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Ground-state phase diagram of the one-dimensional dimerizedt-J model at quarter filling
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The ground state of the one-dimensional dimerizedt-J model at quarter filling is studied by a Lanczos
exact-diagonalization technique on small clusters. We calculate the charge gap, spin gap, binding energy,
Tomonaga-Luttinger-liquid parameter, Drude weight, anomalous flux quantization, etc. We thereby show that
the two types of dimerization, i.e., a dimerization of hopping integral and a dimerization of exchange interac-
tion play a mutually competing role in controlling the ground state of the system and this leads to the
emergence of various phases including the Mott insulating, Tomonaga-Luttinger-liquid, and spin-gap-liquid
phases. The ground-state phase diagram of the model is given on the parameter space of the dimerizations.
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I. INTRODUCTION

There are a number of low-dimensional correlated el
tron systems described by the Hubbard andt-J models at
quarter-filling. One of the examples is the Bechgaard s
(TMTSF)2X and (TMTTF)2X with X5PF6, ClO4 , Br, etc.,
where there are three electrons in the two highest-occu
molecular-orbitals of a dimerized molecule, e.
(TMTTF)2 , and the system is at34 filling in terms of elec-
trons, which corresponds to the quarter-filling in terms
holes.1 In this system, dimerization of the molecules
known to play an essential role: depending primarily on
strength of dimerization, there appears a variety of electro
phases, such as antiferromagnetic insulating, paramag
metallic, and superconducting phases.1 Some theoretical cal
culations of the dimerized Hubbard models have been d
to clarify the nature of this system.2,3

Another example is the transition-metal oxide NaV2O5
which is reported to be a quarter-filled ladder system, exh
iting a spin-Peierls-like phase transition accompanied b
charge ordering.4,5 This system may also be regarded as
dimerized system at quarter filling if we may assume t
two V ions on each rung of the ladder form a dim
molecule.5,6 The CuO3 chains of PrBa2Cu3O7 are also re-
ferred to as a one-dimensional~1D! system around quarte
filling.7,8 Effects of the lattice dimerization on the correlat
electron systems in two dimensions have also been studie
connection with cuprate superconductivity, where the sp
gap phenomena aboveTc have attracted much attention. Th
simplest possible model that exhibits a spin gap that
survive against hole doping may be a dimerizedt-J model
with an alternating exchange interaction, where an enha
ment of the singlet superconducting correlation has b
suggested.9

Motivated by such developments in the field, we study
this paper the 1D dimerizedt-J model at quarter filling, of
which not very much is known so far. The model we study
defined by the Hamiltonian,
PRB 590163-1829/99/59~7!/4738~8!/$15.00
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H52t1 (
^ i j &s

~ ĉis
† ĉ j s1H.c.!2t2 (

^kl&s
~ ĉks

† ĉls1H.c.!

1J1(̂
i j &

S Si•Sj2
ninj

4 D1J2(̂
kl&

S Sk•Sl2
nknl

4 D , ~1!

where ĉis
† 5cis

† (12ni 2s) is the constrained electron
creation operator at sitei and spins(5↑,↓), Si is the spin-
1
2 operator, andni is the electron-number operator; hereaf
we refer to the fermionic particle as ‘‘electron,’’ which co
responds to, e.g., the hole in the organic compounds. We
the 1D lattice shown in Fig. 1;̂ i j & stands for nearest
neighbor bonds with parameterst1 andJ1 and^kl& for those
with parameterst2 (>t1) andJ2 (>J1). The model tends
to the usual homogeneoust-J model when there is no dimer
ization (t15t2 andJ15J2), a concept that has been the f
cus of a considerable amount of research;10–13whereas in the
limit of strong dimerization, the model represents an asse
bly of isolated dimers. We retain the relations between
rameters t and J obtained from perturbation, i.e.,J1

54t1
2/U and J254t2

2/U, in order to reduce the number o
parameters, whereU is the corresponding on-site Hubba
interaction. We thereby keep a relationJ1 /J25(t1 /t2)2. We
thus have three independent parameters, and if we taket2 as
a unit of energy, we are left with two parameters, for whi
we will take parameters representingt and J dimerization
~for which a specific definition is given below!.

FIG. 1. Schematic representation of the 1D dimerizedt-J
model. The nearest-neighbor bonds have eithert1 andJ1 ~thin solid
line! or t2 andJ2 ~bold line!. The unit cells, each of which contain
two sites, are indicated by dashed lines.
4738 ©1999 The American Physical Society
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We employ a Lanczos exact-diagonalization techniqu14

which is used to obtain energies of the ground state an
few low-lying excited states. We denote the number of l
tice sites byNs and the numbers of up- and down-spin ele
trons by N↑ and N↓ , respectively. The electron density
then given byn5(N↑1N↓)/Ns , so thatn51 represents the
half-filled system. Here we restrict ourselves to the case
n51/2, i.e., quarter-filling. We use the finite-size systems
sizes 4, 6, and 8 unit cells~or 8, 12, and 16 sites, respe
tively!. In order to achieve a systematic convergence to
thermodynamic limit, we choose periodic boundary con
tion for N↑1N↓54m12 and antiperiodic boundary cond
tion for N↑1N↓54m wherem is an integer.

We will examine the ground-state properties by calcu
ing the charge gap, spin gap, Luttinger liquid paramete
anomalous flux quantization, etc., as a function of the dim
ization strength. We will thereby show that the competiti
between the two types of dimerization leads to vario
ground-state phases such as a Mott insulating ph
Tomonaga-Luttinger-liquid phase, spin-gap-liquid phase,
The ground-state phase diagram of the model is ther
given.

This paper is organized as follows: In Sec. II, we pres
the calculated charge and spin gaps and clarify the me
nism of the insulator-metal~or superconductor! transition. In
Sec. III, we calculate the Tomonaga-Luttinger-liquid prop
ties of the model and also discuss a possibility of sing
superconductivity. In Sec. IV we present a phase diagram
the system by summarizing the results given in Secs. III
IV. Conclusions are given in Sec. V.

II. INSULATOR-METAL TRANSITION

In this section, we calculate the charge gap, spin gap,
binding energy of the model, and discuss the mechanism
insulator-metal~or superconductor! transition of the system
First let us introduce two parameters for dimerization; i.
the strength of dimerization in the hopping integral defin
as

t̃ d5
t22t1

t1
, ~2!

which we call t dimerization, and the strength of dimeriz
tion in the exchange interaction defined as

J̃d5
J22J1

t1
, ~3!

which we callJ dimerization. We also takeJ2 /t2 as a mea-
sure of the strength ofJ dimerization because if we keept̃ d

constant (.0) thenJ2 /t2} J̃d . These are the key paramete
that control the electronic state of the system; thet dimeriza-
tion has the effect leading to the repulsive interaction am
electrons that act when different spins come in a sin
dimer, and theJ dimerization has the effect promoting th
spin-singlet formation between spins coming in a sin
dimer. These effects manifest themselves in the electro
state of an isolatedt-J dimer with an electron. The single
particle gap of the dimer is given asUdimer52t2J, wheret
andJ are the hopping and exchange parameters of the si
bond, and thusUdimer may be regarded as the effectiv
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Hubbard-like interaction of the dimer. The value ofUdimer
can be either positive or negative depending on whether
valueJ/t is smaller or larger than 2. The competing effec
of the two types of dimerization may thus be explained in
limit of strong dimerization. Now let us examine whether t
competition between the effects of two types of dimerizat
in the 1D system can lead to the insulator-metal~or super-
conductor! transition. For this purpose we calculate th
charge gap, spin gap, and binding energy.

A. Charge gap

The charge gap may be defined by

Dc5 1
2 $@E0~N↑11,N↓!2E0~N↑ ,N↓!#

2@E0~N↑ ,N↓!2E0~N↑21,N↓!#%, ~4!

whereE0(N↑ ,N↓) is the ground-state energy of the syste
with N↑ up-spin andN↓ down-spin electrons. This expres
sion is evaluated for clusters of sizes of 8, 12, and 16 si
throughout the paper we use a linear extrapolation of
calculated data for these clusters with respect to 1/Ns in or-
der to estimate the value at the infinite system size. It is
quite sufficient as a finite-size analysis to use only three
ferent system sizes, but because all the data presented be
fairly monotonically as the system size changes and also
cause the proposed physical picture is intuitively quite cl
as explained above, we expect that the extrapolated re
should correctly reflect the true thermodynamic limit at le
qualitatively. Employing a more sophisticated scaling fo
mula, using data for larger size systems, will be required
obtain more convincing results; however, this will be left f
future work. The purpose of this paper is to examine a
present the overall behavior of our model, of which even
rough feature is not known so far.

The calculated results forDc as a function of thet andJ

dimerizations~i.e., t̃ d and J2 /t2) are shown in Fig. 2~a!,
where we note some unphysical small negative values, wh

FIG. 2. ~a! Charge gapDc /t2 as a function ofJ2 /t2 . ~b! Per-
turbation estimate of the charge gap compared with ex
diagonalization data.
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are due to the errors of the finite-size scaling. Let us first
the case where there is no dimerization (t15t2 and J1
5J2), i.e., the homogeneoust-J model. A number of
studies10–13 have shown that there is no charge gapDc /t2
50 in the entire region ofJ2 /t2 ~except in the region of
phase separation!. Our result is consistent with this. In cas
where there is dimerization, the charge gap opens as se
Fig. 2~a!. At J2 /t2→0 the system is equivalent to the 1
dimerized Hubbard model atU→`, so that the dimerization
gap of the sizeDD52(t22t1) opens at the Brillouin zone
boundary, which is the charge gap. In other words, the se
ration between the lowest unoccupied~antibonding! band
and the highest completely occupied~bonding! band is given
by DD . In the real-space picture, there is one electron
dimer, i.e., the number of electrons is equal to the numbe
dimers, and by regarding the dimer as a site one may hav
effective half-filled band with the effective Coulomb repu
sion of Ueff5DD . We thus have a Mott insulator due tot
dimerization.

With increasingJ dimerizationJ2 /t2 , we find thatDc /t2

decreases and becomes zero at a valueJ2 /t25(J2 /t2)c
charge

where the gap closes. (J2 /t2)c
charge represents the critica

strength ofJ dimerization at which a transition from insula
ing phase to metallic~or superconducting! phase occurs. This
may be explained as follows: In the insulating pha
(Dc /t2.0), the effective repulsionUeff is given by the dif-
ference between loss of the kinetic energy and gain in
exchange interaction when one brings two electrons int
dimer, i.e., Ueff52(t22t1)2J2 . Thus, with increasing
J2 /t2 , the measure of the gapUeff decreases, and at som
value of J2 /t2 the charge gap closes. In the sm
J-dimerization limit, we may use the perturbation theo
with respect toJ2 /t2 ~or J1 /t1).3 After a straightforward
calculation we obtain the result for the charge gap:

Dc52~ t22t1!F12
ln2

p S J1

t1
1

J2

t2
D ln

4~ t11t2!

t22t1
G . ~5!

In the limit of J2→0 andJ1→0, this expression reduces t
Dc52(t22t1), which is equal toDD defined above. We
compare the exact-diagonalization data with this analyt
expression in Fig. 2~b! where we find a good agreement.

With increasingJ2 /t2 further, we find that at someJ2 /t2
value the charge gap starts to increase again@see Fig. 2~a!#,
at which point the spin gap opens as we will see below. T
is becauseDc reflects the effect of the singlet binding ener
in the charge-gapless region.

B. Spin gap and binding energy

The spin gap may be defined by

Ds5E0~N↑11,N↓21!2E0~N↑ ,N↓!. ~6!

The calculated results forDs as a function of thet and J
dimerizations are shown in Fig. 3. When there is no dim
ization, the results obtained are consistent with a recen
sult for the t-J model.13 In a smallJ2 /t2 limit we haveDs
→0 because there is no spin correlation in the system. W
increasingJ2 /t2 with a fixed strength oft dimerization, we
find that the spin gap opens at someJ2 /t2 value, which we
define as (J2 /t2)c

spin, the critical strength ofJ dimerization at
e
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which the spin gap opens. We find that the spin gap rema
finite in the region betweenJ2 /t25(J2 /t2)c

charge and the
largerJ2 /t2 value at which the phase separation occurs.
also find that with increasingt̃ d , the critical strength
(J2 /t2)c

spin becomes smaller and at the same timeDs /t2 in-
creases. This means that the spin gap is enhanced by inc
ing the t dimerization.

We note that the relation (J2 /t2)c
spin.(J2 /t2)c

chargealways
holds. This suggests that there exist two types of meta
regions in the model; one is the phase where there are
gapless spin and gapless charge modes, and the other
phase where there is a gap only in the spin excitation, wh
are the so-called Tomonaga-Luttinger~TL! liquid region and
spin-gap liquid region, respectively. We will discuss this fu
ther in Sec. III.

A simple picture may be given to the case of strongJ
dimerization where the spin-gap formation is ensured. Wh
an even number of electrons exist, in the lowest-order p
turbation oft2 /J2 , two electrons with opposite spins alway
make a pair on the dimerized bond and gain the singlet
mation energy 3J2/4. The electrons hop only as a pair tu
neling through the virtual pair breaking in the forth order
t1 /J1 or t2 /J2 . The effective Hamiltonian is then of th
form

Heff52 t̃ ~si
†si 121H.c!, ~7!

where

si
†5

1

A2
~ci↑

† ci 11↓
† 2ci↓

† ci 11↑
† ! ~8!

is the singlet Bose operator at sitei ~even number! and

t̃ 5S 21
t1
2

t2
22t1

2D t1
2 t2

2

J2
3

~9!

is the effective hopping parameter of the boson. The Ham
tonian Eq.~7! may be derived in the same way as the effe
tive Hamiltonian of the attractive Hubbard model in th
strong-coupling limit.9,15

We also calculate the binding energy defined as

DB5@E0~N↑11,N↓21!2E0~N↑ ,N↓!#

22@E0~N↑11,N↓!2E0~N↑ ,N↓!#, ~10!

which is negative if two electrons minimize their energy
producing a bound state, and indicates a possible super
ductivity. This value is meaningless unless the system is

FIG. 3. Spin gapDs /t2 as a function ofJ2 /t2 .
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tallic or J2 /t2.(J2 /t2)c
charge. In Fig. 4, we show calculated

results forDB as a function ofJ2 /t2 , where we findDB

.0 for all values of t̃ d.0 until J2 /t25(J2 /t2)c
spin is

reached, and at this critical pointDB starts to decrease sud
denly. This means that a bound state of two holes is form
in the entire region of the spin-gap phase and the bind
energy is enhanced asJ2 /t2 is increased. We also note that
constantJ2 /t2 the value ofDB increases with increasing o
t̃ d ; i.e., the singlet binding energy is enhanced by tht
dimerization.

III. LUTTINGER-LIQUID BEHAVIOR

It is well known that the 1D interacting fermion system
may be related to the Fermi-gas model in the continu
limit, where there are two different regimes, the Tomona
Luttinger ~TL! regime and Luther-Emery~LE! regime. As
for liquid phases, the essential difference between the
lies in the spin degrees of freedom; the TL liquid region
characterized by the liquid phase with both a gapless s
mode and a gapless charge mode, whereas in the LE-li
region the charge degrees of freedom is described by the
liquid but the spin degrees of freedom have a gap~which we
call the spin-gap liquid region here!. According to the TL
liquid theory,16–18 various combinations of the paramete
Kr and Ks describe the critical exponents of correlatio
functions of the system. In the absence of magnetic field,
dimerizedt-J model is isotropic in spin space, so thatKs

51 holds, and we are left with the only parameterKr .
In the TL region, the spin and charge correlation functio

show a power-law dependence as

^Si
zSi 1r

z &;e2ikFr /r Kr1Ks ~11!

and

^nini 1r&;e2ikFr /r Kr1Ks1e4ikFr /r 4Kr, ~12!

respectively. We see that, forKr,1, 2kF-SDW or 2kF-CDW
~where SDW is spin-density wave and CDW is charg
density wave! are enhanced and diverged, whereas forKr

.1, pairing fluctuations dominate. In the spin-gap liquid
gion, on the other hand, the spin gap opens and
2kF-SDW correlation decays exponentially. Because
contribution from spin excitations vanishes, the critical e
ponent of 2kF-CDW also changes and the asymptotic form
given by

^nini 1r&;e2ikFr /r Kr. ~13!

FIG. 4. Binding energyDB /t2 as a function ofJ2 /t2 .
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Thus, in the region withKr.1, the singlet spin correlation
dominates over the 2kF-CDW correlation.

The relations between the correlation exponentKr and the
low-energy behavior of the model given below are useful
the evaluation ofKr ; first, the parameterKr is obtained
from the charge compressibilityk and charge velocityvc as

Kr5
p

2
vck. ~14!

The charge velocity may be determined by

vc5
Ns

2p
~E1,S502E0!, ~15!

whereE1,S50 is the energy of the lowest charge mode~mea-
sured from the ground-state energyE0) at a neighboringk
point. The inverse compressibility is given by

1

n2k
5

1

Ns

]2E0

]n2

5
2

Ns
$@E0~N↑11,N↓11!2E0~N↑ ,N↓!#

2@E0~N↑ ,N↓!2E0~N↑21,N↓21!#%21. ~16!

The parameterKr is also related to the Drude weightD, the
weight of the zero-frequency peak in the optical conductiv
sv , and may be obtained by considering the curvature of
ground-state energy level as a function of the threa
flux:19–22

D52vcKr5
Ns

4p

]2~E0!

]F2
. ~17!

Equations~14!–~17! provide us with independent condition
on Kr , vc , andD, which can be used to evaluate the T
liquid parameter and to check the consistency in the T
liquid relations.

A. Tomonaga-Luttinger-liquid parameter

The calculated results for the TL-liquid parameterKr are
shown in Fig. 5~a! as a function ofJ2 /t2 for various strength
of t dimerization where the 8-, 12-, 16-site clusters are u
although the cluster-size dependence ofKr is small.

A limiting case ofJ2 /t2→0 may be considered first. Th
ground state can be obtained by using the first-order deg
erate perturbation theory aroundJ15J250, where the wave
function is the same as that in theU/t→` dimerized Hub-
bard model, i.e., a product of the state of spinless fermi
describing the charge degrees of freedom localized at e
dimer and the state describing the spin system. T
2kF-SDW correlation is dominant here: there is no chan
for superconductivity. Note that even if the additional thre
site terms are present, which are obtained through
Schrieffer-Wolff transformation to derive the dimerizedt-J
model from the dimerized Hubbard model, they do not bri
any change in the wave function in the first-order pertur
tion. Consequently, the dimerizedt-J model in theJ2 /t2

→0 limit for any t̃ d values gives us the value ofKr51/2.
We note, however, that atJ2 /t250 with a finite t dimeriza-
tion, the charge gap is positiveDc /t2.0 and the system is a
Mott insulator.
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4742 PRB 59S. NISHIMOTO AND Y. OHTA
With increasingJ2 /t2 , at anyt̃ d , Kr increases, and in the
intermediate strength ofJ2 /t2 ~and for a rather smallt̃ d),
there appears the region withKr.1 where the superconduc
ing correlation is the most dominant. In theg-ology, this
means the region ofg2,0 is effectively realized due to th
attraction interaction caused by theJ dimerization.

In Fig. 5~b!, we show the contour map forKr on the
parameter space (t1 /t2 ,J2 /t2) where the contour lines ar
drawn by using a spline interpolation. We find that, for
fixed J2 /t2 , Kr decreases ast dimerization increases. But a
shown above the spin gap are enhanced by the increaset
dimerization, so that the phase with bothDs.0 andKr.1 is
realized in a reasonably wide range of the parameter val
We thus confirm that the singlet superconducting phase
deed exists. We also find that the calculated spin and ch
correlation functions fit very well with Eqs.~11! and~12! as
seen in Fig. 5~b!.

B. Drude weight and flux quantization

The calculated results for the Drude weight defined in E
~17! are shown in Fig. 6. We find that, ast dimerization
increases, the dependence ofD on J2 /t2 becomes stronger
and in the strongt-dimerization limit, D approaches the
value 0 around the phase-separation point. The nume
technique used here is to thread the cluster ring with a fluF
and study the functional form of the ground-state ene
with respect to the threaded flux,E0(F). In general,E0(F)
consists of a series of parabola, corresponding to the cu
of the individual many-body statesEn(F). This envelope
exhibits a periodicity of 1 in units of the flux quantumF0

FIG. 5. ~a! TL-liquid parameterKr as a function ofJ2 /t2 . ~b!
Contour map forKr on the (t1 /t2 ,J2 /t2) plane where the dotted
line is the boundary between the finite spin-gap and gapless reg
~left panel! and distancer dependence of the charge and spin c
relation functions where dotted lines are from Eqs.~11! and ~12!
~right panel!.
of
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5hc/e. The functionE0(F) ~or the Drude weight and super
fluid density! also yields information on the phenomenon
anomalous flux quantization; one may simply include t
effect of a constant vector potential along the ring by t
gauge transformation

ĉ j s→ ĉ j sei j f, ĉ j s
† → ĉ j s

† e2 i j f ~18!

where

f5
2p

Ns

F

F0
. ~19!

The existence of minima at intervals of half a flux quantu
which is the anomalous flux quantization, clearly indica
the existence of pairing in the thermodynamic limit if th
minimum atf5p decreases with increasing the system si
In Fig. 7, we show the calculated results for the flux quan
zation for various parameter values in the 8-, 12-, and 16-
clusters to see the system-size dependence. We find tha
t̃ d50 ~i.e., the uniformt-J model!, the anomalous flux quan
tization is not observed, but it occurs in the region where
binding energy is negative. At any strength oft dimerization
we find that the anomalous flux quantization occurs for
propriate strength ofJ dimerization.

In order to check the consistency of the TL-liquid rel
tions, we compare the charge velocity obtained by two in
pendent methods: one is from Eq.~15!, and the other is from
the relation

vc5A D

pk
~20!

derived from Eqs.~14! and~17!. The result is shown in Fig
8, where we find that the reasonable consistency is ind
achieved.

IV. PHASE DIAGRAM

By summarizing the results for a number of quantiti
obtained in the previous sections, we now draw the ph
diagram of the 1D dimerizedt-J model at quarter-filling on
the parameter space oft and J dimerizations. The result is
shown in Fig. 9.

When the value ofJ2 /t2 ~or the strength ofJ dimeriza-
tion! is very large, the system is phase-separated, which
curs aroundJ2 /t2.3 whentd→0 and extends to the larget̃ d
region. The critical strength ofJ2 /t2 is almost independen
of t̃ d . The phase separated region is determined by the c
dition k,0. Whent dimerization is dominant overJ dimer-

ns
-

FIG. 6. Drude weightD as a function ofJ2 /t2 .
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FIG. 7. Energy differenceE0(f)2E0(0) as a function of an external fluxf for various parameter values. The results for the 8-, 12-,
16-site clusters are shown to confirm the minimum structure atf5p develops with increasing system size.
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ization, we find that the system becomes a Mott insula
where the phase boundary is determined from the calcul
values of the charge gap. On the other hand, whenJ dimer-
ization is dominant overt dimerization, the system become
metallic or superconducting. We note that there always
pears the region of the TL-liquid phase between the regio
the Mott insulating phase and the region of the spin-g
liquid phase. The phase boundary between the TL-liquid
spin-gap-liquid regions is determined from the calcula
values of the spin gap although whether the spin-gap reg
exists in the homogeneoust-J model at quarter filling is not
clear from our exact-diagonalization data.13 In the limit of
strongt dimerization~i.e., t̃ d→`), the model represents a
assembly of isolated dimers and the system is an insulato
the entire region ofJ2 /t2 unless the phase separation occu

We have thus established the overall phase diagram o
dimerized t-J model at quarter-filling, of which not eve
r,
ed

p-
of
p
d

d
n

in
.
he

very rough features are known so far. We should, howev
note that the phase boundary are determined from sm
cluster data for a very limited number of system sizes, i.e.
12, and 16 sites with a simple extrapolation to the infin
system, which should therefore be seen with some cau
although we believe that the result is valid at least qual
tively. A more sophisticated method such as t
renormalization-group analysis developed successfully
Ref. 13 for obtaining the phase diagram of the 1D homo
neoust-J model would be useful to provide more convincin
arguments on the phase diagram of the present dimerizedt-J
model. We hope that our work presented in this paper w
promote such a study in the near future.

As for a possible correspondence of the phase diag
with experiment, we may refer to a Bechgaard s
(TMTTF)2X where the dimerization strength oft̃ d.0.1 is
reported and the Mott-insulator to metal transition induc
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by pressure has been observed.23,24 We could argue that ou
phase diagram includes this phase transition aroundt̃ d.0.1
andJ2 /t2.0.3, provided that the organic system can be
scribed by the dimerizedt-J model with a reasonable rang
of the parameter valuesJ/t.

We have also examined the phase diagram of the
dimerized t-J model at quarter-filling25 and found that the
phase boundary between the Mott insulating phase and
liquid phase has quite similar parameter dependence.
suggests that, irrespective of the spatial dimensions, the s
mechanism discussed in Sec. II A operates in the pre
insulator-metal~or insulator-superconductor! transition in the
quarter-filled dimerizedt-J model. The main difference be
tween the 1D and 2D systems is that in 1D the transit
from the Mott insulator is to the TL-liquid region whereas
2D it is to the singlet superconducting region.

V. CONCLUSION

We have studied the ground state of the one-dimensio
dimerized t-J model at quarter-filling by using an exac
diagonalization technique on small clusters to calculate
ground-state properties such as the charge gap, spin
binding energy, Tomonaga-Luttinger-liquid paramet
Drude weight, anomalous flux quantization, etc. Thereby
have shown that the two types of dimerization, i.e., a dim
ization of hopping integral~called t dimerization! and a
dimerization of exchange interaction~calledJ dimerization!,
plays an essential and mutually competing role in controll
the electronic ground state of the system; thet dimerization
has the effect leading to the repulsive interaction amo
electrons in a dimer and theJ dimerization has the effec

FIG. 8. Charge velocityvc as a function ofJ2 /t2 . The solid
lines with symbols represent the value estimated from Eq.~15! and
the dashed lines with symbols represent the value estimated
Eq. ~20!.
M
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g

promoting the spin-singlet formation in a dimer. The resu
ing noticeable features we have obtained are the followi
~i! The competition betweent andJ dimerizations induce the
metal-insulator transition.~ii ! There always appears the re
gion of the TL-liquid phase between the region of Mott i
sulating phase and the region of the spin-gap-liquid pha
~iii ! The spin gap and singlet binding energy are enhanced
the increase of dimerizations. We have summarized the
culated results as the phase diagram in the parameter s
of dimerizations.

Finally we would emphasize that the correlated elect
systems at~and around! quarter-filling indeed exhibit inter-
esting properties as we have seen and further studies sh
be pursued in other quarter-filled systems from both theo
ical and experimental sides.
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FIG. 9. Phase diagram of the 1D dimerizedt-J model at quarter
filling on the parameter space oft andJ dimerizations. Dotted line
separates the spin-gap-liquid region from the TL-liquid region. T

contour of constantJ̃d is also shown by dashed lines.
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