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Crystal-orientation effects on the piezoelectric field and electronic properties
of strained wurtzite semiconductors
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Crystal orientation effects on the piezoelectric field and electronic properties of strained GaN bulk semicon-
ductors are investigated. Analytical expressions for the band gap, wave function, and momentum matrix
element of strained wurtzite GaN using a recently derived block-diagonalized Hamiltonian are shown. We find
that the energy separation between the top two valence bands increases with the angleu between the growth
(z8) direction and thec axis. This results in a significant reduction of the effective mass of the top valence band
along the transverse (kx8) direction with increasing angle for both compressively and tensilely strained GaN
crystals. Similar results are observed in the valence-band dispersion relations for the quantum-well~QW!
structure. The dispersion curves for the QW structure also show a lifting of the Kramers degeneracy due to the
piezoelectric field, which causes an asymmetry in the potential. We find that the optical matrix element of the
TE polarization between the conduction~C! and heavy hole~HH! bands of the compressively strained GaN for
a growth direction withu>30° is about twice as large as that of the~0001! orientation (u50°). Thepiezo-
electric polarizations of the compressive and tensile strains are plotted as a function of the growth direction.
The crystal orientation at which a maximum polarization occurs is shown as a function of strain. In particular,

the GaN crystal along the (1010̄) growth direction (u590°) shows zero normal piezoelectric polarization
(Pz8) for the compressive and tensile strains. These results show that crystal orientation dependence of the
piezoelectric field and strain significantly affect the electronic transport properties as well as optical interband
absorption properties.@S0163-1829~99!03008-8#
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I. INTRODUCTION

Wide-band-gap semiconductors including GaN, AlN, a
InN, and their ternary compounds, have great potential
applications in high-power optoelectronic devices in the b
and ultraviolet regions. Blue-green light-emitting diod
based on wurtzite InxGa12xN/Al yGa12yN quantum-well
~QW! structures have been realized recently.1,2 Room-
temperature continuous-wave operation of strain
InxGa12xN/Al yGa12yN multiple quantum-well laser diode
with a lifetime of many thousand hours have be
demonstrated.3

To understand wurtzite semiconductor properties,
Hamiltonian near the band edges is important because
band structure near the direct band edges determines mo
the fundamental electronic and optical properties. T
Hamiltonian near the band edge of the wurtzite semicond
tor has been derived using the invariant method based on
symmetry properties of the wurtzite structure,4–6 and many
of the band-structure parameters have been treated em
cally. On the other hand, thek•p method has also been use
to derive the Hamiltonian, and a block diagonalization h
been shown.7,8 Thek•p method is attractive since the Hami
tonian has explicit definitions of the band-structure and
terband optical momentum matrix elements.

In zinc-blende crystals, a biaxial compressive strain i
QW structure reduces the in-plane effective mass of the
heavy-hole band and the threshold current of a semicon
tor laser.9 On the other hand, the hole effective mass of G
is significantly larger than that of conventional zinc-blen
PRB 590163-1829/99/59~7!/4725~13!/$15.00
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crystals used in semiconductor lasers, such as GaAs and
It has been shown that the introduction of biaxial strain in
the ~0001! plane of a wurtzite GaN-based crystal does n
effectively reduce the effective masses in the transve
direction,10–12 unlike in other III-V semiconductors. This is
due to the fact that, for a wurtzite layer grown along t
~0001! orientation, the strain shifts both the heavy-hole a
light-hole bands by almost the same amount, and the
plane effective masses remain almost the same as thos
the unstrained case.8,13 Also, GaN heterostructures with
wurtzite crystal structure pseudomorphically grown in t
~0001! orientation have a large strain-induced piezoelec
field.14–17 It was shown that the optical gain in QW lasers
largely reduced due to the piezoelectric field at relatively l
carrier densities.18,19On the other hand, electrical and optic
properties in wurtzite14,15,20and zinc-blende21,22semiconduc-
tors can be affected by their crystal orientation. Therefo
the crystal orientation will significantly modify the strain
induced band structures. Despite their importance, many
damental crystal orientation effects on wurtzite semicond
tor properties are still not well understood.

In this paper, we investigate crystal orientation effects
the piezoelectric field and electronic properties of strain
GaN bulk semiconductors, and present analytical soluti
and numerical results for the band gaps, wave functions,
optical matrix elements at the band edges as a function of
crystal orientation. The effective mass near the band e
and the piezoelectric field are also investigated as functi
of the crystal orientation. The analytical expressions will
useful for understanding the crystal orientation effects on
4725 ©1999 The American Physical Society
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physical properties of GaN. In addition to analytical expre
sions, we consider the quantum-well structure to show
piezoelectric field effect on the valence energy dispers
relation, which shows a lifting of the Kramers degenerac

In Sec. II, we derive analytical expressions for the str
components, the piezoelectric field, eigenenergies, b
gaps, wave functions, and optical matrix elements for an
bitrary crystal orientation of the strained wurtzite GaN. T
636 Hamiltonian for the valence bands at the band edg
block diagonalized into two 333 Hamiltonians, which have
analytical solutions for eigenvectors and eigenenergies.
quantum-well structure with the piezoelectric field is al
m
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r

-
e
n

n
nd
r-

is

he

considered. In Sec. III, numerical results for crystal orien
tion effects on the piezoelectric field and electronic prop
ties of wurtzite GaN semiconductor are shown. We then c
clude in Sec. IV.

II. THEORY

A. The Hamiltonian and strain tensors

The Hamiltonian for the valence-band structure has b
derived by thek•p method.8 The full Hamiltonian for
~0001!-oriented wurtzite crystal can be written as
H~k,e!5S F
2K
2H

0
0
0

2K*
G

H*
0
0
D

2H*
H
l
0
D
0

0
0
0
F

2K*
H*

0
0
D

2K
G

2H

0
D
0
H

2H*
l

D uU1&
uU2&
uU3&
uU4&
uU5&
uU6&,

~1!
il-

n

in
where

F5D11D21l1u,

G5D12D21l1u,

l5
\2

2mo
@A1kz

21A2~kx
21ky

2!#1le ,

u5
\2

2mo
@A3kz

21A4~kx
21ky

2!#1ue ,

K5
\2

2mo
A5~kx1 iky!21D5e1 ,

H5
\2

2mo
A6~kx1 iky!kz1D6ez1 , ~2!

le5D1ezz1D2~exx1eyy!,

ue5D3ezz1D4~exx1eyy!,

e15exx2eyy12i exy ,

ez15exz1 i eyz ,

D5&D3 .

Here theAi ’s are the valence-band effective-mass para
eters, which are similar to the Luttinger parameters in a zi
blende crystal; theDi ’s are the deformation potentials fo
wurtzite crystals;ki is the wave vector;e i j is the strain ten-
-
-

sor; D1 is the crystal-field-split energy; andD2 and D3 ac-
count for spin-orbit interactions. The bases for the Ham
tonian are defined as8

uU1&52
1

&
u~X1 iY!↑&,

uU2&5
1

&
u~X2 iY!↑&,

uU3&5uZ↑&,
~3!

uU4&5
1

&
u~X2 iY!↓&,

uU5&52
1

&
u~X1 iY!↓&,

uU6&5uZ↓&.

The Hamiltonian for an arbitrary crystal orientation ca
be obtained using a rotation matrix

U5S cosu cosf
2sinf

sinu cosf

cosu sinf
cosf

sinu sinf

2sinu
0

cosu
D . ~4!

The rotation of the Euler anglesu andf transforms physical
quantities from~x,y,z! coordinates to (x8,y8,z8) coordinates.
We consider only theu dependence of physical quantities
the following due to the hexagonal symmetry.14 The z axis
corresponds to thec axis @0001#, and the growth axis~de-
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fined as thez8 axis! is normal to the QW plane~hkil!, as
shown in Fig. 1. The relations between the coordinate s
tems for vectors and tensors are expressed as21,23

ki85Uiaka ,

e i j8 5UiaU j beab , ~5!

Ci jkl8 5UiaU j bUigU j dCabgd ,

where summations over repeated indices are indicated.
The strain coefficients in the~x,y,z! coordinates for a gen

eral crystal orientation are determined from the condit
that the layer is grown pseudomorphically, and these st
coefficients should minimize the strain energy of the la
simultaneously.14,24We define the unit vectorsx̂8, ŷ8, andẑ8
along thex8, y8, and z8 axes, and they are related to un
vectorsx̂, ŷ, and ẑ along thex, y, and z axes through the
rotation matrix ~4!. The hexagonal primitive translationa
vectors are

ai5ai x̂,

bi5
ai

2
x̂1
)ai

2
ŷ, ~6!

gi5ci ẑ,

wherea is the lattice constant andi labels the epilayer~e!
and the substrate~s!. When the crystal is translated, th
primitive translational vectors become9

ai95ai x̂9,

bi95
ai

2
x̂91

)ai

2
ŷ9, ~7!

gi95ci ẑ9,

where

x̂95~11exx!x̂1exyŷ1exzẑ,

ŷ95eyxx̂1~11eyy!ŷ1eyzẑ, ~8!

ẑ95ezxx̂1ezyŷ1~11ezz!ẑ.

When the first atomic layers are deposited on the subst
these layers will be strained to match the substrate, an
pseudomorphic~or coherent! interface will be formed. Thus
the condition for a pseudomorphic interface means that
s-

n
in
r

te,
a

e

projections of the strain-distorted primitive translational ve
tors of the epilayer and the substrate on the growth pl
should be equal:

ae9• x̂85as9• x̂8,
~9!

ae9• ŷ85as9• ŷ8,

with analogous conditions onb9 and g9. Here we assume
that the substrate is unstrained. Then, the constraints~9!
yield the following relations for the strain tensors:

exx5exx
~0!1exz

sinu

cosu
,

eyy5exx
~0! ,

~10!

ezz5exz

cosu

sinu
1ezz

~0! ,

exy5eyz50,

whereexx
(0)5(as2ae)/ae and ezz

(0)5(cs2ce)/ce . Under the
engineering notation described further in Sec. II D, the str
energy density is given by

W5 1
2 @C11exx

2 1C11eyy
2 1C33ezz

2 12C12exxeyy12C13

3~exxezz1eyyezz!14C44exz
2 #. ~11!

Using the above relations, the strain energy can be
pressed through only one strain componentexz , which can
be found by minimizing the strain energy with respect to t
variableexz . This procedure gives the following expressio
for exz .

FIG. 1. ~a! Configuration of the coordinate systems (x8,y8,z8)
in ~hkil!-oriented crystals. The growth axis, orz8 axis, is normal to
the substrate surface~hkil!, and the coordinate system~x,y,z! de-
notes the primary crystallographic axes.~b! The coordinate system
in a wurtzite primitive cell. The angleu is defined as the angle
between the growth directionẑ8 and thec axis; u50° corresponds
to the ẑ85(0001) growth direction andu590° corresponds to the

ẑ85(101̄0) growth direction.
exz52
@~c111c121c13ezz

~0!/exx
~0!!sin2 u1~2c131c33ezz

~0!/exx
~0!!cos2 u#exx

~0! cosu sinu

c11sin4 u12~c1312c44!sin2 u cos2 u1c33cos4 u
. ~12!



th
al

b
iv

o-

e
n-

4728 PRB 59SEOUNG-HWAN PARK AND SHUN-LIEN CHUANG
Hence we obtain a 636 Hamiltonian in the (x8,y8,z8) co-
ordinates by substituting the transformation relation for
vector k in Eq. ~5! and the strain coefficients for a gener
crystal orientation into the Hamiltonian~1! for the ~0001!
orientation.

B. Conduction-band edge of bulk wurtzite semiconductors

The conduction bands of a bulk wurtzite crystal can
characterized by a parabolic band model, and the effect
mass Hamiltonian can be written as8

H~k!5
\2

2 S kx
21ky

2

me
t 1

kz
2

me
zD 1Ec

01Pce , ~13!

where the band-edge energy is given by

Ec
05D11D21Eg1Pce , ~14!

which includes a hydrostatic energy shift
n

h
ar
e

e
e-

Pce5aczezz1act~exx1eyy!, ~15!

whereacz andact are the conduction-band deformation p
tentials along thec axis and perpendicular to thec axis. We
takeacz5act for simplicity, and assume a value of24.08 eV
from a recent fit8,13 to the available experimental data. Th
conduction-band wave function of a bulk wurtzite semico
ductor is of the form

Cch~r ,k!5
1

AV
eik•ruSh&, ~16!

where h5↑ or ↓, and S is a spherically symmetric wave
function.

C. Valence-band edges of bulk wurtzite semiconductors

At the band edges,kx85ky85kz850, the Hamiltonian in the
(x8,y8,z8) coordinates can be simplified:
H8~k850,e!5S F8
2K8
2H8

0
0
0

2K8*
G8

H8*
0
0
D

2H8*
H8
l8
0
D
0

0
0
0
F8

2K8*
H8*

0
0
D

2K8
G8

2H8

0
D
0

H8
2H8*

l8

D uU1&8
uU2&8
uU3&8
uU4&8
uU5&8
uU6&8,

~17!
that
-

p-
ei-

r the
s
se
c.
where

F85D11D21le81ue8 ,

G85D12D21le81ue8 ,

K85D5~exx2eyy!,

H85D6exz , ~18!

le85D1ezz1D2~exx1eyy!,

ue85D3ezz1D4~exx1eyy!,

D5&D3 ,

and the strain coefficientse i j for a general crystal orientatio
u are given by Eqs.~10! and ~12! in Sec. II A. Note thatK8
and H8 are not zero becauseexxÞeyy and exzÞ0 in the
general coordinates. Also, all elements are constant. T
Hamiltonian can be block diagonalized following a simil
procedure to that used before.8 The transformation matrix is
defined as

T5S a*
0
0

a*
0
0

0
b
0
0
b
0

0
0

b*
0
0

2b*

a
0
0

2a
0
0

0
b*
0
0

2b*
0

0
0
b
0
0
b

D , ~19!
is

where

a5
1

&
ei ~3p/4!, b5

1

&
ei ~p/4! ~20!

These expressions are similar to those in Ref. 8, except
kx85ky85kz850, andK8 andH8 contain nonzero strain com
ponents. The block-diagonalized HamiltonianH95T* H8Tt

is given by

H95S H8U

0
0

H8L D , ~21!

where the upper 333 Hamiltonian is

H8U5S F8
K8
iH 8

K8
G8

D1 iH 8

2 iH 8
D2 iH 8

l8
D ~22!

and the lower 333 Hamiltonian is

H8L5S F8
K8

2 iH 8

K8
G8

D2 iH 8

iH 8
D1 iH 8

l8
D . ~23!

The lower Hamiltonian is the complex conjugate of the u
per Hamiltonian. Therefore, they have exactly the same
genvalues since the eigenenergies are real. However, fo
QW structure, there will be a lifting of the Kramer
degeneracy25,26 in the in-plane dispersion relations becau
of the piezoelectric field, which will be discussed in Se
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II E. The wave functions of the lower Hamiltonian are th
complex conjugates of the corresponding wave functions
the upper Hamiltonian. The eigenequation for the vale
band energyE8 at the band edge is given by

S F82E8
K8
iH 8

K8
G82E8
D1 iH 8

2 iH 8
D2 iH 8
l82E8

D S g18

g28

g38
D 50. ~24!

The eigenequation is a third-order polynomial equati
which can always be solved analytically. These three ana
cal solutions can be expressed as13,27

E1852~S11S2!2
C2

3
,

E2852
1

2
~S11S2!2

C2

3
1 i
)

2
~S12S2!, ~25!

E3852
1

2
~S11S2!2

C2

3
2 i
)

2
~S12S2!,

where

q5
1

3
C12

1

9
C2

2,

r 5
1

6
~C1C223C0!2

C2
3

27
,

~26!
S15@r 1Aq31r 2#1/3,

S25@r 2Aq31r 2#1/3,

and

C052~F8G8l812K8H822H82G8

2K82l82F8D22F8H82!,

C15G8l81F8l81F8G82D222H822K82, ~27!

C252~G81F81l!.

The envelope functions corresponding to the three eigen
ues are determined by
of
e

,
ti-

l-

S g18

g28

g38
D 5

1

D S D1

D2

D3

D , ~28!

where

D15 iH 8~G82E8!1~D2 iH 8!K8,

D25 iH 8K8~F82E8!~D2 iH 8!, ~29!

D35~F82E8!~G82E8!2K82,

and

D5AuD1u21uD2u21uD3u2. ~30!

The complete Bloch wave functions for the valence band
given by

C8v~r 8,k850!5
1

AV
eik8•r8(

i 51

3

gi8~k8!u i &8, ~31!

where

u1&85a* uU1&81auU4&8,

u2&85buU2&81b* uU5&8, ~32!

u3&85b* uU3&81buU6&8,

and we can obtain similar expressions for the lower Ham
tonian ~23!.

D. Polarization-dependent interband optical-matrix elements

The optical momentum matrix elements in the (x8,y8,z8)
coordinates are given by

uê8•M 8hu25 z^C8chuê8•p8uC8v& z2. ~33!

Using the expressions for the band-edge wave function
the conduction and valence bands given in Eqs.~16!, ~28!,
and~31!, we obtain the following polarization-dependent i
terband momentum-matrix elements: the TE polarizatio
~ê85 x̂8 or ŷ8!
uMx8
8hu25U2

1

&
g18a* cosu^SupxuX&1

1

&
g28b cosu^SupxuX&2g38b* sinu^SupzuZ&U2

for s5U ~34!

5U2
1

&
g48a* cosu^SupxuX&1

1

&
g58b cosu^SupxuX&1g68b* sinu^SupzuZ&U2

for s5L; ~35!

and the TM polarization (ê85 ẑ8)

uMz8
8hu25U2

1

&
g18a* sinu^SupxuX&1

1

&
g28b sinu^SupxuX&1g38b* cosu^SupzuZ&U2

for s5U ~36!
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5U2
1

&
g48a* sinu^SupxuX&1

1

&
g58b sinu^SupxuX&2g68b* cosu^SupzuZ&U2

for s5L. ~37!

The above analytical results include the crystal orientation dependence, and the band-edge matrix elements are deri8 using
the same procedure as in the derivation of Kane’s parameters~P1 andP2!:

^SupxuX&5
m0

\
P2 ,

^SupzuZ&5
m0

\
P1 ,

~38!

P1
25

\2

2mo
S mo

me
z21D ~Eg1D11D2!~Eg12D2!22D3

2

Eg12D2
,

P2
25

\2

2mo
S mo

me
t
21D Eg@~Eg1D11D2!~Eg12D2!22D3

2#

~Eg1D11D2!~Eg1D2!2D3
2

.

SubstitutingE85E18 , E28 , andE38 , we can obtain moment matrix element for the interband optical transitions betwee
conduction~C! band and the heavy hole, light hole, and crystal-field split-off hole bands, respectively.

E. Piezoelectric field and valence-band structure of a quantum well

If a stresst jk is applied to GaN crystals, there is an induced piezoelectric polarization with a magnitude proportiona
applied stresst jk :

Pi5di jkt jk , ~39!

wheredi jk are the piezoelectric moduli or piezoelectric tensor elements. The stresst i j is related to the strain by

t i j 5ci jkl ekl , ~40!

whereci jkl are the stiffness constants of the wurtzite GaN crystal. Here it is convenient to replace the tensor notation
the engineering notation fordi jk andci jkl using their symmetry properties.23 That is, the second and third subscripts indi jk and
the first two and last two subscripts inci jkl are replaced by a single subscript running from 1 to 6 as follows:

tensor notation 11 22 33 23,32 31,13 12,21,

matrix notation 1 2 3 4 5 6.

Then the piezoelectric polarization in the~x,y,z! coordinates for a general crystal orientation is given by

S Px

Py

Pz

D 5S 0
0

d31

0
0

d31

0
0

d33

0
d15

0

d15

0
0

0
0
0
D S c11

c12

c13

0
0
0

c12

c11

c13

0
0
0

c13

c13

c33

0
0
0

0
0
0

c44

0
0

0
0
0
0

c44

0

0
0
0
0
0

c66

D S exx

eyy

ezz

0
2exz

0

D , ~41!
ta
ne
e

e

where the strain coefficients in the~x,y,z! coordinates for a
general crystal orientation are given in Sec. I. We then ob
the polarization components alongx, y, andz axes:

Px52d15c44exz ,

Py50, ~42!

Pz5@d31~c111c12!1d33c13#~exx1eyy!

1@2d31c131d33c33#ezz.
in
The normal polarization with respect to the growth pla
~along the growth direction! can be obtained by taking th
scalar product between the polarization vectorP in the~x,y,z!
coordinates and the unit vectorẑ8 shown in Fig. 1:

Pz85P• ẑ85Px sinu1Pz cosu. ~43!

Similarly, we can obtain the parallel polarization on th
growth plane:
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Px85P• x̂85Px cosu2Pz sinu,
~44!Py85P• ŷ850.

The strain-induced polarizationPi will lead to an electric
field Ei given by

Di85e i j
p8Ej81Pi8 , ~45!

whereDi8 is the electric displacement ande i j
p8 is the permit-

tivity tensor for the epilayer given by

e85UepU21 ~46!

and

TABLE I. Parameters used for the calculations.

Parameter GaN InN

Lattice constanta,b ~Å!
a 3.112 3.544
c 4.982 5.718
Piezoelectric constantc,d

~cm/V!
d15 21.7310210

d31 21.7310210

d32 21.7310210

d33 3.4310210

aReference 29.
bReference 2.
cReference 15.
dReference 16.
g

st
tie
tr
e
r

2

m
he

o
ul
ep5S e t

0
0

0
e t

0

0
0
ez

D , ~47!

wheree t andez are permittivities28 perpendicular and along
the c axes for the~0001! crystal orientation, respectively
Then, the electric displacementDi8 is given by

Dx85~e t cos2 u1ez sin2 u!Ex81~e t2ez!sinu cosuEz81Px8 ,

Dy85e tEy81Py8 ,

Dz85~e t2ez!sinu cosuEx81~e t sin2 u1ez cos2 u!Ez81Pz8 .
~48!

If there are no external charges ande t.ez , Dz8 vanishes, and
the electric field reduces to

Ez8.2
Pz8

e t
. ~49!

For a quantum-well structure of a widthLz , the valence-
band structure is calculated by using 636 Hamiltonian for
an arbitrary crystal orientation, which is obtained by usi
Eqs. ~1! and ~5!. The piezoelectric field of the~assumed
thick! barrier region can be taken as zero. The quantum-w
potential due to the band-edge discontinuities of the well a
barrier materials follows the model of Ref. 29 and it is add
with the electrostatic potential due to the piezoelectric fi
to the effective mass equation, which the envelope functi
$gn

(m)% for the mth subband satisfy as follows:
(
n8

FHnn8S kx8 ,ky8 ,2 i
]

]z8D1~Vn~z8!1qEz8z8!dnn8Ggn
~m!~kx8 ,ky8 ,z8!5Em8 ~kx8 ,ky8!gn

~m!~kx8 ,ky8 ,z8!, ~50!
l-

the

and

es
for

case
t
and
de
,
nd

e

wheren,n851, 2, 3, 4, 5, and 6, andEz8 is given in Eq.~49!.
These coupled differential equations can be solved usin
finite-difference method.29

III. NUMERICAL RESULTS AND DISCUSSION

In this section, we present numerical results for the cry
orientation dependencies of important physical quanti
such as the band gap, strain, wave functions, optical ma
elements, and piezoelectric polarization. As a numerical
ample, we consider the situation where a GaN epilaye
grown on an InxAl12xN barrier ~substrate!. The parameters
used in the computations are taken from Refs. 13 and
except for those listed in Table I.

For our following discussions, it should be noted fro
Fig. 1 that the angleu is defined as the angle between t
growth direction~z8 axis! and and thec axis ~z axis!, as
shown in Fig. 1~a!. Therefore,u50° corresponds to growth
along thec axis or ~0001! orientation, andu590° corre-
sponds to growth along the (1010̄) direction, which is per-
pendicular to thec axis. Crystal orientation dependencies
the investigated physical quantities of strained GaN b
semiconductors are symmetric with respect tou590°, and
a

al
s
ix
x-
is

9,

f
k

will be shown only for the angles betweenu50° and u
590°, except for the piezoelectric field, which will be ca
culated for 0°<u<180°.

A. Band gap and strain tensors

First, we plot the transition energies corresponding to
conduction band~C! to heavy-hole~HH!, light-hole ~LH!,
and crystal-field split-off hole~CH! bands. Figures 2~a! and
2~b! show these interband transition energies near the b
edges as a function of the crystal orientation for~a! 20.5%
compressively (GaN/In0.14Al0.86N) and ~b! 0.5% tensilely
(GaN/In0.22Al0.78N) strained GaN crystals. The ground stat
for holes in the valence band are the HH and LH bands
the compressive and tensile strains, respectively. In the
of ~0001! orientation (u50°) with the compressive strain, i
is observed that the energy difference between the HH
LH bands is very small. For comparison, when a zinc-blen
layer is grown along the~001! axis with compressive strain
the strain deformation potentials lift the HH band up a
reduce its in-plane effective mass.9 However, for a wurtzite
layer grown along the~0001! orientation, the compressiv
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strain shifts both the HH and LH bands by almost the sa
amount, and the in-plane effective masses remain almos
same as those in the unstrained case.13 Similar results are
observed for GaN with a biaxial tensile strain, as shown
Fig. 2~b!. However, for the compressive strain, the ener
difference between the HH and LH bands increases with
angle u between the growth direction and thec axis, and
shows a maximum at the (1010̄) orientation (u590°). Thus
it is expected that the in-plane effective mass is largely
duced for the (101̄0) orientation. Similarly, the tensile strai
shows that the energy difference between the two low
bands~LH and HH! increases with the angleu, until about
60°, where a further increase of the angle results in a
crease of the energy difference.

Figures 3~a! and 3~b! show the band gaps at the ban
edges as a function of the crystal orientation for vario
amounts of~a! compressive and~b! tensile strains. The ban
gaps for compressive and tensile strains correspond toC-HH
and C-LH transitions, respectively. The band gap of t
compressive strain crystals increases with the strain, w
that of the tensile strain crystals decreases with the str
The shift of the band gap as a function of strain is det
mined mainly by the hydrostatic energy shift of th
conduction-band edge, the sign of which is positive for
compressive strain and negative for the tensile strain.
band gap as a function of orientation shows a maximum
the (101̄0) orientation (u590°) for both compressive an
tensile strains.

FIG. 2. Transition energies at the band edge as a func
of the crystal orientation for ~a! 20.5% compressively
(GaN/In0.14Al0.86N), and ~b! 0.5% tensilely (GaN/In0.22Al0.78N)
strained GaN crystals. The angleu is defined as the angle betwee
the growth directionẑ8 and thec axis, as shown in Fig. 1.

FIG. 3. Band gaps near the band edges as a function of
crystal orientation for various~a! compressively and~b! tensilely
strained GaN crystals. The band gaps for compressive and te
strains correspond to C-HH and C-LH transitions, respectively.
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In Figs. 4~a! and 4~b!, we plot the strain tensor elemen
as a function of crystal orientationu for ~a! 20.5% compres-
sively (GaN/In0.14Al0.86N) and ~b! 0.5% tensilely
(GaN/In0.22Al0.78N) strained GaN crystals. Note that th
componenteyy is constant and the componentexz is zero for
the ~0001! orientation (u50°). The strain componentsexx
and ezz show a maximum atu590°. Since the crystal ori-
entation dependence of the bands is determined mainly
these strain components, the band gap shows a maximum
the (101̄0) growth direction, as shown in Fig. 2. In the ca
of the tensile strain, it is observed that its band gap differe
between theu50° and 90° growth directions is larger tha
that of the compressive strain. This is attributed to the f
that, for the tensile strain, the band gap is given by theC-LH
transition and the orientation dependence of the LH ban
larger than that of the HH band, as shown in Fig. 2.

B. Energy-band structures and wave functions

In addition to the band gap, the valence-band structu
and the wave functions as a function of the crystal orien
tion show interesting features. The valence band mixing
fects can be understood from the energy dispersion relat
and their corresponding wave functions of the HH, LH, a
CH bands. The valence-band structures and the wave f
tions of the bulk wurtzite GaN with the~0001! orientation
has been extensively investigated.13 However, little work has
been done so far to understand the crystal orientation eff
of the wave functions for the wurtzite semiconductors.

Figures 5~a!–5~c! show the calculated valence-band d
persion relations of a20.5% compressively strained Ga
crystal for ~a! u50°, ~b! u545°, and~c! u590°. The dis-
persion relations are calculated numerically from the 636
Hamiltonian in the (x8,y8,z8) coordinates. The full 636
Hamiltonian has to be used since the previous blo
diagonalization methods are restricted either to the~0001!
growth direction or to the zone center (kx85ky85kz850) case
@Eqs.~17!–~23!#. The band-edge effective masses can be
timated from a parabolic band fitting to the calculated d
persion relations near the band edges. The crystal orienta
effects of the band-edge effective mass is useful for an
derstanding of optical processes such as the optical gai
well as electronic transport processes.

We know from Figs. 5~a!–5~c! that the HH band-edge
effective masses along theky8 direction are nearly constan
independent of the crystal orientation. On the other hand

n

he

ile

FIG. 4. Strain tensor elements as a function of crystal orien
tion u for ~a! 20.5% compressively (GaN/In0.14Al0.86N) and ~b!
0.5% tensile (GaN/In0.22Al0.78N) strained GaN crystals.
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is shown that the HH band-edge effective masses along
kx8 direction depend on the crystal orientation. The incre
of the angle results in the reduction of the effective mass
the HH band along thekx8 direction. For example, the effec
tive masses near the band edge are about 1.1m0 and 0.16m0

for u50° and 90°, respectively, along thekx8 direction. This
is mainly attributed to the fact that the energy differen
between the HH and LH bands increases with the angle
tween the growth direction and thec axis from Fig. 2. A
similar situation is observed for the LH band of the tens
strain case. In Figs. 6~a!–6~c!, we plot the calculated
valence-band dispersion relations of a 0.5% tensilely strai
GaN crystal for~a! u50°, ~b! u545°, and~c! u590°. For
the tensile strain, the top valence band is the LH band an
effective mass along thekx8 direction is reduced with an in

creasing growth angleu. Thus it is expected that the (1010̄)
orientation (u590°) should improve the performance
both compressively and tensilely strained GaN-based la
due to its reduced effective mass.

Figures 7~a!–7~c! show the normalized valence wav
functions at the band edge of a20.5% compressively
strained GaN crystal for the~a! HH, ~b! LH, and ~c! CH
bands. Thevth valence-band wave function as a function
the crystal orientation is determined by the eigenfunctions
Eq. ~28!. The mixing ratio of the coefficientsg18 , g28 , andg38
determines the nature of each band. For the~0001! orienta-
tion (u50°), the HH band is decoupled from the LH an

FIG. 5. Calculated valence-band dispersion relations o
20.5% compressively strained GaN crystal for~a! u50°, ~b! u
545°, and~c! u590°.
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CH bands. Thus we obtaing1851 andg285g3850, as shown
in Fig. 7~a!, andg1850 for the LH and CH bands, as show
in Figs. 7~b! and 7~c!. The LH band is dominated by theg28
component, with a small amount of mixing with theg38 com-
ponent. Similarly, the CH band is dominated by theg38 com-
ponent with a small amount of mixing with theg28 compo-
nent.

On the other hand, with an increasing angleu, the HH
band in Fig. 7~a! shows a rapid decrease of theg18 component
and a rapid increase of theg38 component with a small in-
crease of theg28 component. Thus strong mixing between a
three components is observed aroundu525°, and the HH
band is dominated by theg38 component with a further in-
crease of the angle. Theg28 and g18 components for the LH
band in Fig. 7~b! also show a behavior similar to the HH
band. However, the two components are nearly constan
the range above 45°. Thus strong mixing between theg18 and

g28 components is observed near the (1010̄) orientation (u
590°), while theg38 component is negligible. The CH ban
in Fig. 7~c! also shows a strong mixing between theg18 and

g28 components near the (1010̄) orientation.
Figures 8~a!–8~c! show the normalized valence wav

functions at the band edges of a 0.5% tensilely strained G
crystal for the~a! HH, ~b! LH, and ~c! CH bands. For the
~0001! orientation (u50°), the HHband in Fig. 8~a! is de-
coupled from the LH and CH bands as in the case of

a FIG. 6. Calculated valence-band dispersion relations of a 0
tensilely strained GaN crystal for~a! u50°, ~b! u545°, and~c!
u590°.
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compressive strain in Fig. 7~a!. The LH band in Fig. 8~b! is
dominated by theg38 component, while the CH band in Fig
8~b! is dominated by theg28 component. With an increasin
angle, the HH and CH bands generally show a mixing
tweeng18 andg28 . On the other hand, the LH band is dom
nated by theg38 component, and theg18 andg28 components
are nearly zero for all orientations. Since the optical mom
tum matrix elements are mainly determined by the beha
of these wave functions, it is expected that momentum m
trix elements are significantly affected by the crystal orie
tation, as discussed below.

C. Optical momentum matrix elements

From the band-edge eigenvalues and wave functions
calculate the optical momentum matrix elements as a fu
tion of the crystal orientation for a GaN semiconduct
which is important for the interband optical transition. Fi
ures 9~a! and 9~b! show the interband optical momentu
matrix elements at the band edges as a function of cry
orientationu for the ~a! TE and ~b! TM polarizations of a
20.5% compressively strained GaN crystal. For the~0001!
orientation (u50°), the interband optical matrix element
for the HH and LH bands to the conduction band are do
nated by the TE polarization, as shown in Fig. 9~a!, and the
interband transition between the CH band and the conduc
band is dominated by the TM polarization, as shown in F

FIG. 7. Normalized valence wave functions at the band edg
a 20.5% compressively strained GaN crystal for the~a! heavy-hole
~HH!, ~b! light-hole ~LH!, and ~c! crystal-field split-off hole~CH!
bands.
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9~b!. With an increasing angleu, the TE optical matrix ele-
ment for theC-LH transition rapidly decreases, and is nea
zero aboveu530°. On the other hand, the TE optical matr
element for theC-HH transition rapidly increases and ap
proaches a constant value aboveu530°. The constant value
is about two times as large as that of the~0001! orientation.
This can be explained by the crystal orientation depende
of the wave functions. As the angle increases, the HH w
function is dominated by theg38 component, as shown in Fig
7~a!, which determines the optical matrix element for t
C-HH transition. On the other hand, the LH and CH ban
show a mixing of theg18 andg28 components. However, th
g18 andg28 contributions to the optical matrix elements of th

of FIG. 8. Normalized valence wave functions at the band edge
0.5% tensilely strained GaN crystal for the~a! HH, ~b! LH, and ~c!
CH bands.

FIG. 9. Interband optical momentum matrix elements at
band edges as a function of crystal orientation for the~a! TE and~b!
TM polarizations of a20.5% compressively strained GaN crysta
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C-LH and C-CH transitions cancel each other out by
opposite sign, as shown in Eq.~34!. Similarly, the contribu-
tions of theC-HH andC-LH transitions for the TM polar-
ization cancel each other out. Thus the TM polarization m
trix element is dominated by the interband transition betw
the CH band and the conduction band, as shown in Fig. 9~b!.

Figures 10~a! and 10~b! show the optical momentum ma
trix elements at the band edges as a function of crystal
entation for the~a! TE and ~b! TM polarizations of 0.5%
tensilely strained GaN crystals. For the~0001! orientation
(u50°), theinterband optical matrix elements for theC-HH
andC-CH transitions are dominated by the TE polarizatio
and theC-LH transition is dominated by the TM polariza
tion. On the other hand, at an angle near the (1010̄) orien-
tation (u590°), the interband optical matrix elements f
the C-LH and C-HH transitions are dominated by the T
and TM polarizations, respectively. The optical matrix e
ments for theC-LH transition behaves like cos2 u and sin2 u
for the TE and TM polarizations, respectively, because
wave function of the LH band is dominated by theg38 com-
ponent. On the other hand, the optical matrix elements
the C-HH and C-CH transitions are mainly determined b
g18 and g28 components. They show interesting oscillato
behavior due to the oscillatory behavior ofg18 and g28 , as
shown in Fig. 8.

D. Piezoelectric field and valence-band structures
of a quantum well

Wurtzite GaN, with a large piezoelectric constant and
wide band gap, has potential applications such as piezoe
tric sensors and high electron mobility transisto
~HEMT’s!.30 On the other hand, the electrical and optic
properties of GaN-based lasers can be affected by the l
piezoelectric field. For example, it has been shown rece
that the optical gain in QW lasers is largely reduced due
the piezoelectric field.18,19 Thus it is important to control the
magnitude and direction of the piezoelectric field depend
on the requirements of the physical properties. In this s
tion, we investigate the crystal orientation effects of the
ezoelectric field.

Figures 11~a! and 11~b! show the strain-induced norma
polarization (Pz8) with respect to the growth plane as a fun
tion of the angleu between the growth direction and thec
axis for ~a! compressively and~b! tensilely strained GaN
crystals. The normal polarizationPz8 is important because th

FIG. 10. Optical momentum matrix elements at the band ed
as a function of crystal orientation for the~a! TE and~b! TM po-
larizations of a 0.5% tensile strained GaN crystal.
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GaN-based QW structures have quantized energy le
along the growth direction. The normal polarization leads
an accumulation or a depletion of carriers at the interfac
and creates a piezoelectric field. On which side of the in
faces the accumulation region is produced depends on
type of atomic plane at the interface~Ga or N! in structures
such as QW and semiconductor-insulator-semiconducto14

The normal polarization is asymmetric with respect to t

(101̄0) orientation (u590°). The asymmetry of the norma
polarization is due to the change of the atomic plane ty
with respect to the (1010̄) orientation.

For compressively and tensilely strained GaN crystals
is observed that the crystal orientation with the maximu
normal polarization depends on the magnitude of strain.
example, GaN crystals with a larger strain show a maxim
polarization for the~0001! orientation, while those with a
smaller strain show the maximum polarization aroundu
550°). For the~0001! orientation, the normal polarization i
always positive for the compressive strain and negative
the tensile strain. However, the normal polarization for t
compressive strain shows a sign change with an increa
angle, and its value depends on the strain, as shown in
11. For example, the normal polarization is negative betw
u.17° andu590° for a compressive strain of20.2%@solid
line in Fig. 11~a!#. On the other hand, GaN with a tensi
strain shows a negative normal polarization irrespective
the angle. For QW lasers, it is desirable to have no pie
electric field because the optical gain is significantly reduc
by the piezoelectric field in the well. The large piezoelect
field induces a spatial separation of the electron and h
wave functions, which results in a reduction of the transiti
probability between the conduction and valence subband19

We know that both compressively and tensilely strained G
crystals show zero normal polarizations for the (1010̄) ori-
entation. Thus it is expected that GaN-based lasers wi
(101̄0) orientation corresponding tou590° have better per-
formance than those with a~0001! orientation for both com-
pressive and tensile strain. However, the piezoelectric fi
may have interesting applications for HEMTs because
piezoelectric field enhances the density of the tw
dimensional electron gas at the interface.30

Figures 12~a! and 12~b! show the strain-induced paralle
polarization (Px8) as a function of the angle between th
growth direction and thec axis for ~a! compressively and~b!

s FIG. 11. Strain-induced normal polarization (Pz8) with respect
to the growth plane as a function of the angleu between the growth
direction and thec axis for ~a! compressively and~b! tensile
strained GaN crystals.
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tensilely strained GaN crystals. It is observed that the para
polarization~with respect to the growth plane! (Px8) is sym-
metric with respect tou590°, and shows zero polarizatio
for the ~0001! orientation (u50°) for both compressively
and tensilely strained GaN crystals. For the tensile strain,
normal polarization is always positive irrespective of t
angle. On the other hand, the compressive strain show
sign change with an increasing angle similar to the norm
polarization. The parallel polarization for the compress
strain case is largest for the (1010̄) orientation (u590°),
while that for the tensile strain depends on the magnitude
strain. The angle with maximum polarization for the tens
strain shifts fromu590° to a smaller angle with an increa
ing strain. The strain-induced polarization is purely norm
for ~0001! orientation, and purely parallel for the (1010̄)
orientation. For the general orientation, the polarization
both normal and parallel components. A parallel polarizat
does not generate electric fields, and does not change
QW and energy-band structures. That is, it does not dire
change the QW electronic structure in the way the norm
polarization does. The parallel polarization leads to birefr
gence for light propagating along the the growth axis24

These results show that electrical and optical properties
strained GaN crystals are affected significantly by the pie
electric fields induced by the piezoelectric polarization.
investigate the piezoelectric field effects on the dispers
relations, we calculate the valence-band structure of G
quantum-well structures.

Figure 13 shows the valence-band structure alo
the ky8 direction of a 20.5% compressively straine
GaN/InxAl12xN quantum well with a well width of 3 nm for
u50°. The dispersion relations are calculated numerica
from the 636 Hamiltonian in (x8,y8,z8) coordinates with a
piezoelectric field. A lifting of the Kramers degeneracy
dispersion curves due to the strain-induced piezoelectric fi
is observed, and its magnitude is about 3–5 meV for L
and HH2 subbands. These values are similar to those
GaAs-based QW structures.25,31 Valence-band structure
with a piezoelectric field show a larger energy spacing
tween the first two subbands~HH1 and LH1!, and higher
subbands~HH2 and LH2! compared to those without th
piezoelectric field. The increase of the subband energy s
ing reduces the carrier population in the higher subban
However, this effect is compensated for by a decrease of
optical matrix element due to the spatial separation of

FIG. 12. Strain-induced parallel polarization (Px8) with respect
to the growth plane as a function of angle between the gro
direction and thec axis for ~a! compressively and~b! tensile
strained GaN crystals.
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wave functions.12 In Figs. 14~a!–14~c!, we compare the
valence-band structures of three GaN/InxAl12xN quantum-
well structures of growth directions~a! u50°, ~b! u545°,
and ~c! u590°, with the same amount of strain~20.5%
compressive! and well width~3 nm!. For the general orien-
tation, the subbands are labeled by the dominant wa

h

FIG. 13. The valence-band structure along theky8 direction of a
20.5% compressively strained GaN/InAlN quantum well with
well width of 3 nm. The growth direction is along thec axis oru
50°. A lifting of the Kramers degeneracy appears in the ene
splittings of the dispersion curves for a nonzeroky8 .

FIG. 14. Valence-band structures of three GaN/InAlN quantu
well structures with growth directions:~a! u50°, ~b! u545°, and
~c! u590°. The amounts of strain~20.5% compressive! and well
width ~3 nm! are kept the same.
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function components. In a case ofu590°, there is no split-
ting due to zero piezoelectric field, as shown in Fig. 11. T
effective masses of the first subband along thekx8 direction
depend on the crystal orientation, and decrease with incr
ing growth angle. The reduction of the effective mass is d
to the increase of the energy difference between the first
subbands. These results are in agreement with those exp
from the bulk dispersion relations. The splitting in th
valence-band structures is not observed along thekx8 direc-
tion, which is due to the fact that the imaginary parts of t
K andH terms in Eq.~1! vanish; therefore, the upper 333
block become identical to the lower 333 block.

IV. CONCLUSIONS

We have investigated crystal orientation effects on ba
gaps, wave functions, and optical momentum matrix e
ments at the band edge of strained GaN bulk semicond
tors. Also, effective masses near the band edge and th
ezoelectric field have been investigated as a function of
crystal orientation. Analytical expressions for the bulk ba
gap, wave function, and momentum matrix element
strained wurtzite GaN using a block-diagonalized Ham
tonian have been derived. The effective mass along thekx8
direction is significantly reduced with an increasing angleu
between the growth direction and thec axis for both com-
pressively and tensilely strained GaN crystals. The opt
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matrix elements of the TE polarization for the compressiv
strained GaN foru above 30° is about twice as large as th
of the ~0001! orientation (u50°), and isdominated by the
C-HH transition. Similar results are observed in the valen
band dispersion relations for the quantum-well structure. T
QW structures show a lifting of the Kramers degeneracy
their dispersion relations due to the piezoelectric field. F
tensile strain, the dominant transition for the TM polarizati
is changed from aC-LH transition to aC-HH transition with
an angleu. It is found that a crystal orientation with a max
mum piezoelectric polarization depends on the strain. In p
ticular, the GaN crystal with a (1010̄) orientation shows a
zero normal polarization for the compressive and ten
strains. Thus it is expected that band-structure effects tak
crystal orientation and strain into account can be used
optimize the performance of GaN-based devices such a
sers, sensors, and electroabsorption modulators. They
also determine electronic transport properties as well as
tical excitation and excitonic absorption properties, such
those in photoluminescence and transmission spectra.
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