esB

a/kBe2~«B
a

1mA2mB1pDVB
a

!/kBT
, ~1!

cA
b5

1

2

esA
b/kBe2~«A

b
2mA1mB1pDVA

b
!/kBT

11esA
b/kBe2~«A

b
2mA1mB1pDVA

b
!/kBT1esv

b/kBe2~«v
b

1mB1pDVv
b

!/kBT
. ~2!
f the
tal
The chemical potentialsmA(T,p,x) and mB(T,p,x) are de-
rived from the Gibbs-Duhem relation, which yields

«01pV02Ts0

5mA1mB2kBT ln@~122cv
a22cB

a!~122cv
b22cA

b!#,
~3!

where«0 , V0 , ands0 denote the energy, volume, and v
brational entropy of the ideal elementary unit cellA0.5B0.5,
and from the equation

NA

NB
5

x

12x
5

122cv
a22cB

a12cA
b

122cv
b22cA

b12cB
a

, ~4!

which guarantees the correct composition of the compou
In general these two equations have to be solved num
cally, and then the concentrationsci

n may be calculated from
d.
ri-

Eqs. ~1! and ~2! as complicated functions ofT, p, and x.
However, if the temperature and pressure dependences o
chemical potentials may be linearized in the experimen
ranges, Eqs.~1! and ~2! may be approximated23 by simple
exponentials

ci
n5

1

2
eS̃i

n/kBe2~Ẽi
n
1pṼ i

n
!/kBT. ~5!

The effective formation entropyS̃i
n , energyẼi

n , and volume

Ṽ i
n then may be obtained from the concentrationsci

n(T,p,x)

as in a monoatomic crystal, i.e.,S̃i
n is found by extrapolating

ln ci
n(1/T) to 1/T→0, and

Ẽi
n52kB

] ln ci
n

]~1/T!
, ~6!
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Ṽ i
n52kBT

] ln ci
n

]p
. ~7!

However, because in ordered compounds inevitably vari
types of defects have to be generated simultaneously,
physical interpretation of these effective formation quantit
is much more complicated than in monoatomic crystals~see
Refs. 21–25 and Appendix A!. If certain preconditions are
fulfilled, approximate analytical expressions for the line
temperature and pressure dependences ofmA and mB and
hence analytical expressions for the effective format
quantities may be obtained from Eqs.~1!–~4!. For non-
stoichiometric compounds this is the case if the concen
tions of thermal defects is much smaller than the concen
tion of the structural defect and if the type of structural d
fect is known~e.g., from preceding numerical calculations!.
For stoichiometric compounds this is the case if the de
concentrations are small and two types of defects~those with
the smallest effective formation energies! dominate strongly.
If these preconditions are fulfilled then it is possible to sel
from the many possible defect combinations which conse
the homogeneity of the sample and which involve a spec
defect under consideration a special defect combination
which the considered defect is generated most effectiv
Then the analytical expressions for the effective defect
mation quantities derived in Appendix A tell us what th
special defect combination looks like. If the above discus
preconditions are not fulfilled, for instance, if more than tw
defects coexist with comparable concentrations in some t
perature range@as is probably the case inB2-FeAl ~Refs.
22–24!#, then several or even many different defect com
nations may contribute to the generation of the conside
defect, and then the concentrations have to be determ
numerically from Eqs.~1!–~4!.

Please note that because of our approximation of de
formation parameters which do not depend on the concen
tion of the defects and as a consequence of the approx
tions involved in the analytical calculation the analytical e
pressions for the effective formation energies exhibit
discontinuous behavior: They are independent of the com
sition for x,0.5 andx.0.5, but they attain different value
for x,0.5, x50.5, andx.0.5. In contrast, the analytic ex
pressions for the effective formation entropies change w
composition in the whole composition range~see Appendix
A!. They diverge forx→0.5, however, it must be taken int
account that our approximation adopted for the derivation
the analytical expressions~i.e., the concentration of struc
tural defects is much larger than the concentration of ther
defects! holds for progressively smaller temperaturesT when
approaching the stoichiometric composition more a
more.25 In order to obtain the concentrations close to stoic
ometry at finite temperatures, one has to solve Eqs.~1!–~4!
numerically, and this of course yields concentrations wh
vary smoothly withT andx.18,23,26

The structural defect, i.e., the one which survives wh
going to zero temperature may be identified from the c
centration equations as the one for whichẼi

n1pṼ i
n50, i.e.,

Ẽi
n50 for zerop. According to Appendix A, in addition to

the structural defects which appear even at zero tempera
s
he
s

r

n

a-
a-
-

ct

t
e
c
y

y.
r-

d

-

-
d
ed

ct
a-
a-

-
a
o-

h

f

al

d
-

h

n
-

re,

defects of the same type may be generated or annihil
together with the thermal excitations of the nonstructural
fects.

B. Ab initio electron theory

In the following we calculate the defect formation param
eters« i

n andDVi
n by theab initio electron theory. The defec

entropy parameterssi
n are neglected because it is extreme

costly to calculate themab initio.27 This has only a very
small influence on the effective formation energies a
volumes,25 but of course we cannot discuss the absolute v
ues of the concentrations when using this approximation

The defect formation parameters« i
n andDVi

n were calcu-
lated by a supercell approach, i.e., large supercells cont
ing N sites and one defect, respectively, were arranged p
odically and« i

n or DVi
n was determined from the differenc

in energy or equilibrium volume of the supercells with a
without the defect. Supercells containingN516 and 54 at-
oms were considered. The calculations were performed
the ab initio electron theory in local-density approx
mation17,28 and theab initio pseudopotential method29 ~in-
cluding the partial core correction30! with a mixed-basis
set19,20consisting of plane waves and five localized and no
overlappingd orbitals per Ni atom. For this mixed-bas
pseudopotential method a highly efficient code has been
veloped recently20 in which in addition former approxima
tions for the matrix elements of the local part of the pseu
potential involving localized orbitals were removed, whic
improved the accuracy of the total energy and force calcu
tion. The structural relaxations of the atoms surrounding
defects were fully taken into account. For the sampling of
Brillouin zone the specialk points of Chadi and Cohen31 and
Gaussian broadening32,33 with a smearing parameter of 0.
eV were used. For the calculation of the cohesive proper
of the ideal stoichiometric compoundB2-NiAl the results
were converged with respect to the plane-wave cutoffEpw
and the number ofk points. For the supercell calculations th
energies still can be reasonably converged with respect to
number ofk points, but the energies are usually quite f
from being converged with respect toEpw . It is shown in
Appendix B that — nevertheless — well converged resu
for the effective formation energies and volumes may
obtained from supercell calculations which are not yet c
verged with respect toEpw .

III. RESULTS

Concerning the cohesive properties of ideal stoichiome
B2-NiAl, we determined a lattice parameter ofa0
52.837 Å , a bulk modulus ofB05185 GPa, and a cohe
sive energy per unit cell ofEcoh5211.5 eV, compared to
the experimental results at room temperature ofa0
52.886 Å ~Ref. 34! and B05158 GPa.35 We thus ob-
tained a slight overbinding, as is usual for the local dens
approximation.

Table I exhibits for unrelaxed supercells with the latti
constanta052.84 Å some tests for the convergence of t
effective formation energies of the stoichiometric syste
with respect to the supercell size, the plane-wave cutoffEpw ,
and the numbernk of equivalentk points in the irreducible
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part of the Brillouin zone of the ideal two atom unit ce
There are only slight differences between the results for
two supercell sizes. These differences become larger~Table
II ! when allowing for the structural relaxation of the atom
around the defects and a subsequent volume relaxation o
supercell~while fixing the scaled positions of the atoms!.
Therefore, the final results for the effective formation en
gies were obtained for the 54 atom supercell. The struct
relaxation has a stronger effect than the volume relaxatio
is of the order of magnitude of a few percent or of a fe
tenths of a percent of the equilibrium lattice constant, be
strongest for the Al antistructure atom on thea sublattice
~Table III!. For the Al vacancy all surrounding atoms rela
towards the vacancy, whereas for all the other defects th
is an oscillatory relaxation behavior of the surrounding
oms. The volume relaxation yields defect volume parame
DVi

n of 228,247,226, and155% of the average volum
per atomV0/2 of the ideal two atom unit cell for thea
vacancy, theb vacancy, the Ni antistructure atom on theb
sublattice and the Al antistructure atom on thea sublattice,
respectively. It becomes obvious from Table I that the c
vergence of the results with respect to the numbernk of k
points is not critical, and for the final calculations includin
the relaxations we usednk556. Finally, the results are al
ready very well converged forEpw512.5 Ryd because th
numerical procedure described in Appendix B is adopt
The final results for the effective formation energies and v
umes obtained from the analytical expressions derived
Appendix A for various compositions are given in Table I

Figure 1 represents the Al activities

ln
aAl~x!

aAl~x50.5!
5@mAl~x!2mAl~x50.5!#/kBT ~8!

as function of the composition forT51273 K, which may
be obtained experimentally by an isopiestic method,36 for
instance. The solid curve shows the results which are
tained numerically from Eqs.~1!–~4! when considering zero
pressurep, zero defect entropy parameterssi

n and zeros0 .

TABLE I. Convergence tests with respect to the supercell s
N, the numbernk of equivalentk points in the irreducible part of the
Brillouin zone of the ideal two atom unit cell, and the plane-wa
cutoff Epw ~in Ry!. The calculations were performed for unrelax
supercells of stoichiometric NiAl at the equilibrium lattice consta
a052.84 Å of the ideal unit cell, and the effective formation e
ergies ~in eV! are given for the stoichiometric composition. Th

effective formation energiesẼv
a and ẼNi

b are identical because
stoichiometric NiAl is a triple defect system~see Sec. IV!.

N nk Epw Ẽv
a Ẽv

b ẼNi
b ẼAl

a

16 20 12.5 0.97 2.12 0.97 2.83
56 12.5 1.00 2.13 1.00 2.86

16.0 0.99 2.13 0.99 2.84
120 12.5 0.97 2.09 0.97 2.77

54 20 12.5 0.77 1.99 0.77 2.65
56 12.5 0.88 2.09 0.88 3.00

16.0 0.88 2.08 0.88 2.99
120 12.5 0.83 2.01 0.83 2.83
e

the

-
al
It

g

re
-
rs

-

.
l-
in

b-

The activities were also calculated from the analytical a
proximations for the chemical potentials~Appendix A!,
yielding

ln
aAl~x!

aAl~x50.5!

55
1

3
G0 /kBT2

1

3
ln 21 ln

122x

12x
for x,0.5

2
1

6
G0 /kBT2

1

3
ln 21

1

2
ln

4~12x!2

2x21

for x.0.5

~9!

with

G052Ẽv
a1ẼNi

b 1p~2Ṽv
a1ṼNi

b !

2T@2S̃v
a~x50.5!1S̃Ni

b ~x50.5!#, ~10!

where the constantG0 does not depend on the concentrati
x. It turned out that the results of the numerical and t
analytical calculations agreed more or less perfectly exc
for a range of compositions very close to the stoichiome
one. This gives us the possibility to fit Eq.~9! outside this
range to the experimental data reported in Ref. 37, wher
for p50 the only fit parameter is the sum of the effecti
formation entropies 2S̃v

a(x50.5)1S̃Ni
b (x50.5). The dotted

curve of Fig. 1 shows that a very good fit is obtained f
2S̃v

a(x50.5)1S̃Ni
b (x50.5)52.25 kB . The dashed curve in

Fig. 1 shows the numerical results for the Ni activities~for
p50 andsi

n5s050) for which so far no experimental dat
are available.

IV. DISCUSSION

In this paper we considered the properties of atomic
fects for an ideal homogeneous thermodynamically sta
B2 phase of NiAl. The concentrations of the various defe
were obtained by a generalized grand canonical appro
The only additional approximation entering this approach
the assumption that the defect formation parameters are
dependent of the defect concentrations, which restricts
applicability of the method to compositions close to stoic
ometry and to temperatures far below the order-disorder t

e

t

TABLE II. The effect of structural relaxation and volume rela
ation on the effective formation energies~in eV! of stoichiometric
NiAl. The calculations were performed forEpw512.5 Ry andnk

556. The effective formation energiesẼv
a and ẼNi

b are identical
because stoichiometric NiAl is a triple defect system~see Sec. IV!.

N Relaxation Ẽv
a Ẽv

b ẼNi
b ẼAl

a

16 Without 1.00 2.13 1.00 2.86
Structural 0.97 2.11 0.97 2.49

Struct.1vol. 0.95 2.03 0.95 2.37

54 Without 0.88 2.09 0.88 3.00
Structural 0.76 2.01 0.76 2.40

Struct.1vol. 0.74 1.97 0.74 2.36
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TABLE III. Relaxations of the atoms surrounding a defect in various neighbor shells~in atomic units
a.u.!. The numbers in parentheses are the relative displacements in percent of the equilibrium lattice c
of ideal stoichiometric NiAl. A negative sign means that the atom moves towards the defect. The calcu
were performed at the equilibrium lattice constant and forEpw512.5 Ry,nk556.

Shell N Ni-v Al-v Ni-as Al-as

1 16 20.059~1.1%! 20.018~0.3%! 20.004~0.1%! 10.144~2.7%!

54 20.110~2.0%! 20.026~0.5%! 10.029~0.5%! 10.223~4.2%!

2 16
54 10.084~1.6%! 20.069~1.3%! 20.110~2.0%! 20.134~2.5%!

3 16
54 20.031~0.6%! 20.017~0.3%! 10.006~0.1%! 10.028~0.5%!
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sition. Various types of canonical approaches have b
developed15,38 in the past which yield identical results so th
there are no doubts on the validity of the statistical meth
The defect formation parameters appearing in the statis
approach were calculated by theab initio electron theory in
the local-density approximation. This calculation meth
yields results for the vacancy formation energies of elem
tary Li, Na, K, Al, and Mo in excellent agreement with e
perimental data.39 Because there is no reason why t
method should fail for the intermetallic compounds, we
sume that ourab initio method is indeed highly reliable an
accurate. Altogether, it becomes clear that strong differen
between theory and experiment for the effective format
energies mean that real NiAl considered in the experime
may not be described by the ideal model of a homogene
thermodynamically stableB2 phase~inhomogeneities which
act as sinks or sources of atoms, different phases, devia
from thermodynamical stability due to inhomogeneities or
a very slow annealing kinetics, etc.!. Slight deviations may
be related to the assumption of concentration indepen
defect formation parameters, to a weak deficiency of
local-density approximation or to not perfectly convergedab
initio calculations~see Sec. III!.

For a comparison with experiments it should be recal
that the vibrational entropy parameters were neglected
that we cannot expect quantitative results for the abso
concentrationsci

n . We therefore restrict our discussion to th
effective formation energies.

According to Table IV, stoichiometric NiAl is a triple

TABLE IV. Effective formation energies~in eV! and volumes
~in units of the average volume per atomV0/2 of the ideal two atom
unit cell! for NiAl at various compositions.

x.0.5 x50.5 x,0.5

Ẽv
a 1.11 0.74 0.0

Ẽv
b 1.60 1.97 2.71

ẼNi
b 0.0 0.74 2.22

ẼAl
a 3.10 2.36 0.88

Ṽv
a 0.59 0.40 0.0

Ṽv
b 0.66 0.86 1.26

ṼNi
b 0.0 0.40 1.19

ṼAl
a 0.29 20.11 20.90
n

.
al

-

-

es
n
ts
us

ns

nt
e

d
so
te

defect system, i.e., two Ni vacancies on thea sublattice and
one Ni antistructure atom on the Al sublattice are genera
simultaneously. The effective formation energy for Ni v
cancies and Ni antistructure atoms is 0.74 eV, whereas
effective formation energies for the Al vacancy on theb
sublattice and the Al antistructure atom are much larger
that the precondition for the application of the analytical e
pressions of Appendix A is certainly fulfilled. Our effectiv
formation energy for the Ni vacancy is slightly smaller th
the one obtained by Fuet al.18 ~0.93 eV!, which was ob-
tained with the former less accurate mixed-basis code and
a supercell with 32 rather than 54 atoms. It is slightly larg
than the value of 0.68 eV obtained by Mishin and Farka16

with the embedded-atom method and the value of 0.65

FIG. 1. Activities of Al in NiAl at T51273 K as a function of
the compositionx. The solid curve is calculated with zero defe
entropy parameters. The dotted curve is the result after fitting
entropy terms~see text!. The experimental data points are take
from Krachler et al. ~Ref. 37!. The dashed curve represents o
numerical results for the activity of the Ni atom as calculated
neglecting the entropy terms.
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found by Badura-Gergen40 with the empirical Bragg-
Williams method. For the Al vacancy, however, th
embedded-atom method of Mishin and Farkas yields a va
of 1.23 eV which is much smaller than ourab initio value of
1.97 eV. The only experimental value of 0.68 eV for t
effective Ni vacancy formation energy of stoichiometr
NiAl from differential thermal-expansion measurement10

agrees quite well with the theoretical data.
In the case of nonstoichiometric systems we obtain

structural defects Ni vacancies on thea sublattice for
x,0.5 and Ni antistructure atoms on theb sublattice forx
.0.5. Structural Ni vacancies were also found inD03-Ni3Sb
by coherent elastic neutron-scattering experiments41 and by
the ab initio electron theory.26 Thus the early suggestion o
Bradley and Taylor,42 who explained their combined mea
surements of the density and the lattice parameter for var
compositions in terms of these structural defects, is c
firmed. For x.0.5 the effective formation energies a
smallest for the vacancies on the two sublattices, i.e., in
case the self-diffusion may be mediated by vacancies on
sublattices, whereas in the model system of a homogen
thermodynamically stableB2-FeAl there is only a very smal
concentration of Al vacancies for all compositions.22,23,39For
x,0.5 the effective formation energy is by far smallest f
the Al antistructure atom on thea sublattice ~0.88 eV!,
whereby two Ni vacancies are annihilated during the ther
creation of an Al antistructure atom~see Appendix A!. As a
result, we expect a shrinkage of the Ni-poor samples w
increasing temperature, superimposed to the usual an
monic lattice expansion, with an activation energy of 0.
eV. The effective formation energy of the Al vacancy on t
b sublattice is rather high forx,0.5 which might explain
the most recent observation8 that the Ni diffusion constant is
smaller forx,0.5 than forx.0.5, although there are struc
tural Ni vacancies in abundance forx,0.5.

The only experimental data for the effective vacancy f
mation energies of Ni-poor NiAl are from differentia
thermal-expansion measurements10 and from time-
differential thermal-expansion measurements.11 In both ex-
periments it seems to be clear that there is an expan
rather than a shrinkage of the sample with increasing t
perature. Quantitatively, however, there are considerable
ferences: Both techniques consider a sample of nomin
the same composition (Ni47Al53), but the differential therma
expansion10 yields an effective formation energy of 0.21 eV
whereas the time-differential thermal expansion gives (
60.25) eV. In our opinion both the qualitative differenc
between theory and experiment as well as the consider
quantitative difference between the two experiments i
strong hint that possibly the samples cannot be describe
the ideal model of a homogeneous thermodynamically sta
B2 phase. It should be noted that, in principle, there i
second possibility to explain the qualitative difference b
tween theory and experiment. So far we have assumed
for x,0.5 the dominant thermal defects are Al antistructu
atoms on thea sublattice because their effective formatio
energy of 0.88 eV is much smaller than those for the
antistructure atom on theb sublattice~2.22 eV! or the Al
vacancy on theb sublattice~2.71 eV!. In principle, it could
be~although this is not very likely! that the vibrational defec
entropy parameters~which we neglected in our calculations!
e
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favor the Ni antistructure atoms on theb sublattice so
strongly that their concentration exceeds the concentratio
the Al antistructure atom on thea sublattice in spite of the
considerably larger effective formation energy. Because
that case two Ni vacancies on thea sublattice have to be
generated simultaneously with the Ni antistructure atom,
crystal would expand with increasing temperature, howev
with an activation energy of 2.22 eV which is much larg
than the two experimental values~0.21 and 1.5 eV!. Finally,
it might also be that our assumption of defect formation p
rameters which are independent of the defect concentrat
fails which, however, is also unlikely because the deviat
from stoichiometry was small for the considered sample a
the thermal defect concentration at the investigated temp
tures@T,1000 K ~Ref. 11!# was also small because of th
high order-disorder transition temperature of NiAl. Alto
gether, we think that the first explanation is most likely.

Kim et al.6 have investigated the concentration of atom
defects for various compositions and two temperatures~1173
and 1573 K! by the neutron-diffraction technique. This ver
difficult experiment yielded hints to the existence of Al v
cancies and Al antistructure atoms in considerable conc
trations ~about 1%! in addition to the Ni vacancies and N
antistructure atoms. Because we did not calculate the a
lute defect concentrations, we cannot comment on these
sults.

The defect volume parameterDVi
n is largest and positive

for the Al antistructure atom on thea sublattice, indicating a
large effective size of the Al atom. Nevertheless, the eff
tive formation volume of the Al antistructure atom
strongly negative forx,0.5, weakly negative forx50.5, and
slightly positive forx.0.5. The reason is that the effectiv
formation volume as obtained from Eq.~7! is not only deter-
mined by the defect volume parameter of the considered
fect, but by a combination of the defect volume paramet
of all defects which have to be generated simultaneou
with the considered defect in order to conserve the homo
neity of the material. According to Eq.~A16! we have for
x.0.5 and for the case that Ni antistructure atoms on thb
sublattice are the structural defects the relation

ṼAl
a 5DVAl

a 1DVNi
b , ~11!

which yields a positive value because ofuDVAl
a u

.uDVNi
b u, signDVAl

a 52signDVNi
b 511. The underlying

physical mechanism is thatA and B atoms exchange site
between thea andb sublattice. Forx50.5 and a triple de-
fect system we have Eq.~A11!

ṼAl
a 5DVAl

a 2
1

3
~V012DVv

a22DVNi
b !, ~12!

which yields a slightly negative value (V0 is the equilibrium
volume of the two atom unit cell!. Equation~12! tells us that
Al antistructure atoms on the Ni sublattice are most eff
tively generated on the statistical average by producing th
Al antisite atoms while simultaneously removing an eleme
tary unit cell from the surface, annihilating twoa vacancies
and creating two Ni antistructure atoms on theb sublattice.
Finally, for x,0.5 and structurala vacancies we obtain Eq
~A19!
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ṼAl
a 5DVAl

a 2V022DVv
a , ~13!

which yields a strongly negative value. The mechanism n
is that an Al and a Ni atom are removed from the surfa
The Ni atom is inserted into onea vacancy which is annihi-
lated and the Al atom is inserted into anothera vacancy,
creating the Al antistructure atom. It becomes apparent fr
this discussion that the effective formation volumes have
be discussed very carefully in order to avoid serious mis
terpretations of experimental data.21,22,24,39

V. CONCLUSION

It is well known that the experimental investigation
atomic defects inB2-NiAl is highly critical because it is a
problem to produce well-defined samples. In the present
per, therefore, some kind of reference is given by calcula
the defect structure for an ideal model of a homogene
thermodynamically stable ordered compound. Differen
between theory and experiment then may be traced bac
deviations from this simple model occurring in real natu
The calculations yield the correct structural defects, and
stoichiometry the calculated effective vacancy formation
ergy agrees well with available experimental data. Discr
ancies among various experiments and even qualitative
ferences between theory and experiment appear for Ni-p
system: In contrast to the experiments the theory predic
shrinkage of the sample due to a thermally activated ann
lation of structural Ni vacancies with increasing temperat
~superposed to the usual anharmonic lattice expansion!. It is
concluded that all these problems probably arise from de
tions of the structure of the real samples from the id
model considered in the theory.
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APPENDIX A

As discussed in Sec. II A, analytical expressions for
effective defect formation quantities may be obtained if c
tain preconditions are fulfilled. We illustrate the prescripti
how these effective formation quantities are obtained for
example in the stoichiometric and for one in the nonstoich
metric case and give a list of these quantities for all ot
conceivable cases.

1. The stoichiometric case

In the stoichiometric case, Eq.~4! reduces to

cv
a12cB

a5cv
b12cA

b , ~A1!

and for small defect concentrations Eq.~3! may be approxi-
mated by

«01pV02Ts05mA1mB . ~A2!

Analytical expressions may now be obtained if two types
defects dominate strongly. This entails that the effective
fect formation quantities are identical for those two types
defects, as can be seen in the following example:
w
.

m
o
-

a-
g
s
s
to
.
at
-
-

if-
or
a
i-
e

a-
l

fer

e
-

e
-
r

f
-
f

~1! Vacancy-type systems.
If the vacancies on the two sublattices have the smal

effective formation energies and dominate strongly, then
~A1! reduces further to

cv
a5cv

b , ~A3!

where we can use the expression~1! for the concentrations
thereby neglecting for small defect concentrations the ex
nentials in the denominators. Equations~A2! and ~A3! then
yield the chemical potentials, and by inserting these qua
ties into Eqs.~1! and ~2! and neglecting again the expone
tials in the denominators, the concentrationsci

n may be writ-
ten in the form of Eq.~5! with the following effective defect
formation quantities:

Ẽv
a5Ẽv

b5 1
2 ~«01«v

a1«v
b!,

ẼA
b5«A

b1«v
a2«v

b ,

ẼB
a5«B

a2«v
a1«v

b , ~A4!

Ṽv
a5Ṽv

b5 1
2 ~V01DVv

a1DVv
b!,

ṼA
b5DVA

b1DVv
a2DVv

b ,

ṼB
a5DVB

a2DVv
a1DVv

b , ~A5!

S̃v
a5S̃v

b5 1
2 ~s01sv

a1sv
b!,

S̃A
b5sA

b1sv
a2sv

b ,

S̃B
a5sB

a2sv
a1sv

b . ~A6!

All these equations have simple physical interpretations. T
equations for the two vacancies reflect the fact that both
cancies have to be generated simultaneously, thereby en
ing the crystal by one elementary unit cell. The equation
the A antistructure atom on theb sublattice tells us that it is
generated by transferring anA atom from thea sublattice to
a vacancy on theb sublattice, etc. Please note that the effe
tive formation quantities of a defect (i ,n) do not depend just
on the defect formation parameters« i

n ,si
n ,DVi

n of the same
defect, but they contain also the defect formation parame
from the defects which have to be generated or annihila
simultaneously. This holds also for all the other cases d
cussed in this appendix, and this must be taken into acco
to avoid misinterpretations of experimental data.21–25,39

~2! Antistructure-type systems.

Ẽv
a5«v

a1 1
2 S «01

«A
b2«B

a

2 D ,

Ẽv
b5«v

b1 1
2 S «02

«A
b2«B

a

2 D ,

ẼB
a5ẼA

b5 1
2 ~«A

b1«B
a!, ~A7!

Ṽv
a5DVv

a1 1
2 S V01

DVA
b2DVB

a

2 D ,
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Ṽv
b5DVv

b1 1
2 S V02

DVA
b2DVB

a

2 D ,

ṼB
a5ṼA

b5 1
2 ~DVA

b1DVB
a!, ~A8!

S̃v
a5sv

a1 1
2 S s01

sA
b2sB

a

2 D ,

S̃v
b5sv

b1 1
2 S s02

sA
b2sB

a

2 D ,

S̃B
a5S̃A

b5 1
2 ~sA

b1sB
a!. ~A9!

~3! Triple defect systems.
In this case the effective formation energy of a vacan

on one sublattice and an antistructure atom on the other
lattice is lowest, and two vacancies together with one a
structure atom have to be generated simultaneously in o
to conserve the homogeneity of the sample. We represen
equations which hold if the vacancy on thea sublattice has
the lowest effective formation energy, analogous equati
hold for the vacancy on theb sublattice:

Ẽv
a5ẼA

b5 1
3 ~«012«v

a1«A
b!,

Ẽv
b5«v

b1 1
3 ~2«01«v

a2«A
b!,

ẼB
a5«B

a2 1
3 ~«012«v

a22«A
b!, ~A10!

Ṽv
a5ṼA

b5 1
3 ~V012DVv

a1DVA
b!,

Ṽv
b5DVv

b1 1
3 ~2V01DVv

a2DVA
b!,

ṼB
a5DVB

a2 1
3 ~V012DVv

a22DVA
b!, ~A11!

S̃v
a5 1

3 ~s012sv
a1sA

b1kB ln 2!,

S̃v
b5sv

b1 1
3 ~2s01sv

a2sA
b2kB ln 2!,

S̃A
b5 1

3 ~s012sv
a1sA

b22kB ln 2!,

S̃B
a5sB

a2 1
3 ~s012sv

a22sA
b22kB ln 2!. ~A12!

2. The nonstoichiometric case

In the nonstoichiometric case analytical expressions m
be obtained if the concentration of thermal defects is m
smaller than the concentration of the structural defect, an
the type of structural defect is known. Again we illustrate t
calculational prescription for one case and then collect
results for all conceivable cases. We thereby represent
the equations forx.0.5. Analogous equations hold fo
x,0.5 with A, a replaced byB, b and x replaced by (1
2x).

~1! The structural defects areA antistructure atoms on th
b sublattice. Neglecting the concentrations of the therm
defects,cv

a5cv
b5cB

a50, Eqs.~4! and ~3! reduce to

cA
b5x2 1

2 ~A13!
y
b-
i-
er
he

s

y
h
if

e
ly

l

and

«01pV02Ts05mA1mB2kBT ln~122cA
b!. ~A14!

From Eqs.~A13! and ~A14! we calculate the chemical po
tentialsmA andmB , thereby inserting into Eq.~A13! Eq. ~2!
and neglecting the exponential in the denominator of Eq.~2!
which corresponds to the thermal defect. Inserting th
chemical potentials into Eqs.~1! and ~2! and neglecting
again exponentials corresponding to the thermal defect
the denominators, the concentrationsci

n may be written in
the form of Eq.~5! with the following effective defect for-
mation quantities:

Ẽv
a5«v

a1 1
2 ~«01«A

b!,

Ẽv
b5«v

b1 1
2 ~«02«A

b!,

ẼA
b50,

ẼB
a5«B

a1«A
b, ~A15!

Ṽv
a5DVv

a1 1
2 ~V01DVA

b!,

Ṽv
b5DVv

b1 1
2 ~V02DVA

b!,

ṼA
b50,

ṼB
a5DVB

a1DVA
b, ~A16!

S̃v
a5sv

a1 1
2 ~s01sA

b!2 1
2 kB ln~2x21!,

S̃v
b5sv

b1 1
2 ~s02sA

b!1 1
2 kB ln~2x21!,

S̃A
b5kB ln~2x21!,

S̃B
a5sB

a1sA
b2kB ln

2x21

2~12x!
. ~A17!

It becomes obvious from these equations that in addition
the structuralA antistructure atoms on theb sublattice which
appear already at zero temperature furtherA antistructure
atoms may be thermally excited in combination with vaca
cies on thea sublattice orB antistructure atoms on thea
sublattice, with activation energies according toẼv

a or ẼB
a ,

respectively. Alternatively,A antistructure atoms may be an
nihilated during the thermal excitation of two vacancies
the b sublattice, ifẼv

b is smaller thanẼv
a and ẼB

a .
~2! The structural defects are vacancies on theb sublat-

tice
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Ẽv
a5«v

a1«01«v
b ,

Ẽv
b50,

ẼA
b5«A

b2«022«v
b ,

ẼB
a5«B

a1«012«v
b , ~A18!

Ṽv
a5DVv

a1V01DVA
b,

Ṽv
b50,

ṼA
b5DVA

b2V022DVv
b,

ṼB
a5DVB

a1V012DVv
b, ~A19!

S̃v
a5sv

a1s01sA
b2kB ln

2x21

x
,

S̃v
b5kB ln

2x21

x
,

S̃A
b5sA

b2s022sv
b12kB ln

2x21

x
,

S̃B
a5sB

a1s012sv
b2kB ln

~2x21!2

x~12x!
. ~A20!

Please note that in addition to the structural vacancies
theb sublattice furtherb vacancies may be generated sim
taneously with the excitation ofa vacancies or simulta
neously with the formation ofB antistructure atoms on thea
sublattice, with effective formation energiesẼv

a or ẼB
a , re-

spectively. Alternatively,b vacancies may be annihilate
during the thermal excitation of anA antistructure atom on
the b sublattice, ifẼA

b is smaller thanẼv
a and ẼB

a .
In these nonstoichiometric cases the effective format

entropies contain terms which depend only on the comp
tion, which therefore appear even if we neglect the vib
tional entropies at all and which may yield negative effect
formation entropies. This must be taken into account
avoid misinterpretations of experimental results.21–23,25,39

APPENDIX B

In this appendix we show how well converged resu
~with respect toEpw) for the effective formation energies an
volumes may be obtained from not yet converged super
calculations. The proof is given for a binary compoundAB
with B2 structure, but other structures can be handled
cordingly.

The basic idea is that — starting from a reasonably la
plane-wave cutoffEpw — the results for the eigenfunction
of a crystal are improved by an increase ofEpw mainly in the
regions close to the nuclei~where the pseudo wave function
show a strong spatial variation!, whereas the results in th
binding area between the atoms are only slightly affected
a result, the deviation of the not yet converged super
energy from the converged energy is expected to be pro
n

n
i-
-

o

ll

c-

e

s
ll
r-

tional to the number of nuclei in the supercell. This is al
manifested in the fact that the equilibrium lattice consta
converges much faster with respect toEpw than the cohesive
energy: The energy vs volume curves are more or less rig
shifted up or down the energy axis when varyingEpw . If
E0(N,c) @E0(N,nc)# denote the energy of the converge
~not yet converged! ideal supercell with N atoms,
Ev

a(N21,c) @Ev
a(N21,nc)# are the corresponding energie

for the supercell with one vacancy on thea sublattice,
EA

b(N,c) @EA
b(N,nc)# are the energies for the supercell wi

oneA antistructure atom on theb sublattice, and ifdEA and
dEB denote the errors perA or B atom due to the noncon
verged calculations, we then obtain

E0~N,c!5E0~N,nc!1
N

2
dEA1

N

2
dEB , ~B1!

Ev
a~N21,c!5Ev

a~N21,nc!1S N

2
21D dEA1

N

2
dEB ,

~B2!

EA
b~N,c!5E~N,nc!1S N

2
11D dEA1S N

2
21D dEB .

~B3!

From these equations we obtain

«v
a~c!5Ev

a~N21,c!2E0~N,c!5«v
a~nc!2dEA , ~B4!

«A
b~c!5EA

b~N,c!2E0~N,c!5«A
b~nc!1dEA2dEB .

~B5!

It becomes obvious that the deviations of the nonconver
defect energy parameters from the converged ones are o
order of dEA ,dEB , whereas for the energies of the supe
cells themselves they are of the order ofNdEA ,NdEB .

The same arguments may be applied to the vacancy
mation in a monoatomic crystal:

E0~N,c!5E0~N,nc!1NdE, ~B6!

Ev~N21,c!5Ev~N21,nc!1~N21!dE. ~B7!

When calculating the vacancy formation energy

«v~c!5Ev~N21,c!2
N21

N
E0~N,c!

5Ev~N21,nc!2
N21

N
E0~N,nc!, ~B8!

the errors per atomdE totally drop out. The supercell calcu
lations for the vacancy formation energy in monoatom
crystals all relied on this error cancellation~see, for instance
Ref. 43!. It will be shown in the following that a similar nea
total error cancellation may be achieved also for the effec
formation energies of compounds when in Eq.~3! the non-
converged rather than the converged result for the energ«0
per ideal unit cell is inserted. To demonstrate this, we c
sider Eqs.~1!–~4! and assume that we insert the converg
values for« i

n ,«0 , yielding converged values formA andmB .
Representing these values by
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« i
n~c!5« i

n~nc!1 f ~dEA ,dEB!, ~B9!

wheref denotes the correction terms as given, for instance
Eqs.~B4! and ~B5!,

«0~c!5«0~nc!1dEA1dEB , ~B10!

and

mA/B5m̃A/B1dEA/B , ~B11!

where m̃A and m̃B are defined via the last equation, it b
comes obvious that all the correction termsdEA and dEB
drop out in Eqs.~1!–~4!. This means that nearly converge
results for the concentrationsci

n may be obtained when in
serting in Eqs.~1!–~4! the nonconverged values for« i

n and
«0 .

To demonstrate the effect, Table V shows the results
the effective vacancy formation energyẼv

a for a 16-atom
supercell ofB2-NiAl as obtained by inserting nonconverge
or converged values of«0 , and indeedẼv

a converges much
faster withEpw when using the nonconverged value of«0 .

The basic idea has also an implication for the determi
tion of the defect volume parametersDVi

n which are the
differences between the equilibrium volumes of the super
with and without the defect. There are two problems

TABLE V. Convergence of the effective Ni vacancy formatio
energy~in eV! in B2-NiAl with respect toEpw ~in Ry!. The first
line ~nonconv.! is obtained when using the nonconverged value
«0 , the second line~conv.! for the use of the converged value. Th
calculations were performed for an unrelaxed 16-atom supercell
nk556.

Epw 12.5 16.0 20.0 24.0 30.0 40.0

Nonconv. 0.996 0.992 0.990 0.988 0.988 0.98
Conv. 0.906 0.928 0.945 0.956 0.963 0.98
ta

J.

tt

-E
in

r

-

ll
-

volved in such a calculation. If we calculate the energy of
supercell as function of the volume in order to determine
equilibrium volume, and if we fix the plane-wave cuto
Epw , then the number of plane waves in the basis set wh
fulfill the cutoff criterion\2/2muk1Gu2<Epw may be differ-
ent for different volumes because the lengths of thek vector
and the reciprocal-lattice vectorG depend on the volume
Thereby, because of the discrete nature of the recipro
space the number of plane waves changes discontinou
resulting in discontinuities of the energy vs volume relatio
This effect vanishes forEpw→` or for the case of infinitely
manyk points, but it makes the calculation of the equilibriu
volumes tedious for small numbers ofk points and small
Epw . To circumvent the problem,44 Ev

a(N21,c) is calculated
via Eq. ~B4!, i.e.,

Ev
a~N21,c!5Ev

a~N21,nc!2E0~N,nc!1E0~N,c!2dEA .
~B12!

The converged energyE0(N,c) for the perfect supercel
thereby is obtained via

E0~N,c!5
N

2
E0~2,c!5

N

2
«0~c!, ~B13!

where the converged energy«0(c) of the ideal elementary
unit cell may be obtained without any problem. Compari
Eqs. ~B12! with ~B2! demonstrates that when using E
~B12! the error of the nonconverged calculation is of t
order of magnitudedEA , whereas it is of the order o
(N/2)dEA ,(N/2)dEB when using Eq.~B2!. By this numeri-
cal trick it is achieved that a smooth energy vs volume cu
is obtained for reasonable values ofEpw . Because according
to our basic idea the energy vs volume curve is shifted m
or less rigidly along the energy axis when varyingEpw ~for
reasonably largeEpw), the equilibrium volume obtained from
the smooth curve for finiteEpw nearly coincides with the
converged equilibrium volume.
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