
ad,

y

PHYSICAL REVIEW B 15 FEBRUARY 1999-IVOLUME 59, NUMBER 7
Bose-Einstein statistics in thermalization and photoluminescence of quantum-well excitons
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Quasiequilibrium relaxational thermodynamics is developed to understand LA-phonon-assisted thermaliza-
tion of Bose-Einstein distributed excitons in quantum wells. We study quantum-statistical effects in the relax-
ational dynamics of the effective temperature of excitonsT5T(t). When T is less than the degeneracy
temperatureT0 , well-developed Bose-Einstein statistics of quantum-well excitons leads to nonexponential and
density-dependent thermalization. At low bath temperaturesTb→0, the thermalization of quantum statistically
degenerate excitons effectively slows down andT(t)}1/ln t. We also analyze the optical decay of Bose-
Einstein distributed excitons in perfect quantum wells, and show how nonclassical statistics influences the
effective lifetimetopt . In particular,topt of a strongly degenerate gas of excitons is given by 2tR , wheretR

is the intrinsic radiative lifetime of quasi-two-dimensional excitons. Kinetics of resonant photoluminescence of
quantum-well excitons during their thermalization is studied within the thermodynamic approach and taking
into account Bose-Einstein statistics. We find density-dependent photoluminescence dynamics of statistically
degenerate excitons. Numerical modeling of the thermalization and photoluminescence kinetics of quasi-two-
dimensional excitons are given for GaAs/AlxGa12xAs quantum wells.@S0163-1829~99!05507-1#
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I. INTRODUCTION

The fundamental features of relaxation and photolumin
cence~PL! of the excitons in quantum wells~QW’s! origi-
nate from the quasi-two-dimensionality~quasi-2D! of the
system. In the last decade these basic processes in G
QW’s have attracted continual attention.1–11 The formation
of QW excitons through LO-phonon cascade emission, L
phonon, and carrier-carrier scattering completes within 20
after the initial excitation of electron-hole pairs.4,7,12The cre-
ated hot QW excitons then thermalize through low-ene
acoustic-phonon scattering. This process occurs in a su
time scale. In GaAs QW’s the relaxation of hot excitons c
be observed through resonant PL from the optically ac
bulk modes which refer to a small in-plane momentum. Th
the rise and decay times of excitonic PL relate to
thermalization process. Furthermore, the PL kinetics
long-lifetime indirect excitons in a high-qualit
GaAs/AlxGa12xAs coupled quantum well~CQW! is now the
subject of experimental study.13 There has been recen
progress in the investigation of thermalization of quasi-
excitons in ZnSe QW’s.14 In the latter case the picosecon
LA-phonon-assisted kinetics of QW excitons is visualiz
through LO-phonon-assisted PL for all in-plane modespi.

While the importance of interface disorder and the loc
ization effects were recognized in the very fir
experimental1 and theoretical15 studies on the relaxation ki
netics of QW excitons, the quality of GaAs QW’s contin
ously improves from an inhomogeneous excitonic linewid
of about 7.5 meV~Ref. 1! toward a homogeneous one b
tween 80 and 120meV.8 In the present work we investigat
LA-phonon-assisted relaxation kinetics in a perfect QW e
phasizing the importance of Bose-Einstein~BE! statistics of
PRB 590163-1829/99/59~7!/5032~17!/$15.00
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quasi-2D excitons. In particular, we attribute the densi
dependent PL kinetics reported, e.g., in Refs. 4 and 7
nonclassical statistics of QW excitons. In the past, most t
oretical modeling of the relaxation kinetics in QW’s~Refs.
2,3,8,10,15 and 16! dealt with a classical gas of Maxwell
Boltzmann distributed excitons. Quantum-statistical effe
were included in numerical simulations of the relaxation
netics of a trapped quasi-2D exciton gas17 and in the study of
the exciton-biexciton law of mass action in QW’s.18

Crossover from classical to quantum statistics occurs n
the degeneracy temperatureT0 , given by

kBT05
2p

g S \2

Mx
D r2D , ~1!

whereMx is the in-plane translational mass of a QW excito
r2D is the 2D concentration of excitons, andg is the spin
degeneracy factor of QW excitons. We putg54, because for
GaAs QW’s the exchange interaction is rather weak.19 Fur-
thermore, this interaction is completely suppressed for in
rect excitons in CQW’s. One has a classical gas of QW
citons at temperaturesT@T0 . BE statistics smoothly
develops with decreasingT;T0 , leading to occupation num
bersNpi

>1 of the low-energy in-plane modespi. We will
show that at helium temperatures nonclassical statistics
ready affects the thermalization process at moderate dens
of QW excitonsr2D>32531010 cm22.

In this paper we developrelaxational thermodynamics,
and within this approach study how BE statistics influenc
thermalization and photoluminescence of quasi-2D excito
Relaxational thermodynamics requires that exciton-exci
interaction is much stronger than exciton–LA-phonon co
5032 ©1999 The American Physical Society



riu
e

ci
li
e
ns

in
xc

n
o

cs

um

’s
r

ri
n
t

f
re
o

io
ig

on
il
as
w
A
W
r
n

o
-

an
ol

s
on

of
er-

h a
en
i-
nly
e

d in

y
-

er-

r-
on

rva-
a-

w
-
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pling, and is appropriate if the concentrationr2D of QW
excitons is larger than some critical densityr2D

c . In this
case, the the exciton system establishes a quasiequilib
temperatureT. For GaAs QW’s we will obtain an estimat
r2D

c .1233109 cm22. Equation~11!, which is the basic
equation of the relaxational thermodynamics of QW ex
tons, provides us with a unified description of the therma
zation process. The thermodynamic approach yields the t
poral evolution of the effective temperature of QW excito
T5T(t) from the initial valueTi5T(t50) to the bath tem-
peratureTb . While we study the thermalization process
both limits, classical and degenerate, of a gas of QW e
tons, the most interesting results refer toT<T0 . In this case
one finds a density-dependent nonexponential relaxatio
quasi-2D excitons. Both acceleration and slowing down
the thermalization kinetics may occur due to BE statisti
However, with a decrease of the bath temperatureTb , slow-
ing down of the relaxation starts to dominate in a quant
gas. In particular, forTb→0 we derive 1/lnt cooling law for
QW excitons.

The thermalization kinetics of excitons in GaAs QW
can be observed through resonant PL from the in-plane
diative modes. Therefore we generalize the PL theory3,16 to
well-developed BE statistics of QW excitons, and nume
cally model the PL process in GaAs QW’s. It will be show
that at low temperatures nonclassical statistics changes
law topt}T, wheretopt is the effective radiative lifetime o
QW excitons. Furthermore, we calculate a temperatu
independent correction to the classical linear behavior
topt(T). A density dependent component of the correct
originates from BE statistics and can be traced even at h
temperatures.

Relaxational thermodynamics refers to the phon
assisted thermalization kinetics of QW excitons. We w
analyze the relaxation kinetics due to bulk LA phonons,
suming the initial distribution of hot QW excitons is belo
the threshold for optical phonon emission. The bulk L
phonons are due to a semiconductor substrate of a Q
While the lifetime of long-wavelength acoustic phonons a
on a sub-ms time scale, the scattering LA phonons leave a
enter the QW area within a time;Lz /vs;1210 ps (Lz is
the thickness of a QW, andvs is the longitudinal sound
velocity!. Therefore, we assume the Planck distribution
the LA phonons interacting with QW excitons. The LA
phonon-assisted kinetics will be treated for an isolated b
of ground-state QW excitons. Being applied to heavy-h
m
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excitons in GaAs QW’s withLz<100 Å, this assumption
means QW exciton energiesE<10 meV and temperature
less than 100 K. Only the exciton–LA-phonon deformati
potential interaction is included in our model.

The in-plane momentum is conserved in the scattering
QW excitons by bulk LA phonons. The momentum cons
vation in thez direction ~the QW growth direction! is re-
laxed. As a result, a scattered QW exciton interacts wit
continuum spectral band of scattering LA phonons of a giv
direction of propagation. In contrast, an exciton in bulk sem
conductors couples in Stokes or anti-Stokes scattering o
with one phonon mode of a given direction. In Fig. 1 w
depict a schematic picture of the states which are involve
the scattering of a QW exciton with in-plane momentumpi
50. The energy stateE50 couples to the continuum energ
statesE>E052Mxvs

2 , i.e., to the QW states which lie in
side the acoustic cone given byE5E(pi)5\vspi . The en-
ergy E0 is an important parameter of the relaxational th
modynamics of QW excitons. For GaAs QW’s withMx
50.3m0 (m0 is the free electron mass! and vs53.7
3105 cm/s, one hasE0546.7 meV andE0 /kB50.54 K.

The relaxation kinetics of QW excitons coupled to the
mal bulk LA phonons is given by the Boltzmann equati
~see, e.g., Ref. 20!

FIG. 1. Schematic picture of the energy-momentum conse
tion in scattering of QW excitons by bulk LA phonons. The par
bolic and conical surfaces refer to the excitonicE5\2pi

2/2Mx and
acousticE5\vspi dispersions, respectively. The bold rings sho
the states\pi>2Mxvs of QW excitons which couple to the ground
state modepi50.
]

]t
N«852

2

tsc
E

0

`

d« «2E
21

1

duuFz~a«u!u2H 1

A4«8~12u2!2~«112«u2!2
@N«8~11n«

ph!~11N«82«!

2~11N«8!n«
phN«82«#Q@2A«8~12u2!2«211«u2#Q~«82«!1

1

A4«8~12u2!2~«212«u2!2

3@N«8n«
ph~11N«81«!2~11N«8!~11n«
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111«u2#J , ~2!
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where the dimensionless energy is«5E/E0

5E/(2Mxvs
2); n«

ph51/@exp(«E0 /kBTb)21# and N« are the
distribution functions of bulk LA phonons and QW exciton
respectively.Q is the Heaviside step function. The integr
tion variableu is given byu5cosu, where 0<u<p is the
angle between thez axis and the wave vector of a scatterin
bulk LA-phonon. The scattering time is tsc

5(p2\4r)/(D2Mx
3vs), wherer is the crystal density andD

is the deformation potential. The form factorFz(x)
5@sin(x)/x#@eix/(12x2/p2)# refers to an infinite QW confine
ment potential.21 This function describes the relaxation of th
momentum conservation in thez direction, and characterize
a spectral band of LA phonons, which effectively intera
with a QW exciton. The dimensionless parametera;1 is
defined bya5(LzMxvs)/\.

The kinetic equation~2! deals with an isotropic in-plane
distribution of QW excitons, i.e., the occupation numberNpi
of the in-plane modepi relates to the distribution function
NE by Npi

5NEpi
5NE . This approximation corresponds t

the experimental conditions of Refs. 1–10. The first~second!
term in the figure brackets on the right-hand side of Eq.~2!
describes the phonon-assisted Stokes~anti-Stokes! scatter-
ing. In accordance with Eq.~2!, the relaxation kinetics into
the ground-state modepi50 is given by

]

]t
NE505

2p

tsc
E

1

`

d« «A «

«21
uFz~aA«~«21!!u2

3@N«~11n«
ph!2NE50~n«

ph2N«!#. ~3!

The integral on the right-hand side of Eq.~3! characterizes
the coupling of the ground-state modeE50 to continuum of
the energy statesE>E0 ~see Fig. 1!.

In Sec. II, we develop the relaxational thermodynamics
QW excitons coupled to bulk LA phonons. A basic equati
for the effective temperatureT of quasiequilibrium QW ex-
citons is derived from LA-phonon-assisted kinetics given
Eq. ~2!. The conditions of the validity of the thermodynam
picture are analyzed and tested for excitons in GaAs QW

In Sec. III, the thermalization lawT5T(t) is studied for
both classical (T@T0) and well-developed BE statistics (T
!T0) of quasiequilibrium QW excitons. We demonstra
that the BE statistics strongly influences the thermalizat
process and leads to the density-dependent characte
thermalization timet th5t th(r2D) for uT2Tbu!Tb and to
the nonexponentialdensity-dependent relaxation atT2Tb
>Tb . In particular, for low bath temperaturesTb<E0 /kB ,
we find a very slow thermalizationT(t)}1/ln t of quantum
degenerate quasi-2D excitons. The numerical simulation
the relaxational dynamics are given for excitons in Ga
QW’s.

In Sec. IV, we develop a theory of resonant PL of sta
tically degenerate QW excitons. An effective radiative lif
time topt of a quasi-2D excitonic gas is calculated for B
distributed QW excitons. We show that the lawtopt}T,
which is valid for classical statistics of QW excitons, is vi
lated at low temperatures and atT→0 the effective decay
time topt tends to 2tR , wheretR is the intrinsic radiative
lifetime of a QW exciton. The PL kinetics of QW excitons
described in the thermodynamic approach within th
t
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coupled equations forT(t), r2D(t), and topt(T,r2D). We
give a numerical modeling of theT- andr2D-dependent PL
kinetics of quantum-degenerate quasi-2D excitons.

In Sec. V, we discuss the influence of interface polarito
and QW biexcitons on the relaxation kinetics of statistica
degenerate excitons in perfect QW’s. Our theory is alwa
appropriate for thermalization of indirect excitons in CQW
where even at small densitiesr2D the interface polariton ef-
fect is rather weak and biexciton states are unbound.
single QW’s we argue that QW polaritons and biexcitons
considerably weakened at large densities, due to parti
particle scattering. In this case our model is applicable
QW’s with direct excitons.

In Appendix A, in order to estimate the critical densi
r2D

c of QW excitons for the development of relaxation
thermodynamics we calculate the characteristic equilibra
time tx-x due to exciton-exciton scattering. The equilibratio
rate 1/tx-x is found in both limits of classical and well
developed BE statistics. In Appendix B, we analyze how
relatively large homogeneous linewidth ;\/tx-x
@\/t th , \/tR of high-density QW excitons in a perfec
QW influences the PL process.

II. RELAXATIONAL THERMODYNAMICS
OF QW EXCITONS

In this section we summarize the thermodynamic relatio
for an ideal two-dimensional gas of bosons, and derive
basic equation for relaxational dynamics of QW excitons

A. Thermodynamic relations for quasi-2D excitons

The thermodynamic equationm5m(T,r2D) for a quasi-
equilibrium gas of QW excitons can be derived from t
condition

r2D5
1

S(pi

Npi
eq5

2gMxkBT

p\2 E
0

` dz

e2m/kBTez21
. ~4!

From Eq.~4!, one obtains

m5kBT ln~12e2T0 /T!, ~5!

where the degeneracy temperatureT0 is given by Eq.~1!
with g54. With the chemical potentialm of Eq. ~5!, the
equilibrium distribution function of QW excitons is

NE
eq5

12e2T0 /T

eE/kBT1e2T0 /T21
. ~6!

In particular, the occupation number of the ground-st
mode is given byNpi50

eq 5NE50
eq 5exp(T0 /T)21.

Classical, Maxwell-Boltzmann, statistics of QW excito
is realized forT@T0 . In this case Eqs.~5! and~6! reduce to

m5kBT ln~T0 /T! and NE50
eq 5T0 /T!1, ~7!

i.e., the occupation numbers of QW modespi are much less
than unity. In the opposite limitT,T0 of well-developed BE
statistics one has

m52kBTe2T0 /T and NE50
eq 5eT0 /T@1. ~8!
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According to Eq.~8!, the chemical potential of a degenera
gas of QW excitons approaches zero much faster than
temperatureT. While the chemical potentialm,0 for T.0
and the BE condensation of the QW excitons is absent wi
the thermodynamic approach for temperatures above z
the occupation number of the ground-state modepi50 in-
creases exponentially with decreasingT!T0 .

Equations~5!–~8! can be applied to an arbitrary two
dimensional quasi-ideal gas of Bose particles with quadr
dispersion. The specific characteristics of the bosons, like
spin degeneracy factorg and the translational massMx , en-
ter the thermodynamic relationships only through the deg
eracy temperatureT0 defined by Eq.~1!.

For GaAs QW’s one estimatesT05(p\2r2D)/(2MxkB)
54.6 K (kBT05399.5 meV) for r2D51011 cm22. This
density of quasi-2D excitons corresponds to the mean in
particle distance;1/Ar2D.320 Å and to the Mott param
eterr2D@ax

(2D)#2.0.04, i.e., the QW excitons are still wel
defined quasiparticles. Hereax

(2D) is the Bohr radius of a
quasi-2D exciton. In Sec. II B we will use Eqs.~5!–~8! to
develop the relaxational dynamics.

B. Thermalization equation
for quasiequilibrium excitons in QW’s

The thermalization of QW excitons occurs through a
quence of quasiequilibrium thermodynamic states, which
characterized by an effective temperatureT5T(t) and
chemical potentialm5m(t), provided that the exciton
exciton interaction in a QW is much stronger than the c
pling of QW excitons with bulk LA phonons. The initia
interaction is conservative, and equilibrates the system
QW excitons without change of total energy. The charac
istic equilibration timetx-x depends on the densityr2D of
QW excitons. For excitons distributed below the thresh
for LO-phonon emission, energy~effective temperature! re-
laxation results from QW exciton–bulk LA-phonon scatte
ing, and is characterized by an effective thermalization ti
t th . The hierarchy of interactions means that in a large a
interesting range of density we havetx-x!t th . In this case
the equilibration and thermalization kinetics can be natura
separated~see, e.g., Ref. 22!, and the thermodynamic ap
proach is correct.

The conditiontx-x!t th will hold for r2D.r2D
c , where

r2D
c is some critical density for QW excitons. For a classic

distribution of quasi-2D excitons one hasT0 /T!1 andNE
eq

5(T0 /T)exp(2E/kBT)!1, according to Eq.~6!. In this limit
the characteristic equilibration timetx2x is estimated by Eq.
~A4! of Appendix A, while the thermalization timet th is
given by Eq.~15! of Sec. III. The comparison of Eqs.~A4!
and ~15! yields tx-x!t th , provided that

kBT0.kBT0
c5

4\

p S mx

Mx
D 2C2D

tsc
, ~9!

where mx is the reduced mass of a QW exciton and t
constantC2D5C2D(a)@1 is defined by Eq.~15!. For a clas-
sical gas of excitons in GaAs QW of thicknessLz5100 Å
we estimater2D

c 51.23109 cm22 and the corresponding
temperature scaleT0

c556 mK. For comparison, the critica
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density of about 43109 cm22 has been estimated i
experiments4 with high-quality GaAs QW’s ofLz580 Å.
For well-developed BE statistics of QW excitons one h
T0 /T@1, and the occupation numbers of the energy sta
E>kBT exp(2T0 /T) are given by the Planck function, i.e
NE.0

eq 51/@exp(E/kBT)21#, according to Eq.~6!. In this case
tx-x and t th are given by Eq.~A5! of Appendix A and Eq.
~18! of Sec. III, respectively. The conditiontx-x!t th reduces
to

E0S T0

T DeT0 /T.
4\

~12p/4!S mx

Mx
D 2C̃2D

tsc
, ~10!

where the constantC̃2D5C̃2D(a)@1 is given by Eq.~18!.
Inequality~10! always holds for strongly degenerate QW e
citons.

Criteria ~9! and~10! of the validity of the thermodynamic
picture atT@T0 andT!T0 , respectively, are independent o
the scattering length;ax

(2D) of exciton-exciton interaction.
This is due to the quasi-two-dimensionality of QW excito
~for details, see Appendix A!. In contrast, in a three-
dimensional gas the equilibration timetx-x due to particle-
particle interaction depends explicitly on the scatteri
length.23 In further analysis we assume the hierarchy of
teractions, i.e., thatr2D.r2D

c , so that inequality~9! is valid.
The initial density of photogenerated excitons in GaAs QW
is usually larger than 109 cm22 ~see Refs.@3–10#!, indicat-
ing that the thermodynamic picture of relaxation is adequ
for typical experimental conditions. We will omit the supe
script in NE

eq , because within our approachNE5NE
eq .

The thermalization dynamics of QW excitons is dete
mined by the slowest elementary LA-phonon-assisted re
ation process of the kinetic equations~2! and ~3!. The joint
density of states for Stokes and anti-Stokes scattering f
the energy modeE continuously decreases with decreasi
E, according to the right-hand side of Eq.~2! ~note, that the
density of quasi-2D excitonic states is constant given
16p2Mx /\2 for g54). Moreover, the low-energy statesE
<E0/4 are not active in Stokes scattering, and couple w
the corresponding LA-phonon-separated statesE>E0 only
through the anti-Stokes process. The above arguments s
a particular status of Eq.~3!, which describes the relaxatio
kinetics into the ground-state mode. Furthermore,
ground-state modepi50 refers to the lowest energyE50
and to the largest occupation numberNE50 . For well-
developed BE statistics of QW excitons one hasNE50@1.
As a result, the population of the stateE50 generally re-
quires an additional time in comparison with that for t
high-energy statesE@kBT with NE!1. Thus LA-phonon-
assisted occupation of the ground-state mode is the slow
‘‘bottleneck,’’ relaxation process, which determines the th
malization kinetics of quasiequilibrium QW excitons.
similar picture holds for thermalization of excitons in bu
semiconductors.24,25

With the substitution ofNE5NE
eq given by Eq.~6!, in Eq.

~3!, we derive
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]t
T52

2p

tsc
S T2

T0
D ~12e2T0 /T!E

1

`

d« «A «

«21
uFz@aA«~«21!#u2

e«E0 /kBTb2e«E0 /kBT

~e«E0 /kBT1e2T0 /T21!

1

~e«E0 /kBTb21!
. ~11!
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Equation ~11! describes the thermalization dynamicsT
5T(t) of QW excitons from the effective temperatureTi
5T(t50) to the bath temperatureTb . A finite lifetime t8 of
excitons, due to radiative and nonradiative recombinat
can be incorporated into Eq.~11! by the degeneracy tempera
ture T0(t)}r2D(t50)exp(2t/t8). In Sec. III we apply Eq.
~11! to the thermalization kinetics of QW excitons in th
absence of their recombination (t8→`). This analysis refers
to the case when the characteristic thermalization timet th
!t8. In Sec. IV we will use Eq.~11! in order to develop a
theory of resonant photoluminescence of quantum dege
ate excitons in perfect QW’s, whent85topt is determined
by the intrinsic radiative lifetimetR of QW excitons.

III. THERMALIZATION KINETICS
OF QUASIEQUILIBRIUM QW EXCITONS

In this section the thermalization dynamics of QW ex
tons is analyzed within Eq.~11! for r2D5const. First we
linearize Eq.~11! about some bath temperatureTb to study
the exponential relaxation of QW excitons with the effecti
temperatureuT2Tbu!Tb . Linearization is not appropriate
e
-
n
at

ns

ra
s-
en
,

er-

for the thermalization kinetics atTb50. Here we show that
the thermalization becomes very slow, withT(t)}1/ln t. In
Sec. III C, the cooling of hot QW excitons withT2Tb>Tb
is treated for both classical and strongly degenerate limits
BE statistics. There are four characteristic temperature sc
T, T0 , Tb , andE0 /kB , and the precise form of the relax
ation will depend on all four. Note, however, that ifT
@T0 , the degeneracy temperature is not a relevant par
eter, and the most relevant aspects of phonon bottleneck
fects are captured by the ratioE0 /kBTb . In practice the re-
laxational dynamics is controlled by two parametersT0 /T
andE0 /kBTb .

A. Relaxation kinetics between nearby thermodynamic states

If the effective temperatureT of QW excitons is close to
the bathTb , the basic thermodynamic~11! reduces to

]

]t
T52

1

t th
~T2Tb!, ~12!

where the effective thermalization timet th is given by
1

t th
5S 2p

tsc
D S E0

kBT0
D ~12e2T0 /Tb!E

1

`

d« «2A «

«21
uFz~aA«~«21!!u2

1

~e«E0 /kBTb1e2T0 /Tb21!

e«E0 /kBTb

~e«E0 /kBTb21!
. ~13!
of

by

ci-

W
-
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The linear approximation of Eq.~11! by Eq.~12! is valid for
uT2Tbu/Tb,kBTb /E0 , and can be done for anyTb.0.
Equation~12! corresponds to theexponentialthermalization
law T(t)5Tb1DT exp(2t/tth), where DT5Ti2Tb and Ti
5T(t50) is the initial temperature of QW excitons. Th
thermalization timet th uniquely describes all quasiequilib
rium relaxation processes in a gas of quasi-2D excito
For example, the relaxation kinetics into the ground-st
mode E50 is given by NE50(t)5NE50

f 1(NE50
i

2NE50
f )exp(2t/tth), whereNE50

i 5exp(T0 /Ti)21 andNE50
f

5exp(T0 /Tb)21. We will analyze Eq.~13! in the limit of
classical and well-developed BE statistics of QW excito
respectively.

1. Classical gas of QW excitons(Tb@T0)
In this case Eq.~13! yields

1

t th
5S 2p

tsc
D S E0

kBTb
D E

1

`

d« «2A «

«21

uFz@aA«~«21!#u2

~e«E0 /kBTb21!
.

~14!

From Eq.~14! one concludes, as expected, that the cha
teristic thermalization time of the Maxwell-Boltzmann di
tributed QW excitons is indeed independent of their conc
trationr2D . In Fig. 2 we plott th5t th(Tb) calculated by Eq.
s.
e

,

c-

-

~14! for GaAs QW of thicknessLz5100 Å . The ratio
E0 /kBTb determines the high- and low-temperature limits
t th .

A. High-temperature limit(kBTb@E0). The characteristic
thermalization time, which in this case we will designate
tH , is given by

1

tH
5

C2D

tsc
,

where

C2D52pE
1

`

d« «A «

«21
uFz~aA«~«21!!u2.

~15!

In the high-temperature limit of a classical gas of QW ex
tons, the thermalization timetH is independent of the bath
temperatureTb . The constantC2D5C2D(a), which com-
pletely determinestH in terms oftsc , is much larger than
unity. For example, for a GaAs QW withLz5100 Å , the
dimensionless parametera50.096 and the constantC2D
52530. The corresponding thermalization time of the Q
excitons is tH55.5 ps. For comparison, the high
temperature thermalization time of a classical gas of excit
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in a bulk semiconductor is given bytH
(3D)5(3/8p)tsc .25

This estimate yieldstH
(3D)51.66 ns for bulk GaAs, i.e.

tH
(3D)@tH

(2D)5tH . The ratio tH
(2D)/tH

(3D)5(8p)/(3C2D)
.3.331023, which refers to bulk GaAs and GaAs QW wit
Lz5100 Å , clearly demonstrates the effective cooling
QW excitons in the presence of a bath of bulk phonons. D
to the relaxation of momentum conservation in thez direc-
tion, a ground-state QW exciton couples to the continu
statesE>E0 rather than to the single-energy stateE5E0 as
occurs in bulk materials. With decreasing bath tempera
Tb , the effective thermalization timet th of QW excitons
monotonously increases, starting from its high-tempera
limit given by tH ~see Fig. 2!. For Tb55 K one finds from
Eq. ~15! that t th519.1 ps in GaAs QW withLz5100 Å .

There is an uncertainty in values of the deformation p
tentialD of exciton–LA-phonon interaction, published in li
erature~see, e.g., Refs. 2, 15, and 21!, from Dmin57.0 eV to
Dmax518.1 eV. In our numerical evaluations we useD
515.5 eV. According to Eq.~13!, the deformation potentia
contributes tot th only throughtsc}1/D2. Therefore the nu-
merical calculations oftph can be straightforwardly re-scale
to another value ofD @we will use this procedure in calcula
tions of Fig. 9~a! to reproduce qualitatively the experiment
data of Ref. 4#. The valueD515.5 eV corresponds totsc
513.9 ns.

B. Low-temperature limit(kBTb<E0). In this case Eq.
~14! reduces to

1

tL
5

2p3/2

tsc
S E0

kBTb
D 1/2

e2E0 /kBTb, ~16!

where we designate the low-temperature limit oft th by tL .
According to Eq.~16! the thermalization timetL increases
exponentially with decreasing bath temperatureTb below
E0 /kB . The origin of this result can be understood from t
initial Eq. ~3! of the phonon-assisted relaxation kinetics in

FIG. 2. The thermalization timet th5t th(Tb) of a classical gas
of QW excitons, a GaAs QW withLz5100 Å andtsc513.9 ns
@see Eq.~14!#. Inset: the high-temperature thermalization timetH

5tH(Lz)}Lz
2 of Maxwell-Boltzmann distributed QW exciton

~solid line! and the high-temperature thermalization timet0H

5t0H(Lz)}Lz of strongly statistically degenerate QW excito
~dot-dashed line!. The latter dependence refers toT05(kBTb

2)/E0

51 (T0@Tb).
f
e

re

re

-

the ground-state modeE50. For a classical gas of QW ex
citons one hasNE!1. As a result, both the spontaneous~in-
dependent ofNE50) and stimulated~proportional toNE50)
processes contribute to the population of the ground-s
mode. The first, Stokes, process is}NE>E0

(11nE>E0

ph ), and

increasesNE50 , while the second, anti-Stokes, process
}2NE50nE>E0

ph , and decreases the occupation number

the modeE50. For the high-temperature limit of a classic
gas of QW excitons both opposite fluxes are intense beca
nE>E0

ph 5kBTb /E@1. In the low-temperature limitnE>E0

ph

5exp(2E/kBTb)!1, and both the spontaneous proce
which is proportional to NE>E0

(11nE>E0

ph ).NE>E0

5(T0 /T)exp(2E/kBT), and the stimulated process, which
proportional to2NE50nE>E0

ph 52(T0 /T)exp(2E/kBTb), are

exponentially weak.
The plott th5t th(Tb) ~see Fig. 2! shows that for excitons

in GaAs QW’s the high-temperature limit given by Eq.~15!
meansTb>30–50 K. On the other hand, a strong increa
of t th occurs already atTb.5 –10 K, i.e., at temperature
much above the low-temperature range determined byTb
<E0 /kB.0.54 K, and where the approximation oft th by
Eq. ~16! is valid.

2. Quantum gas of QW excitons(T0@Tb)
In this case Eq.~13! reduces to

1

t th
5S 2p

tsc
D S E0

kBT0
D E

1

`

d« «2

3A «

«21
uFz@aA«~«21!#u2

e«E0 /kBTb

~e«E0 /kBTb21!2
.

~17!

Equation~17! shows that the thermalization time of quantu
degenerate quasi-2D excitons depends on the concentr
r2D , i.e., t th}r2D .

A. High-temperature limit(kBTb@E0). In this limit Eq.
~17! yields(t th5t0H):

1

t0H
5S kBTb

2

T0E0
D C̃2D

tsc
,

~18!where

C̃2D52pE
1

`

d«A «

«21
uFz~aA«~«21!!u2.

From Eqs.~15! and ~18! we find

1

t0H
5S kBTb

2

T0E0
D S C̃2D

C2D
D 1

tH
. ~19!

The constantC̃2D5C̃2D(a) is much larger than unity, bu
much less thanC2D . For example, C̃2D5170 so that
C̃2D /C2D50.07 for a GaAs QW withLz5100 Å . Accord-
ing to Eq. ~19!, one has t0H,tH for T0@Tb

.@(T0E0C2D)/(kBC̃2D)#1/2 and t0H.tH for Tb

,@(T0E0C2D)/(kBC̃2D)#1/2. The acceleration or slowing
down of the relaxation kinetics in comparison with that in
classical gas of QW excitons originates from BE statisti
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Because for the quasiequilibrium degenerate QW excit
NE505exp(T0 /T)@NE>E0

51/@exp(E0 /kBT)21#, only the

stimulated processes}NE50(NE>E0
2nE>E0

ph ) contribute to

occupation kinetics of the ground-state modeE50. From
Eqs. ~7! and ~8!, one obtainsdT/T52dNE50 /NE50 for
classical statistics anddT/T52(T/T0)(dNE50 /NE50) for
well-developed BE statistics of the ground-state mode,
the same relative change of the occupation numberNE50 is
accompanied atT!T0 by the much less relative change
the effective temperature than that atT@T0 . Therefore, BE
occupation of the ground-state mode withNE50@1 slows
down the thermalization kinetics of QW excitons. On t
other hand, one hasNE>E0

2nE>E0

ph 5nE>E0

ph (dT/Tb) for

well-developed BE statistics of the energy modesE>E0 and
NE>E0

2nE>E0

ph 5nE>E0

ph (E/kBTb)(dT/Tb) for a classical dis-

tribution of QW excitons atE>E0 . As a result, the BE
occupation numbersNE>E0

@1 enhance the relaxation dy

namics by the factor;kBTb /E0 , which is much larger than
unity in the high-temperature limit. With decreasing ba
temperatureTb the slowing down of thermalization, whic
results fromNE50@1, starts to dominate over the acceler
tion of relaxation due to BE statistics of the modesE>E0 .

The thermalization timet th5t th(a) is very sensitive to
the dimensionless parametera}Lz through the form-factor
functionFz on the right-hand side of Eq.~13!. With decreas-
ing Lz the spectral width ofFz@aA«(«21)# increases, indi-
cating a stronger relaxation of the momentum conserva
in the z-direction. From Eqs.~15! and~18! we conclude that
for the infinite square QW confinement potentialtH}Lz

2 and
t0H}Lz , respectively. The dependencestH5tH(Lz) and
t0H5t0H(Lz) are plotted in the inset of Fig. 2.

B. Low-temperature limit(kBTb,E0). In this case, from
Eq. ~17! we obtain

1

t0L
5

2p3/2

tsc
S E0Tb

kBT0
2 D 1/2

e2E0 /kBTb5S Tb

T0
D 1

tL
, ~20!

where we designate the low-temperature thermalization t
of degenerate QW excitons byt0L, and the corresponding
thermalization time of Maxwell-Boltzmann distributed QW
excitonstL is given by Eq.~16!. The slowing down of the
thermalization process by the factorT0 /Tb}r2D , which is
much larger than unity, stems from well-developed BE s
tistics of the ground-state mode, i.e., fromNE50@1. The
distribution function of QW excitons atE>E0 is classical,
i.e., NE>E0

5exp(2E0 /kBT),1, and does not enhance the r

laxation processes into the ground-state modeE50.
The influence of BE statistics on the thermalization

QW excitons is demonstrated in Fig. 3 fort th
5tth(Tb), r2D5const, and in Fig. 4 fort th5t th(r2D), Tb
5const, respectively. The numerical evaluations oft th refer
to Eq. ~13!.

B. Thermalization of QW excitons at Tb50

The linearization of the basic Eq.~11! at Tb.0, devel-
oped in Sec. III A, does not hold whenuT2Tbu.kBTb

2/E0 ,
and especially at zero bath temperature. BecauseNE50

eq →`
at Tb50, the effective temperatureT of QW excitons is a
s

.,

-

n

e

-

f

nonanalytic point of the right-hand side of Eq.~11! at T
5Tb50. ForTb50, Eq. ~11! reduces to

]

]t
T52

2p

tsc
S T2

T0
D ~12e2T0 /T!E

1

`

d« «

3A «

«21

uFz~aA«~«21!!u2

~e«E0 /kBT1e2T0 /T21!
. ~21!

Equation~21!, which describes how the QW excitons wit
effective temperatureT cool down towardTb50, can be fur-
ther simplified forkBT<E0 :

]

]t
T52

2p3/2

tsc
S T2

T0
D S kBT

E0
D 1/2

e2E0 /kBT. ~22!

FIG. 3. The thermalization timet th5t th(Tb) of BE-distributed
QW excitons of the densities 1012 cm22 ~solid line!, 5
31011 cm22 ~long dashed line!, 1011 cm22 ~dashed line!, and
1010 cm22 ~dotted line!. The calculations with Eq.~13! refer to
GaAs QW withLz5100 Å andtsc513.9 ns.

FIG. 4. The thermalization timet th5t th(r2D) of BE-distributed
QW excitons at bath temperatures of 3 K~solid line!, 5 K ~dot-
dashed line!, 10 K ~long dashed line!, 20 K ~dashed line!, and 50 K
~dotted line!. The calculations with Eq.~13! deal with a GaAs QW
with Lz5100 Å andtsc513.9 ns. Note that numerical evalua
tions of Figs. 2–4 refer to effective temperatures of QW excito
close to the bath temperature, i.e.,uT2Tbu!Tb .
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In dimensionless time and temperature units,t
5(2p3/2E0t)/(kBT0tsc) andT̃5kBT/E0 , and Eq.~22! takes
the canonical formdT̃/dt52T̃5/2exp(21/T̃). The solution
T5T(t) of Eq. ~22! is given by the transcendental equatio

F~kBT/E0!5
2p3/2

tsc
S E0

kBT0
D t1Ai , ~23!

where F(x)5@1/Ax2Ds(1/Ax)#e1/x, Ds(y)5e2y2
*0

ydt et2

is Dawson’s integral, and the integration constantAi is de-
fined by the initial conditionTi5T(t50)<E0 /kB , i.e., Ai
5F(kBTi /E0). For t@@(kBT0)/(2p3/2E0)#tsc the
asymptotic solution of Eq.~22! is

kBT~ t !5
E0

ln@~2p3/2E0t !/~kBT0tsc!#
, ~24!

i.e., T̃(t)51/ln(t) for t@1.
The asymptotic law@Eq. ~24!# characterizes thenonexpo-

nentialand extremely slow thermalization kinetics of a qua
tum gas of QW excitons. Because the phonon occupa
numbersnq

ph50 at Tb50, only Stokes scattering of the QW
excitons determines the relaxation process. In this case
integrand on the right-hand side of Eq.~3! is proportional to
NE>E0

(NE5011).NE>E0
NE50 . At kBT<E0 the energy

statesE>E0 , which couple with the ground-state modeE
50 @see Eq.~3!#, are weakly populated by the QW exciton
while NE50@1. The Maxwell-Boltzmann distribution func
tion NE>E0

5exp(2E/kBT) gives rise to the factor

exp(2E0 /kBT)!1 on the right-hand side of Eq.~22!. This
term, together with the need to accumulate a huge numbe
QW excitons in the ground-state modepi50, due to BE
statistics, is responsible for 1/ln(t) thermalization law atTb
50.

In Fig. 5 we plot the results of numerical evaluation of t
relaxational dynamics atTb50 from Eq. ~21! for various
concentrationsr2D of QW excitons and for an initial effec
tive temperatureTi5100 K. The simulations refer to th

FIG. 5. Thermalization dynamicsT5T(t) of QW excitons at
Tb50 and r2D51012 cm22 ~solid line!, 531011 cm22 ~long
dashed line!, 1011 cm22 ~dashed line!, and 1010 cm22 ~dotted
line!. Inset: the initial transient thermalization of hot QW excito
BE distributed att50 with Ti5100 K.
-
n

he

of

long-lived quasi-2D excitons in GaAs/AlxGa12xAs CQW’s.
The first hot relaxation~see the inset of Fig. 5! is completed
within Dt<30–100 ps. At the end of the transient stage
effective temperatureT of QW excitons is still much higher
than E0 /kB.0.54 K, so thatNE.E0

.1 for T<T0 . As a
result, the duration of hot thermalization decreases with
creasing concentrationr2D of QW excitons. Here one has a
acceleration of the relaxation kinetics due to BE statistics
energy modesE>E0 . The further thermalization kinetics o
cold QW excitons refers tot>100 ps and reveals 1/ln(t)
law ~see Fig. 5!. According to Eq.~24!, a critical slowing
down of the phonon-assisted relaxation dynamics deve
with increasing degeneracy temperatureT0}r2D . An exten-
sion of the numerical evaluations presented in Fig. 5 on ams
time scale shows that even atDt51 ms the effective tem-
perature of QW excitons is still a few hundred mK forr2D
>1011 cm22, i.e., T(t51 ms)589 mK for r2D

51010 cm22, T(t51 ms)5129 mK for r2D51011

cm22, T(t51 ms) 5181 mK for r2D5531011 cm22,
and T(t51 ms)5213 mK for r2D51012 cm22.
On a time scale much longer than the duration of the ini
hot thermalization the effective temperatureT is nearly inde-
pendent ofTi5T(t50), provided thatkBTi@E0 . Recently,
a strong increase of the thermalization times in a highly
generate quantum gas of quasi-2D excitons has indeed
observed in GaAs/AlxGa12xAs CQW’s.26

However, our treatment has neglected possible lo
temperature collective states due to interactions between
excitons. At a critical temperatureTc5aT0 , where a
5a(ax

(2D)r2D
1/2),1, a system of quasi-2D excitons may u

dergo a phase transition to a superfluid state. Our calc
tions of relaxational thermodynamics become invalid atT
<Tc , i.e., one cannot trace with Eq.~21! the transition to the
excitonic superfluid phase and how, further, a collect
ground state of QW excitons arises atT→0 ~for
r2D@ax

(2D)#2,1 the ground state can be interpreted in te
of BE condensation of QW excitons27,28!. While in the dilute
limit ln(r2D@ax

(2D)#2)!1 the parametera!1, i.e., Tc!T0 ,29

there is still no first-principles theory to estimatea for the
densitiesr2D@ax

(2D)#2<1. With the above-mentioned restric
tions, we find that cooling high-density QW excitons to ve
low temperatures is rather difficult. This conclusion m
have some bearing on the search30 for the collective ground
state of indirect excitons in GaAs/AlxGa12xAs CQW’s.

C. Thermalization dynamics of hot QW excitons„T@Tb…

In experiments1–9 with nonresonant excitation of heavy
hole excitons in GaAs QW’s, the initial effective temperatu
Ti@Tb . While in this case the thermalization kinetics can
analyzed numerically from the basic Eq.~11!, we will clarify
the various relaxation scenarios by analytic approximati
of Eq. ~11!.

1. Classical gas of QW excitons(Ti@Tb@T0)
A. High-temperature limit(kBTb@E0). In this case Eq.

~11! reduces to

]

]t
T52

1

tH
~T2Tb!, ~25!
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where the characteristic thermalization timetH is given by
Eq. ~15!. Thus, in the high-temperature limitkBTb@E0 the
exponential law T(t)5Tb1(Ti2Tb)exp(2t/tH) is valid
even for (Ti2Tb)/Tb@1.

B. Low-temperature limit(kBTb,E0). The initial hot
thermalization down tokBT.E0 is approximated by

]

]t
T52

T

tH
. ~26!

This exponential coolingT(t)5Ti exp(2t/tH) completes at
t8.tH ln(Ti /Tb). The hot thermalization refers to the high
temperature limit given by Eq.~25!. At t.t8 the cold QW
excitons relax to the bath temperature according to

]

]t
T52

1

tL
~T2Tb!, ~27!

where the low-temperature thermalization timetL is defined
by Eq. ~16!. Approximation ~27! is valid for (T2Tb)/Tb
,kBTb /E0 , yields the exponential relaxation withtL , and
corresponds to the linearization of Eq.~11! at T5Tb .

If the high-temperature limit does not hold, the therma
zation kinetics of Maxwell-Boltzmann distributed QW exc
tons is exponential only locally in time, i.e.,t th5t th(t). The
described above picture of the relaxation in the lo
temperature limit in fact deals with a continuous increase
the instant thermalization timet th(t) from tH to tL . As a
result, forTi2Tb@Tb the total relaxation process can sho
a nonexponential behavior. In Fig. 6 we illustrate how
single-exponential thermalization kinetics witht th5tH of a
classical gas of QW excitons initially distributed atTi@Tb
develops with the decreasing bath temperature toward
nonexponential relaxation.

2. Quantum gas of QW excitons(Ti@T0@Tb)
A. High-temperature limit(kBTb@E0). The initial hot re-

laxation to the temperatureT.T0 is given by Eq.~26!, and
completes att8.tH ln(Ti /T0). At t>t8 QW excitons become

FIG. 6. The relaxational dynamics of a classical gas of hot Q
excitons atTb51 K ~solid line!, 4.2 K ~dot-dashed line!, 10 K
~long dashed line!, and 25 K~dashed line!. The latter straight line
refers to the exponential kinetics lnu(T2Tb)/(Ti2Tb)u52t/tH , which
is valid in the high-temperature limitkBTb@E0 .
-

-
f

he

degenerate, and the BE statistics starts to influence the
malization process. The relaxation kinetics is approxima
by

]

]t
T52S T

Tb
D 2 ~T2Tb!

t0H
, ~28!

wheret0H}r2D is given by Eq.~18!. Equation~28! yields
the nonexponential transient thermalization fromT.T0 to
T.Tb :

T~ t !5
T0

@112~T0 /Tb!2@~ t2t8!/t0H##1/2
. ~29!

The nonexponential transient lasts for a timeDt.t0H/2. The
relaxation kinetics fromt>t9.t81t0H/2 refers toT2Tb
,Tb , and recovers the exponential law witht0H .

B. Low-temperature limit (kBTb,E0). At 0<t<t8
.tH ln(Ti /T0) the first hot thermalization fromT5Ti to T
.T0 is characterized by the exponential law of Eq.~26!. The
next nonexponential transient relaxation fromT.T0 to T
.E0 /kB is given by Eq.~29!, and corresponds to the tim
interval t8<t<t9.(kBTb /E0)2(t0H/2). These two stages
are similar to those found in the high-temperature limit. F
the thermalization fromT.E0 /kB to T.Tb one recovers
Eq. ~22!, and the corresponding 1/ln(t) kinetics of Eq.~24!
treated in Sec. III B forTb50. This stage is rather long
and completes at t-.(kBT0tsc/2p3/2E0)exp(E0 /kBTb)
5(kBTb /E0)

1/2t0L . The final exponential relaxation refers t
(T2Tb)/Tb,kBTb /E0 , and is given by T(t>t-)5Tb

1(kBTb
2/E0)exp@2(t2t-)/t0L#, where the low-temperature

thermalization timet0L of the degenerate QW excitons
defined by Eq.~20!.

In order to demonstrate how BE statistics can influen
the thermalization kinetics of QW excitons atTi@Tb , in Fig.
7 we plot the numerical solutionT5T(t) of Eq. ~11! for
Ti550 K, Tb54.2 K, and various values of the concentr
tion r2D . The development of the nonexponential relaxati
with the increasing degeneracy temperatureT0}r2D is
clearly seen. The inset of Fig. 7 illustrates the transient th
malization given by Eq.~29!.

IV. RESONANT PHOTOLUMINESCENCE
OF QUANTUM DEGENERATE QUASI-2D EXCITONS

In high-quality GaAs QW’s the decay of quasi-2D exc
tons is mainly due to radiative recombination.3–10 Moreover,
following the first studies31 of the optical properties of exci
tons in GaAs/AlxGa12xAs CQW’s, very recent
experiments13 show that the radiative recombination chann
can also be dominant for the long-lived indirect excitons.
this section we generalize the theory3,16 of steady-state reso
nant PL of a quasiequilibrium classical gas of QW excito
to well-developed BE statistics, and exploit the relaxati
thermodynamics of Eq.~11! in order to analyze the PL ki-
netics of QW excitons.

In perfect QW’s an exciton can emit a bulk photon on
from radiative modes, which are located inside the pho
cone given by k5k(v)5(Aebv)/(\c). Here v is the
frequency of light, andeb is the background dielectric con
stant for an exciton line. This means that the radiative zo
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of QW excitons is given bypi<k0 , wherek05k(v t) corre-
sponds to crossover of the photon and exciton dispersi
and \v t is the exciton energy. The intrinsic radiative rat
for in-plane transverse (T-polarized! and in-plane longitudi-
nal (L-polarized! dipole-active QW excitons are given by16

GT~pi!5G0

k0

Ak0
22pi

2

~30!

and

GL~pi!5G0

Ak0
22pi

2

k0
,

respectively. The intrinsic radiative lifetimetR of a QW ex-
citon is defined bytR51/G0 , where G05G0(Lz)5GT(pi
50)5GL(pi50) is the radiative rate for the ground-sta
modepi50. Z-polarized heavy-hole QW excitons are fo
bidden. Here we use the polarization notations of Ref. 1

The total radiative decay rateGopt51/topt of a gas of
quasiequilibrium BE-distributed QW excitons is

Gopt5
1

r2D
E

0

k0
Npi

@GT~pi!1GL~pi!#
pidpi

2p
, ~31!

where the occupation numberNpi
5NEpi

eq is given by Eq.~6!.

Equation~31! takes into account the equal probabilities
theT andL polarizations and twofold spin degeneracies,s1

and s2 of dipole-active QW excitons. Using Eqs.~6! and
~30! we find, from Eq.~31!,

FIG. 7. Thermalization kinetics of hot QW excitons with den
ties 1012 cm22 ~solid line!, 531011 cm22 ~long dashed line!,
1010 cm22 ~dashed line!, and 109 cm22 ~dotted line!. The initial
effective temperature of QW excitons isTi550 K, and the bath
temperature isTb54.2 K, a GaAs QW withLz5100 Å andtsc

513.9 ns. The first transient thermalization occurs in the time
terval I (t<20240 ps). The density-dependent quasi-steady-s
relaxation develops in time domainII , whereT2Tb,Tb . Inset:
verification of the approximation by Eq.~29! of the nonexponentia
transient relaxation of strongly degenerate QW excitons.
s,

Gopt5
G0

2
@JT~T,T0!1JL~T,T0!#,

JT~T,T0!5S Ek0

kBT0
D E

0

1 dz

Ae2z2Ek0
/kBT21

, ~32!

JL~T,T0!5S Ek0

kBT0
D E

0

1 z2dz

Ae2z2Ek0
/kBT21

,

where A5A(T,T0)5eEk0
/kBT/(12e2T0 /T) and Ek0

5\2k0
2/2Mx ~for GaAs QW’s with eb512.9 and \v t

51.55 eV, one hasEk0
.101 meV andEk0

/kB.1.17 K).
The contribution of twofold dipole-inactive~triplet! QW ex-
citons to a total densityr2D is included in Eq.~32! through
the degeneracy temperatureT0}r2D .

For Maxwell-Boltzmann distributed QW excitons at a
effective temperatureT much larger thanT0 andEk0

/kB, we

find from Eq.~32! that JT53JL5(\2k0
2)/(MxT) and

Gopt
cl 5S \2k0

2

3MxkBTDG0 . ~33!

In the limit T!T0 of a strongly degenerate gas of QW exc
tons, one approximatesJT511(T/T0)ln(4Ek0

/kBT) and JL

511(T/T0)@ ln(4Ek0
/kBT)22#. In this caseGopt of Eq. ~32!

reduces to

Gopt
q 5F12

T

T0
1

T

T0
lnS 2\2k0

2

MxkBTD GG0

2
. ~34!

The expansion ofJL(T,T0), JT(T,T0), andGopt in terms of
the ratio T/T0!1 is valid for the effective temperature o
QW excitons T<Ek0

exp(2T0 /T). The second and third
terms in the square brackets on the right-hand side of
~34! are small corrections, i.e.,Gopt

q (T→0)→G0/2. The non-
zero limit of Gopt at T→0, which is completely determined
by the intrinsic radiative rateG0 of the ground-state mode
pi50, is due to the effective accumulation of low-ener
QW excitons withNE@1 in the radiative zonepi<k0 .

In the limit T@T0 ,Ek0
of a classical behavior, one de

rives, from Eqs.~31! and ~32!,

topt
cl 5S 3MxkBT

\2k0
2 D tR1S 9

10
2

3MxkBT0

2\2k0
2 D tR , ~35!

where in the expansion oftopt
cl 51/Gopt we keep not only the

leading term 1/Gopt
cl }T @see Eq. ~33!#, but also the

temperature-independent correction. The next terms of
expansion are proportional to 1/Tn>1→0, and can indeed be
neglected. The first term on the right-hand side of Eq.~35!,
i.e., 1/Gopt

cl 5(3MxkBTtR)/(\2k0
2), is a well-known result of

Ref. 16. The temperature-independent correction, which
given by the second term on the right-hand side of Eq.~35!
consists of the density-independent and -dependent cont
tions of the opposite signs. The density-dependent contr
tion originates from the BE distribution function used in E
~31! and can be much larger thantR if kBT@kBT0@Ek0

.

Note that the density-independent term~9/10! tR can be de-
rived even with Maxwell-Boltzmann statistics. In the leadin
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term 1/Gopt
cl }T, one has that the optical decay timetopt

cl

@tR , because only a small fraction of QW excitons occu
the radiative modespi<k0 at T@T0 ,Ek0

/kB .3,16

In Fig. 8 we plot the effective decay time of quasiequili
rium QW excitons topt5topt(T), calculated numerically
with Eq. ~32! for various values of the concentrationr2D .
Following Ref. 16, for a GaAs QW withLz5100 Å , we
use tR525 ps. For T@T0 ,Ek0

/kB , the linear behavior
given by Eq.~35! is clearly seen~dotted, dashed, and long
dashed lines in Fig. 8!. The reference bold solid line indi
cates the 1/Gopt

cl }T law. Note that the linear asymptotics o
topt5topt(T,r2D) from the classical rangeT@T0 ,Ek0

/kB

down to low temperaturesT→0 reveal nonzero density
dependent values. Thus one concludes that even at high
peraturesT@T0 the influence of nonclassical statistics c
be found in the PL of QW excitons. AtT→0 the limit topt

cl

→tR@9/102(3kBT0)/(4Ek0
)# given by Eq.~35! breaks, and

all curves approach the double intrinsic radiative lifetim
2tR . The density-dependent deviation from the linear cl
sical law of Eq.~35! develops with increasingr2D . For ex-
ample, at r2D5531011 cm22 the quantum asymptotic
topt

q (T→0)52tR can already be traced for the effectiv
temperatureT.10 K ~see Fig. 8!.

According to Eq.~30!, the decay rate ofT-polarized QW
excitons diverges atpi→k0 .16 In Appendix B we show how
the homogeneous linewidth of low-energy QW excito
\Ghom5\/tx-x1\/tph1\/tR.\/tx-x removes this diver-
gence@see Eq.~B6!#. In the presence of homogeneous broa
ening, due to dominant exciton-exciton scattering,GT(pi) of
Eq. ~30! changes only in a very narrow band of QW sta
given by 0<k02pi<g̃k0 , whereg̃51/(tx2xv t)!1. In par-
ticular, GT(pi→k0)5G0 /(2g̃1/2) rather than diverges. Fur
thermore, homogeneous broadening of QW excitons fr
the radiative zone only slightly renormalizes the PL e
ciency:Gopt

cl changes onGopt
cl @12(3/4)g̃1/2# ~for details, see

Appendix B!. The correction is even less forGopt
q of Eq.

~34!. Therefore, we conclude that the corrections to the

FIG. 8. The optical decay timetopt vs the effective temperatur
T of QW excitons:r2D5108 cm22 ~dotted line!, 531010 cm22

~dashed line!, 1011 cm22 ~dot-dashed line!, and 531011 cm22

~solid line!. The intrinsic radiative lifetime of QW excitons istR

525 ps. The bold straight line is given by 1/Gopt
cl

5(3MxkBT)/(\2k0
2).
y

m-

-

-

s

m

-

tical decay rateGopt due to the homogeneous linewidthGhom
can indeed be neglected. Note, however, that inhomogen
broadening strongly influences the PL process and chan
our results obtained for a perfect QW.

The optical decay of QW excitons from the radiative zo
pi<k0 does not violate the assumptions of relaxational th
modynamics, provided thattx-x!tR . In this case the ther-
mal quasiequilibrium distribution of the finite lifetime QW
excitons atE<Ek0

holds due to exciton-exciton scatterin

Because both the minimal thermalization timet th given by
tH of Eq. ~15! and the intrinsic radiative timetR are on the
same time scale of 5– 50 ps, the conditiontx-x!tH @see Eq.
~9!# of the thermodynamic picture also nearly guarantees
tx-x!tR .

The radiative decay leads to the continuous decreas
the density of QW excitons~or the degeneracy temperatu
T0}r2D) and gives rise to the PL signal according to

]

]t
r2D52Gopt~T0 ,T!r2D[2

r2D

topt~r2D ,T!
, ~36a!

I PL52\v t

]r2D

]t
[\v t

r2D

topt~r2D ,T!
, ~36b!

whereI PL5I PL(t) is the photoluminescence intensity. Thu
Eqs.~11!, ~32!, ~36a!, and~36b! describe the PL kinetics o
QW excitons cooling from the initial effective temperatu
Ti to the bathTb . For a high-temperature classical gas
QW excitons the optical decay timetopt

cl of Eq. ~35! is ap-
proximated by the density-independent 1/Gopt

cl of Eq. ~33!
and the solution of Eq. ~36a! is simply r2D(t)
5r2D

(0) exp(2*0
t Gopt

cl (t)dt), wherer2D
(0) is the initial concentra-

tion of QW excitons andGopt
cl is time dependent through th

effective temperature of QW excitonsT5T(t). In the gen-
eral case, however, Eq.~36a! gives a nonexponential deca
of the density. The characteristic times of both the fund
mental processes which contribute to the PL kinetics, L
phonon-assisted thermalization and optical decay, gene
depend upon the effective temperature and density of Q
excitons, i.e.,t th5t th(T,T0) andtopt5topt(T,T0). As a re-
sult, the PL kinetics given by Eqs.~11!, ~32!, ~36a!, and
~36b! is alsoT andr2D dependent. The thermalization pro
cess and radiative decay work in the opposite directions w
respect to the quantum-statistical effects. Cooling of QW
citons is accompanied by an increasing number of lo
energy particles toward well-developed BE statistics. In
meantime topt decreases, and the optical decay ofr2D
speeds up, resulting in decreasingT0 . Thus the radiative
processes interfere with the development of BE statistics

For a classical gas of QW excitons in the hig
temperature limitkBTb@E0 the PL dynamics of Eqs.~11!,
~32!, ~36a!, and ~36b! can be analyzed analytically. In
this case, T(t)5Tb1(Ti2Tb)exp(2t/tH), where the
temperature-independenttH is given by Eq.~15!. At the first
transient thermalization of hot QW excitons from the initi
distribution at effectiveTi@Tb one has thattopt

cl (Ti)@tH ,
i.e., the optical decay is very slow and practically does
change the concentration of QW excitons. The transi
stage lasts a fewtH and for this time domain Eq.~36b!
reduces to
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I PL~ t<t tr !5\v tS \2k0
2

3MxkBTi
D r2D

~0!et/tH[\v t

r2D
~0!

topt
cl ~Ti !

et/tH,

~37!

i.e., I PL(t<t tr)}exp(t/tH). Therefore, at the hot relaxatio
staget<t tr the PL intensity increases exponentially with t
rate 1/tH , due to the population of the radiative zone. T
transient stage completes whenT(t tr)2Tb<Tb . The PL in-
tensity reaches its maximum att5t0.t tr , when the popula-
tion efficiency of the modespi<k0 is compensated by th
increasing optical decay:

t05tH lnS 3MxkBTi

\2k0
2

tR

tH
D[tH lnFtopt

cl ~Ti !

tH
G . ~38!

The corresponding effective temperature of QW excitons
T(t0)5Tb@11tH /topt

cl (Ti)#, i.e., T(t0)2Tb!Tb . At t5ts

.t0 the PL dynamics reaches a steady state, and is d
mined by the optical decay, because the QW excitons
already thermalized atT5Tb . For this time domain the PL
kinetics is given by

I PL~ t>ts!5\v tS \2k0
2

3MxkBTb
D r2D

~s!e2t/topt
cl

~Tb!

[\v t

r2D
~s!

topt
cl ~Tb!

e2t/topt
cl

~Tb!, ~39!

wherer2D
(s) 5r2D(ts).r2D

(0) . Thus at the steady-state regim
I PL(t>ts)}exp@2t/topt

cl (Tb)#, i.e., the PL intensity decrease
exponentially with the optical decay rateGopt

cl (Tb). Note that
because usuallyTi@T0 and T0(t→`)→0, the very first
transient stage and the very last steady-state decay of
tonic PL always follow Eqs.~37! and ~39!, respectively.

In Fig. 9~a! we plot numerical simulations of the PL dy
namics done with Eqs.~11!, ~32!, ~36a! and ~36b! for exci-
tons of various initial densities in GaAs QW withLz
5100 Å. In order to model the experimental data on t
density-dependent PL kinetics plotted in Fig. 2 of Ref. 4~a!
we usetsc585 ns andtR540 ps. The change of the P
dynamics with increasingr2D

(0) shown in Fig. 9~a! reproduces
qualitatively the corresponding experimental observations
Ref. 4~a!. The decrease of the rise timet0 of the PL signal
with the increasing initial density of QW excitons is main
due to increase of the optical decay rate at high densities@see
the inset of Fig. 9~a!#. This effect originates from BE statis
tics of QW excitons.

In Fig. 9~b! we show numerical modeling of PL kinetic
in GaAs/AlxGa12xAs CQW’s with the intrinsic radiative
lifetime of long-lived excitonstR530 ns. Here the BE sta
tistics strongly influences the PL temporal behavior in
steady-state regime att>ts , but still before a time when
indirect excitons become Maxwell-Boltzmann distribut
due to continuous decrease ofr2D . At this time domain the
thermalization kinetics of high-density CQW excitons und
goes a critical slowing down, the effective temperature
CQW excitons is nearly stabilized atT0.T.Tb , and the
occupation numbers of the radiative modesNpi<k0

@1. As a

result, with the increasing initial concentrationr2D
(0) the decay

rate of the PL signal approachestopt
q 52tR , i.e., one has an
is

er-
re

ci-

e

f

e

-
f

acceleration of the PL optical decay owing to well-develop
BE statistics@see Fig. 9~b!, where the long dashed and sol
reference lines indicate ln(IPL /I0)5(t02t)/2topt(Tb) and
ln(IPL /I0)5(t02t)/2tR , respectively#.

V. DISCUSSION

There are three neglected factors—the interface polar
effect, the low-energy biexciton states, and residual interf
disorder—which can affect the developed model. In perf

FIG. 9. Phototuminescence dynamics of QW excitons mode
with Eqs. ~11!, ~32!, ~36a!, and ~36b!. ~a! GaAs QW
with Lz5100 Å, D56.3 eV, tsc585 ns,tR540 ps,Tb55 K,
r2D5109 cm22 ~dashed line!, 1011 cm22 ~dot-dashed line!, and
531011 cm22 ~solid line!. Inset: change of the optical decay tim
topt5topt(t). ~b! GaAs/AlxGa12xAs CQW’s with tsc

513.9 ns,tR530 ns, Tb53 K, r2D5109 cm22 ~bold dashed
line!, and 531011 cm22 ~bold solid line!. The long dashed and
solid straight lines refer to the exponential kinetics given
I PL(t)}exp@2t/topt(Tb)# and I PL(t)}exp@2t/(2tR)#, respectively.
The PL intensitiesI PL(t) of ~a! and ~b! are normalized byI 0

5248.31 kW/cm2.
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QW’s, the radiative modespi,k(v), which are responsible
for the optical decay of QW excitons in bulk photons, a
accompanied by confined modespi.k(v) located outside
the photon cone. These modes give rise to QW interf
polaritons. While the QW polaritons cannot be seen in st
dard optical experiments, which deal with bulk photons, th
can modify the quadratic in-plane dispersion of QW excito
and contribute to the total optics in a ‘‘hidden’’ way. Ther
fore in the general case both conjugated phenomena—
radiative decay into bulk photons and the QW polarit
effect—should be treated simultaneously. The dispersion
of T-polarized QW polaritons is

c2pi
2

eb
5v21

v2RcApi
22ebv2/c2

v t
21\v tpi

2/Mx2 iGxv2v2 ,

where Rc5(pe2f xy)/(ebm0), f xy is the oscillator strength
of exciton-photon coupling per unit area of a QW~the sub-
scriptxy refers to the in-plane polarization of the light!, and
Gx is the rate of incoherent scattering of QW excitons.19,32

Actually the dispersion equation can be applied to the b
radiative and confined modes.33 Within the photon cone the
solution v5v(pi) is v5v t2 iGT(pi)/2, whereGT(pi) is
given by Eq.~30!, with G05(Aeb/c)Rc . The dispersionv
5vT(pi) of T-polarized QW polaritons is located outside t
photon cone, approaches the quadratic dispersion\pi

2/2Mx

at pi@k0 , and continuously transforms to the photon disp
sioncpi /Aeb at pi<k0 . Thus during thermalization the QW
excitons can accumulate at the ‘‘bottleneck’’ band of t
T-polariton dispersion rather than in the radiative zone giv
by v5v t1\pi

2/2Mx for pi<k0 .
The polariton effect will not influence the thermalizatio

and PL kinetics provided thatEk0
@(1/2)\Vc

QW , where the

effective QW polariton parameterVc
QW is given by

(Vc
QW)25(Aeb/c)Rcv t . In this case the QW polariton

bottleneck band is very narrow, located at energies ab
\v t , and the modepi50 preserves the status of a groun
state mode. For a GaAs QW withLz5100 Å one hasf xy
.531024 Å22.16 This value of the oscillator strengt
yields \2Rc.1.231022 eV2 Å , tR51/G0.25 ps, and
1
2 \Vc

QW.3 meV, i.e., (1/2)\Vc
QW.Ek0

.0.1 meV. In

perfect CQW’s the oscillator strengthf xy can be made two o
three orders smaller than the value used above. This m
that indeedEk0

@(1/2)\Vc
QW and one can apply Eqs.~11!,

~32!, ~36a!, and~36b! to the relaxational and PL dynamics o
indirect CQW excitons.

The exciton-exciton interaction relaxes the polariton
fect in perfect QW’s and removes it, ifGx51/tx2x>Vc

QW .
With the estimate of 1/tx2x given by Eq.~A4! of Appendix
A we conclude that for direct excitons in a single GaAs Q
with Lz5100 Å the interface polariton effect plays no ro
at concentrationsr2D.331010 cm22. Alternatively, in the
presence of the well-developed polariton picture withEk0

,(1/2)\Vc
QW , the relaxation kinetics should be reform

lated in terms of ‘‘QW polariton6 bulk LA phonon↔ QW
polariton.’’ Furthermore, in this case relaxational thermod
namics becomes invalid due to the absence of steady-
quasiequilibrium in a gas of QW excitons~QW polaritons!.
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Next we consider the formation of quasi-2D biexciton
The potential for exciton-exciton interaction is repulsive f
indirect excitons in CQW’s. However, in a single QW tw
excitons in some spin configurations, e.g.,s1 ands2 spin-
polarized, attract each other due to the exchange Coulo
interaction. This interaction may lead to biexciton sta
which lie below the excitonic energiesE>0. While the biex-
citon states are absent in CQW’s, they are presented in si
GaAs QW’s at low temperatures and moderate optical e
tations. Typical values of the biexciton binding energyEm

(2D)

are about 1–2 meV forLz5200–100 Å . The law of mass
action18 applied to QW excitons and biexcitons, which a
Maxwell-Boltzmann distributed at the same effective te
peratureT, shows that the biexciton states are ionized
unbound excitons atkBT>Em

(2D) , i.e., atT>10 K. At low
temperatures, with increasing dimensionless param
@am

(2D)#2r2D the biexciton binding energy decreases due
screening by quasiequilibrium QW excitons, which rema
well-defined quasiparticles for@ax

(2D)#2r2D<1. Here am
(2D)

(.ax
(2D)) is the radius of a QW biexciton. The screening

the biexciton states is mainly due to the repulsive interact
between QW excitons of the identical spin structure, wh
is much stronger than the attractive potential.34,35 The biex-
citon state is affected by excitons if@am

(2D)#2r2DEx
(2D)

>Em
(2D) , where Ex

(2D) is the two-dimensional excitonic
Rydberg. This estimate refers to low effective temperatu
T→0. The squared biexciton radius is appro
imated by @am

(2D)#252(mx /Mx)(Ex
(2D)/Em

(2D))@ax
(2D)#2

.2.4@ax
(2D)#2, wheremx is the reduced exciton mass. W

estimate that the biexciton state starts to weaken
@ax

(2D)#2r2D>0.05–0.1, i.e., atr2D.1011 cm22. Certainly
in the high-density limitr2D.22331012 cm22, where the
Mott parameterr2D@ax

(2D)#2 approaches unity, the thermal
zation and photoluminescence of strongly degenerate
excitons occurs in the absence of the biexciton states and
be analyzed with our approach. During the optical decay
concentrationsr2D;1011 cm22, the QW biexcitons can
contribute to the relaxation and PL processes. For these
sities of QW excitons the relaxation thermodynamics giv
by Eq. ~11! can be generalized to include the conversion
QW excitons to QW biexcitons and the LA-phonon-assis
relaxation within the both excitonic and biexcitonic bands.
this case the quasiequilibrium concentrations of QW excit
and biexcitons are connected by the law of mass action.18

The developed thermalization and photoluminescence
netics refer to a perfect QW. In two dimensions, even we
disorder will formally lead to localization so that there are
truly unbound exciton states, although the localization len
may be very long. Consequently for the weak disorder,
laxation can be ‘‘disorder assisted,’’ whereby momentu
and energy conservation are satisfied by LA-phonon em
sion concomitant with scattering from the disorder potent
This will be relevant for relieving the phonon bottleneck
there are significant Fourier components of the disorder w
wave vectorspd>2Mxvs /\51.93105 cm21. For the op-
posite limit of strong interface and alloy disorder, th
phonon-assisted relaxation kinetics of localized QW excito
was modeled in Ref. 15 and more recently in Ref. 36, wh
the PL process was also studied. The optical decay of lo
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ized QW excitons was investigated in Ref. 37. Note that
number of localized QW excitons saturates due to P
blocking, if the concentration of the residual defect cent
ND is much less thanr2D @in perfect GaAs QW’sND
<1010 cm22 ~Ref. 37!#. In this case the localization pro
cesses do not affect the BE kinetics of QW excitons.

At low bath temperaturesTb<E0 the large thermalization
timestL}exp(2E0 /kBTb) andt0L5(T0 /Tb)tL given by Eqs.
~16! and~20! for statistically nondegenerate and strongly d
generate QW excitons, respectively, can be changed by
LA-phonon-assisted relaxation processes ‘‘QW exciton6
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bulk LA phonon 6 bulk LA phonon↔ QW exciton.’’
While these processes are of the next order of smallness
respect to the considered QW-exciton–one-phonon sca
ing, they can be dominant in the presence of drastic slow
down of one-phonon thermalization. The energy-moment
conservation law in two-phonon-assisted relaxation allo
for a QW exciton with energyE<E0 to be scattered into the
ground-state modepi50 only by first absorbing of a LA
phonon and then re-emitting another LA phonon. The rate
the anti-Stokes–Stokes two-phonon scattering into
ground-state mode is given by
1

t th
~2!

5S 2p

\ D (
q,q8

uM̃ x-ph~q!u2uM̃ x-ph~q8!u2
Npi

nq
ph~nq8

ph
11!

~Epi
1\vq

ph2Epi1q!2
d~Epi

1\vq
ph2\vpi1q

ph !dpi2q81q , ~40!
to
l ef-
gen-

se-
and
he
er-
-

for
er-

y

ua-
a-
of
-

ty-
m-
a
and

-
r-

cal
m-
he

it
whereEpi
5\2pi

2/2Mx and\vq
ph5\vsq are the energies of a

QW exciton and a bulk LA phonon, respectively. The mat
element of QW-exciton–bulk LA-phonon interaction
M̃ x-ph(q)5@(\D2q)/(2vsrV)#1/2Fz(qzLz/2), whereV is the
volume which refers to bulk LA-phonons. For a quantum g
of excitons Eq.~40! yields the following estimate of the two
phonon-assisted relaxation rate:

1

t0L
~2!

58pS kBTb

E0
D 4 \

E0tsc
2

. ~41!

This result can be motivated as follows. Due to the an
Stokes component, only a small phase-space volume g
by pi<pi

max5(2kBTb)/(\vs) contributes to the two-phono
relaxation. The dependence 1/t0L

(2)}Tb
4 stems from

Npi
nq

ph(npi1q
ph 11)}Tb

3 and frompi
max}Tb on the right-hand

side of Eq. ~40!. The two-phonon-assisted thermalizatio
time t0L

(2) is proportional totsc
2 , indicating the next order o

smallness with respect tot0L}tsc . Equations~20! and ~41!
show thatt0L

(2)(Tb) indeed increases with decreasingTb more
slowly than t0L(Tb), i.e., the two-phonon scattering pro
cesses become dominant at 0,Tb<Tb

c , whereTb
c is given

by the equation t0L(Tb)5t0L
(2)(Tb). For example, for

Tb /T050.2 the crossover occurs atTb
c.0.06E0 /kB

531.3 mK. Because many-phonon-assisted relaxation
QW excitons at the effective temperatureT<E0 /kB into the
ground-state mode occurs only through intermediate a
Stokes scattering, the relaxation dynamics atTb50 de-
scribed by Eq.~21! is universal.

Thus our model refers to indirect excitons in perfe
GaAs/AlxGa12xAs CQW’s, and to direct excitons in singl
QW’s. In the latter case, however, the concentration of Q
excitons should ber2D>1011 cm22 in order to suppress th
interface polariton and biexciton effects. Equations~11!,
~32!, ~36a!, and~36b! provide us with a universal descriptio
of the thermalization and photoluminescence kinetics of Q
excitons within the thermodynamic picture. Note that t
concrete characteristics of QW-exciton–bulk-LA-phonon
teraction enter the basic thermodynamic Eq.~11! only
s

i-
en

of

ti-

t

-

through the elementary scattering timetsc and the form-
factor functionFz(x). Our approach can also be applied
QW magnetoexcitons. In this case the quantum-statistica
fects will be considerably enhanced, because the spin de
eracy factorg of Eq. ~1! reduces fromg54 to g51.

VI. CONCLUSIONS

In this paper we have studied the influence of Bo
Einstein statistics on the thermalization, radiative decay,
photoluminescence kinetics of a gas of QW excitons. T
numerical calculations presented in the work deal with p
fect GaAs/AlxGa12xAs quantum wells. The following con
clusions summarize our results.

~i! We have developed relaxational thermodynamics
QW excitons coupled to bulk thermal LA phonons. The th
modynamic picture implies that the concentrationr2D of
QW excitons is larger than the critical densityr2D

c ~for GaAs
QW’s with Lz5100 Å , we estimate r2D

c .1.2
3109 cm21). The relaxational thermodynamics is given b
Eq. ~11! for the effective temperatureT(t) of QW excitons.
This equation describes the thermalization kinetics of a q
siequilibrium gas of QW excitons from the initial temper
ture Ti to the bathTb . For a quantum degenerate gas
quasi-2D excitons, whenT is less than the degeneracy tem
peratureT0 , BE statistics yields nonexponential and densi
dependent thermalization. In particular, for low bath te
peraturesTb<E0 /kB;1 K the relaxation processes in
degenerate gas of QW excitons slow down dramatically,
the thermalization law is given byT(t)}1/ln t.

~ii ! The effective radiative lifetime topt51/Gopt
5topt(T,T0) of quasiequilibrium BE-distributed QW exci
tons is given by Eq.~32!. The temperature-independent co
rections, given by Eq.~35!, to the well-known classical limit
topt}T show that BE statistics can be traced in the opti
decay of a gas of QW excitons even at high effective te
peraturesT. Nonclassical statistics strongly influences t
optical decay atT<T0 . In particular, atT→0 the lifetime
topt approaches 2tR rather than zero as in the classical lim
topt}T. Here the intrinsic radiative lifetimetR is determined
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by the oscillator strengthf xy of exciton-photon coupling in a
QW.

~iii ! The PL kinetics of QW excitons is modeled by thr
coupled equations~11!, ~32!, ~36a!, and~36b! for the effec-
tive temperatureT(t), effective radiative timetopt(T,r2D)
51/Gopt(T,r2D), and concentrationr2D(t), respectively.
This approach describes within the thermodynamic pict
both the rise of PL, due to thermalization, and the decay
PL, due to the radiative recombination of thermalized Q
excitons. For a classical gas of QW excitons the PL kine
depends on the effective temperatureT, but is independent o
r2D . With increasing densityr2D of QW excitons the
an
ls
xc

l
n
n
l

ic

el
e
f

s

quantum-statistical effects build up and the PL kinetics
comes density dependent.

ACKNOWLEDGMENTS

We appreciate valuable discussions with P. Stenius, L
Butov, and H. Kalt. We also thank R. Zimmermann for cri
cal reading of the manuscript. Support of this work by t
EPSRC ~U.K.! and by the DFG-Schwerpunktprogram
‘‘Quantenkoha¨renz in Halbleitern’’ ~Germany! is gratefully
acknowledged.
mann-

is
xchange

n
es are
APPENDIX A: EQUILIBRATION DYNAMICS OF QW EXCITONS

The equilibration kinetics of QW excitons is mainly due to particle-particle scattering and refers to the Boltz
Uhlenbeck equation

]

]t
Nki

52
2p

\ S U0

S D 2

(
pi ,qi

@Nki
Npi

~11Npi2qi
!~11Nki1qi

!2~Nki
11!~Npi

11!Npi2qi
Nki1qi

#d~Epi2qi
1Eki1qi

2Eki
2Epi

!,

~A1!

whereU0 /S is the potential of exciton-exciton Coulombic interaction in a QW,S is the area. For CQW’s the potential
repulsive, and independent of the spin structure of interacting excitons owing to a rather small contribution of the e
interaction. For a single QW the potential depends upon the spin state of excitons and can be repulsive~e.g., for the QW
excitons with an identical spin structure! as well as attractive~e.g., fors1 ands2 spin-polarized excitons!.34 However, the
repulsive potential strongly dominates35 and determines the equilibration dynamics of QW excitons atr2D>r2D

c .
In order to evaluate a characteristic equilibration timetx-x we analyze within Eq.~A1! the dynamics of a small fluctuatio

dN0
(0)5dN0(t50)!Npi50

eq of the ground-state mode population, provided that the occupation numbers of all other mod

given by the BE distribution of Eq.~6!. The linearization of the right-hand side of Eq.~A1! with respect todN0 yields an
exponential law for the decay of the fluctuation, i.e.,d(dN0)/dt52dN0 /tx-x anddN0(t)5dN0

(0)exp(2t/tx-x). The decay time
of the fluctuation, which we attribute to the characteristic equilibration time, is given by

1

tx-x
5S U0Mx

2p D 2S kBT

\5 De2T0 /T~12e2T0 /T!E
0

`

duE
0

2p

df

3
e2u

@eu~12cosf!1e2T0 /T21#@eu~11cosf!1e2T0 /T21#@e2u1e2T0 /T21#
. ~A2!
lk
.
y

the
In order to derive Eq.~A2! from Eq. ~A1! we putki50 and
introduce the dummy variableqi85qi2pi/2. The dimension-
less integration variableu on the right-hand side of Eq.~A2!
is given by u5(\pi)

2/(4kBMxT), and f is the angle be-
tweenqi8 andpi.

While the repulsive potentialU0 for QW excitons in an
identical spin state can be explicitly written in terms of
integral convolution of the different pair Coulomb potentia
between the constituent electrons and holes with the e
tonic wave functions~see, e.g., Ref. 38!, here we give a
scaling estimate ofU0 . The potentialU0 is determined by
U05*Ux-x(r i)dr i, whereUx-x(r i) is the real-space potentia
of exciton-exciton interaction andr i is the distance betwee
two interacting QW excitons. The characteristic energy a
length scales forUx-x(r i) are given by the two-dimensiona
RydbergEx

(2D)52mxe
4/\2 and the corresponding exciton

Bohr radiusax
(2D)5\2/(2mxe

2), where mx is the reduced
mass of a QW exciton. For simple mod
i-

d

potentials Ux-x(r i)5CEx
(2D)exp(2ri /ax

(2D)) and Ux-x(r i)

5CEx
(2D)(ax

(2D)/r i)exp(2ri /ax
(2D)), where the constantC

.1, one estimates

U052pCEx
~2D !@ax

~2D !#25pC
\2

mx
. ~A3!

A remarkable feature of Eq.~A3! is that while with decreas-
ing confinement in thez direction~the QW growth direction!
Ex

(2D) and ax
(2D) start to approach the corresponding bu

values, their combinationEx
(2D)@ax

(2D)#2 does not change
Such a behavior ofU0 is due to the quasi-two-dimensionalit
of QW excitons. The constantC, which is of the order of
unity, depends on the design of a QW, the shape of
model potentialUx-x(r i), etc. In further analysis we putC
51.

For a classical gas of QW excitons, whenT@T0 , one
obtains from Eqs.~A2! and ~A3!,
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1

tx2x
5

p

4\S Mx

mx
D 2

kBT0 , ~A4!

where T0 is given by Eq.~1!. According to Eq.~A4!, the
scattering rate due to particle-particle interaction is prop
tional to the concentrationr2D of QW excitons. Furthermore
as a signature of the quasi-two-dimensionality of excitons
QW’s, the characteristic equilibration timetx-x is indepen-
dent of the temperatureT ~for T@T0) and of the scattering
length;ax

(2D) .
For a quantum gas of QW excitons (T!T0) we find, from

Eqs.~A2! and ~A3!,

1

tx-x
5

p

\ S 12
p

4 D S Mx

mx
D 2

kBTeT0 /T. ~A5!

The considerable increase of the scattering rate given by
~A5! in comparison with that of Eq.~A4! is due to the low-
energy QW excitons withNE

eq@1 at E<kBT.

APPENDIX B: HOMOGENEOUS BROADENING
IN RADIATIVE DECAY OF QW EXCITONS

The joint density of statesJ(pi) for the resonant optica
decay of a QW exciton withpi<k0 into a bulk photon is
given by
r-

n

q.

J~pi!5S 1

2p2D E
2`

1`

dk'

Ghom

Ghom
2 1@vx~pi!2vg~pi ,k'!#2

,

~B1!

where \vx(pi)5\v t1\2pi
2/2Mx and vg(pi ,k')

5(c/Aeb)Api
21k'

2 are the dispersions of QW exciton
and bulk photons, respectively,k' is the z component of
the wave vector of the bulk photons, which resonan
interact with a QW exciton with in-plane wavevectorpi ,
and Ghom is the homogeneous linewidth of QW exciton
If ]vg(pi ,k')/]k'Þ0 at k', determined by the
equation vx(pi)5vg(pi ,k'), the integrand on the
right-hand side of Eq.~B1! preserves its Lorentzian shap
in wave-vector coordinates, and the joint density of sta
J(pi) is independent ofGhom. This is a regular case
which does not hold forpi→k0 (pi<k0). In this case
the solution of vx(k0)5vg(k0 ,k') is k'50 and
]vg(pi5k0 ,k')/]k'50, indicating a 1D van Hove
singularity in the joint density of states. As a result,J(pi)
becomesGhom dependent in a close vicinity ofpi5k0 .
This is the only way that the homogeneous linewid
influences the optical decay of quasiequilibrium excitons
ideal QW’s.

With substitutionk'5pi tanf, wheref{@2p/2,p/2#,
Eq. ~B1! reduces to
of

d

J~pi!5
1

p2F pi

vx~pi!
G E

0

p/2

du
g̃

~1/4!u42~ d̃2/2!u21~ d̃4/41d2g̃2!
, ~B2!

where g̃5Ghom/v t , d5cosf05pi /k05(cpi)/(ebvt),d̃5sinf05A12d2, and the integration variableu5f2f01sinf0.
Straightforward integration of Eq.~B2! yields the joint density of states

J~pi!5
A2

p F pi

vx~pi!
G g̃

~4d2g̃21 d̃4!1/2@~4d2g̃21 d̃4!1/22 d̃2#1/2
. ~B3!

For d̃@A2g̃, which is identical to the conditionk02pi@g̃k0 , Eq. ~B3! reduces to the standard formula16

J~pi,k02g̃k0!5
1

pS eb

c2D v t

Ak0
22pi

2
. ~B4!

In the opposite limitd̃!A2g̃, i.e., for pi→k0 , Eq. ~B3! yields

J~pi5k0!5
1

2p

k0

~Ghomv t!
1/2

. ~B5!

Equation~B5! shows how the homogeneous linewidthGhom removes the van Hove singularity atpi5k0 . For d̃<A2g̃ the
joint density of states isGhom dependent.

With Eq. ~B3! we derive the final expression for the intrinsic radiative rate ofT-polarized QW excitons in the presence
homogeneous broadening:

GT~pi!5
~A2k0

2pig̃ !G0

@~k0
22pi

2!214g̃2k0
2pi

2#1/2$@~k0
22pi

2!214g̃2k0
2pi

2#1/22~k0
22pi

2!%1/2
. ~B6!

For k02pi@g̃k0 Eq. ~B4! is identical to Eq.~30!. The homogeneous linewidthGhom changes Eq.~30! for GT(pi) only at the
band of states given byg̃k0.k02pi>0 and, in particular,GT(pi5k0)5G0 /(2g̃1/2) rather than diverging. Note that the ban
of states is rather narrow becauseg̃.1/(tx-xv t);1023. The 1D van Hove singularity atpi5k0 is absent for theL-polarized
QW excitons.
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Homogeneous broadening practically does not change the optical decay rate of a gas of QW excitons. The use of~B6!
for calculation ofGopt by Eq. ~31! shows that for Maxwell-Boltzmann-distributed QW excitons one obtains only a s
renormalization ofJT of Eq. ~32!, i.e., JT→JT(12g̃1/2). As a result, the optical decay rate of a classical gas of QW exci
changes fromGopt to Gopt@12(3/4)g̃1/2#. This correction due to the homogeneous linewidth is very small and can inde
neglected. The corresponding correction for statistically degenerate QW excitons is even smaller because the lo
excitons tend to populate the ground-state modepi50 rather than vicinity of the energy statesE.Ek0
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