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Number of independent partial structure factors for a disordered n-component system
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n(n+1)/2 independent diffraction measurements are needed to obtain complete partial structure information
for a disorderedh-component condensed system. A previous assertion thatoofifhese are independent is
shown to be inapplicable, for different reasons, to both the three-dimensional partial structure SagtQjs
and the orientational averag&s,(Q). The fluctuations ofS,,(Q) aboutS,,(Q) and the effects of thermal
motion are discussefiS0163-18209)00401-4

A number of years ago Dolgopolsky and Johrisohal-  atoms in fixed positions but asserted that for systems under-
lenged the accepted notion thagn+ 1)/2 independent dif- going thermal motion the sum in E(L) must be replaced by
fraction measurements were needed to obtain complete padts time average over the duration of the measurement or,
tial structure information for am-component condensed equivalently for a system in thermal equilibrium, by its en-
system in the form of a gas, liquid or glass. This assertiorsemble average, in which case E2).no longer holds. In the
was immediately challenged on various groufdand a few  context of the speckle in the diffraction patterns of disor-
years later was shown to be misleading if resolution effectslered materials, Ludwfgpointed out that Eq(2) is math-
were not consideretiNevertheless, the basic reason why theematically valid but produces misleading effects if resolution
assertion of Ref. 1 is not applicable to disordered systems igffects are not taken into account. In this report we examine
not generally appreciated and, now that systematic measur#ie applicability of Eq(2), and the objections that have been
ments with coherent x-ray beams are possifilét, appears raised to it, in the case of a simple network glass.
worthwhile to revisit this issue. Figure 1 shows the results f&,,(Q) for a model gener-

In conventional notation, the argument of Ref. 1 can beated by anab initio molecular-dynamics simulation that
stated as follows. The partial structure factor for the elemengives a good representation of both the struéused

pair (a,b) can be writtef dynamics of vitreous SiQ. The three types of symbol de-
note S,,(Q) for Q along the three cube axes of the simula-
S.,(Q)= 1 E tion cell. [Only one direction need be shown along a given

ab (NaNb)miEa,jeb axis becaussS,,(—Q)=S,,(Q)*]. It can be verified that

_ Eq. (2) holds exactly for each value 6J; Egs.(3),(4) do not
xexfiQ-(ri—r)]—(NaNp)*?Sq0, (1)  of course hold since at this level there is no inversion sym-
metry andS,,(Q) is complex fora#hb. As is now well
known, S,,(Q) in this form represents the speckle patfefn
which can be observed in the situation where the coherence

wherer; is the position of thdath particle at the time of the
measurement. By rearranging terms, it is clear that

Saa( Q) Sob(Q) = San(Q) S55(Q)- (2)  volume in the diffraction measurement is larger than the ir-
_ ) radiated volume of the sampt€In conventional diffraction
If the system has inversion symmetry, measurements this is not, of course, the case, and one mea-
S.(—0Q)=S ) 3) sures an average &,,(Q) over many coherence volumes
an(~Q ab(Q), which averages out the fluctuations seen in Fig. 1. The mea-
and since sured quantityS,,(Q), is most simply derived from a simu-

lation model by calculating the orientational average

San(Q)=Sap(—Q), )
it follows that S.p(Q)= P f S(Q)dQ.

Sab(Q) =[Saa( Q) Sp(Q) 12, (4 For a model of the type discussed here, which satisfies peri-
odic boundary conditions, the average is carried out over the

thus there are onlyr-independent partial structure factors, star of values

which can be completely determined byliffraction experi-

ments. 2

This result was challenged by Ruppersberg and Q= (hk]) with |Q[=Q,

Schirmachéron the basis thab,,(Q) is in general complex

for a disordered system and EQg3),(4) do not hold. wherelL is the side of the cubic simulation cell ahgk,l are
Ballentiné accepted the validity of Eq(2) in the case of integers. This is found to give a reasonable representation of
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o[ Sapl= <Sab(Q) - Sab(Q)>rmSv

where rms signifies a root-mean square average over a set of
large values ofY, one obtains the restit®®

O'[Saa]: 1,

Soo
S = N W A

®

1
o[RE(S;p) | =0l IM(Sap) = Vil b.

Calculation for the simulation discussed here, averaging over
values ofQ from (0,0,20 to (0,0,100 A~%, gives

RS os1)

o[ Spp]=0.95, of Sgi5] =0.98,
(6)
o[ R&(Spg) |=0.64, o[ Im(Sps)]=0.61,

reasonably close to the ideal values in spite of the small size
of the model. Calculations for a larger model give values
closer to the ideal ones.

The product of two orientational averages is not the same
as the average of the product, and E2).does not hold for
S.p(Q) even for a static systeltie., a classical solid at low
temperaturg or for a polycrystalline sample even when the
underlying crystal structure has a center of inversion. This is
easily seen by considering a specific term in BJ: setting

3Sos)

4 _
3 ri]' =ri— I’J- ,
mg 2 Jo(Qrijio(Qri) # jo(Qrijo(Qry;)
1 in general, even though; +r=r; +ry;. Thus, Eq(4) does
0 not hold for eithelS,,(Q) or S,,(Q), and there are therefore
. L 1 n(n+1)/2 independent partial structure factors in both cases,
0 5 10 15 20 as generally accepted.
q@™M Equation (4) is, of course, applicable in the case of a

single crystal with inversion symmetry, even for a conven-
FIG. 1. Partial structure factors for a structural model of vitreoustional diffraction measurement, since then the structure of
Si0, generated by aab initio molecular-dynamics simulatioiRef.  the sample itself supplies the necessary coherence. When
8). Symbols:S;,(Q) for Q along [100] (closed circles [010]  thermal motion is taken into account, Ed) still applies to

(open circle and[001] (squares directions of the cubic simula- e elastic scattering in the case of isotropic, harmonic
tion cell; the thin lines joining the symbols are a guide to the Debye-Waller factord?

eye. Heavy lines: orientationally averag8g,(Q).
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