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Spin-density-functional theory of circular and elliptical quantum dots
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Using spin-density-functional theory, we study the electronic states of a two-dimensional parabolic quantum
dot with up toN558 electrons. We observe a shell structure for the filling of the dot with electrons. Hund’s
rule determines the spin configuration of the ground state, but only up to 22 electrons. At specificN, the ground
state is degenerate, and a small elliptical deformation of the external potential induces a rotational charge-
density-wave state. Previously identified spin-density-wave states are shown to be artifacts of broken spin
symmetry in density-functional theory.@S0163-1829~99!03507-9#
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Quantum dots have recently attracted much interest b
experimentally and theoretically. One realization of a qu
tum dot is a small island fabricated in a two-dimension
electron gas laterally confined by an external potential
containing a few to a few hundred electrons.1 Experimen-
tally, measuring the tunnel conductance2 and capacitance3 by
changing the gate voltage attached to the quantum dot,
observes a peak every time the average number of elec
increases by 1. The spacing of peaks, or addition spectr
reflects the energy differences between ground states o
dot with different numbers of electrons. Each disordered
has its own characteristic addition spectrum, but recentl
has become possible to fabricate dots so clean that the a
tion spectra are reproducible from dot to dot.4 Among the
features of these clean, parabolic dots are atomiclike s
structures, Hund’s rules, and reproducible transition rate4

The advent of atomiclike spectra in quantum dots calls
appropriately quantitative theoretical tools. Presently, ex
diagonalization of the full Hamiltonian is limited to a sma
number of electrons in the dot.5,6 Thomas-Fermi, Hartree,7

and Hartree-Fock methods8,9 all suffer from sizeable system
atic errors. Here, we treat the electronic states of a dot u
the density-functional method10,11 explicitly including
spin.12–14 We find shell structures in the addition-ener
spectrum for a circular, parabolic external potential. Hun
rule determines the ground-state spin configurations,
only up to 22 electrons. Elliptically deforming the extern
potential eliminates the shell structures, and Hund’s rule
replaced by a more Pauli-like behavior of the total spin.
specificN, the ground state is degenerate, and a small e
tical deformation of the external potential induces a ro
tional charge-density-wave~CDW! state. The spin-density
wave ~SDW! states found by Koskinen, Manninen, an
Riemann12 ~KMR! are artifacts of broken spin symmetry
density-functional theory.

We solve the following Kohn-Sham equations nume
cally for a two-dimensional parabolic quantum dot, and it
ate until self-consistent solutions are obtained;15
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Heres denotes the spin index,z(r ) is the local spin polar-
ization, andExc is the exchange-correlation energy fun
tional, for which we use the local-density approximation16

Exc5E r~r !exc@r~r !,z~r !#dr , ~3!

z~r !5
r↑~r !2r↓~r !

r~r !
. ~4!

To solve the equation, we expand theC i
s(r ) in a Fock-

Darwin representation;

wn,k
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where Ln
uku(x) is a Laguerre polynomial,l 5A\/(2m* v0)

andxs is a spin function. The noninteracting, single-partic
levels form a ladder,en,k5(2n1uku11)\v05M\v, with
rung degeneracyM. The ground-state energy of a quantu
dot with N electrons is obtained from
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i ,s
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s
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We use the material constants for GaAs,m* 50.067m,k
512.9, and the external potential is fixed at\v053.0 meV.
The resulting dimensionless interaction strength
(e2/kl 0)/\v051.9, wherel 05A\/(m* v0).

Shell structure.At low temperatures, electron hoppin
into a dot containingN electrons is suppressed except wh
the ground-state energyE(N) is equal toE(N11). This
degeneracy condition determines the observed conduct
oscillation peaks that occur at the chemical potentialsm(N
11)5E(N11)2E(N). The addition energyD(N) needed
4604 ©1999 The American Physical Society
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to put an extra electron in the dot is obtained fromD(N)
5m(N11)2m(N)5E(N11)22E(N)1E(N21). Figure
1~a! shows the addition energyD(N) as a function of elec-
tron numberN for a circular, parabolic potential. The dotte
line indicatesD(N) obtained from a classical electrostat
analysis with no kinetic energy.17 Overall, D(N) decreases
with N, as the dot and its capacitance grow. On average,
addition energy obtained from the density-functional cal
lation is close to the classical electrostatic resulte2/C. How-
ever, we see small zig-zag structures, and large peaks at
tron numbersN52, 6, 12, 20, 30, 42, and 56. In th
single-particle spectrum for a parabolic potential, the el
tronic states of the dot form closed shell structures at th
numbers. Even in the presence of electron-electron inte
tion, extra energy is required to add one more electron
closed shell. The peak heights decrease as the numbN

FIG. 1. Addition energyD(N) as a function of electron numbe
N in the dot for~a! a confining parabolic potentialm* v0

2r 2/2 and
~b,c! elliptical confining potentialsV(r )5m* (vx

2x21vy
2y2)/2. The

dotted lines indicate the addition energy according to a class
electrostatic analysis~Ref. 17!. The parameters are~a! \v053.0
meV, ~b! vy

2/vx
2511/13 and~c! vy

2/vx
255/7. ~b! and~c! are shifted

by 1.0 meV and 2.0 meV, respectively. Upper inset—total energ
meV as a function of total spin for electron numbersN
516, 24, 34, and 46 in~a!. The origin of energy for eachN is
arbitrary. Lower inset—total energy forN54 electrons obtained by
exact diagonalization within a restricted Hilbert space,u0,64& and
u1,62&, as a function of single-particle level splittingD. The ener-
giesE(S50, Lz50) andE(S51, Lz562) are plotted relative to
E(S52, Lz50).
he
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increases, consistent with recent experiments in which pe
were observed in the addition energy up to 12 electrons.4

Hund’s rule.By analogy to atoms, we expect that Hund
rule for total spin will apply in the present situation. Accor
ing to Hund’s rule, as degenerate states are filled, the t
spin S takes the maximum value allowed by the exclusi
principle and becomes zero for closed shells. Figure 2~a!
shows the spin configuration as a function of the elect
numberN for the circular, parabolic potential. The dotte
line represents the spin configuration when Hund’s rule
satisfied. We can see that, for up to 22 electrons filling
dot, the spin configurations obey Hund’s rule.4 For larger
dots, Hund’s rule is violated and the high spin states
suppressed. In particular, the total spin becomes zero at e
tron numbersN524, 34, 46 instead of the expectedS52.
In the upper inset of Fig. 1, we show the total energyE(N)
as a function of the total spin for these states. AtN516, the
S52 state is 0.10 meV lower in energy than theS50 state,
which follows Hund’s rule. In contrast, atN524 theS50
state is 0.05 meV lower in energy than theS52 state. This
trend is enhanced as the number increases. These en
differences are sufficiently small that weak magnetic fiel
of order 300 G, will favor anS52 ground state.

The breakdown of Hund’s rule is due to the nonparabo
effective potential caused by Coulomb interactions. For
ample, without interactionsN524 corresponds to 20 elec
trons in filled inner shells and four ‘‘valence’’ electrons di
tributed among 10 degenerate states:un,k&5u0,64&,u1,
62&, and u2,0&, spin up and down. Coulomb interaction
deform the radial potential and lower the energy of t
single-particle states with larger angular momentumuku. The

al

n

FIG. 2. Ground-state spin as a function of electron numberN for
~a! the parabolic confining potential and~b,c! the elliptical confin-
ing potentials of Fig. 1 The dotted line in~a! indicates the spin
configuration when Hund’s rule is satisfied.
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system could minimize itsexchangeenergy by creating an
S52 state, i.e., putting all four valence electrons into spin
states. Instead, forN524, the system minimizes itssingle-
particle energy by putting all four electrons intok564
states, giving a total spinS50, and breaking Hund’s rule.

To confirm this result, we performed an exact diagon
ization of N54 valence electrons in a restricted basis se
eight states:u0,64& and u1,62&, spin up and down. The
Hamiltonian we employed is

H5 (
i 51

N54 F2
\2

2m*
¹ i

21
1

2
m* v0

2r i
21gr i

4G1(
i , j

e2

kur i2r j u
,

~6!

where thegr i
4 term is introduced to split the degenera

single-particle energiese0,64 ande1,62 . The resulting eigen-
states of the four electrons can be labeled by total spinSand
Sz and total angular momentumLz . In the lower inset of Fig.
1, we have plotted the total energy as a function ofD
5e1,622e0,64 . If the splittingD is small, the ground state i
S52, Lz50, consistent with Hund’s rule. But forD larger
than 1.4 meV, the ground state becomesS50, Lz50, indi-
cating a violation of Hund’s rule.

Spin-density-wave states.For a dot with circular symme
try, the eigenstates can always be chosen to have defi
angular momentumLz , and hence circularly symmetri
charge density. Nevertheless, Koskinen, Manninen
Reimann12 reported recently on a spontaneous breaking
circular symmetry in a spin-density-functional calculation
a parabolic quantum dot. Indeed, we confirm that Eqs.~1-5!
yield spin-density-wave~SDW! ground states at particula
numbers of electrons, e.g.,N524, 34, as reported in Ref
12. These are precisely theS50 ground states discusse
above in the context of breaking of Hund’s rule. Within spi
density-functional theory, even forS50, the system lowers
its exchange energy slightly by mixing ink562 states with
the lower-lyingk564 orbitals. The result is a SDW stat
However, from our exact diagonalization studies withN54
in the restricted basis set, we find that the SDW states
due to an unphysical mixture between states of different t
spin: S50, Sz50 andS51, Sz50. Hence, the SDW state
are artifacts of the well known difficulty of spin-density
functional theory that only theSz component of total spin
can be specified. We conclude that the correct ground st
for N524, 34, and 46 haveS50, Lz50 and retain circu-
larly symmetry.

Charge-density-wave states.We also find that for certain
N ~cf. Table I!, Equations~1–5! predict a rotational charge
density wave~CDW! near the edge of the dot. Figure
shows an example of such a CDW state forN531. The
numbers shown in boldface in Table I indicate a strong sp
density modulation, as forr↑(r ) at N531, while a weaker
modulation occurs in the opposite spin density. The numb
in boldface correspond to a closed shell plus one elect
indicating that the extra electron is added to the lowest
bital in the next shell, namely, the one with highest angu
momentum. By circular symmetry, this orbital is doubly d
generate. Hence the ground state of the entire dot is do
degenerate.~In contrast to atoms, the spin-orbit interaction
GaAs dots is too small to split this degeneracy.18! The spin-
density-functional result is a mixture of these two degene
p
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ground states. For example, atN531 the total angular mo-
mentum will beLz565, giving a charge-density modulatio
;uexp(i5u)1exp(2i5u)u2;cos2(5u) as observed in Fig. 3.

We have investigated the charge densityrs(r ) for N53
by exact diagonalization to confirm the above interpretati
As expected, we find that there are two degenerate gro
states, withLz561, and that a coherent mixture of thes

TABLE I. The numbers (N5N↑1N↓) of electrons for which
spin-density-functional theory predicts a rotational charge-den
wave ~CDW! near the edge of the quantum dot. The numbers
boldface indicate a strong modulation of the associated spin den
while a weaker modulation occurs in the opposite spin density.
total angular momentumuLzu of the degenerate pair of ground stat
giving rise to the CDW is also shown.

Number of
Electrons~N! Spin up (N↑) Spin down (N↓) Total uLzu

3 2 1 1
5 3 2 1
7 4 3 2
10 6 4 2
13 7 6 3
17 10 7 3
21 11 10 4
23 12 11 4
31 16 15 5
33 17 16 5
43 22 21 6
45 23 22 6
57 29 28 7

FIG. 3. Charge-density distributions atN531. Left column—
from top to bottom, spin-up (N↑516), spin-down (N↓515), and
total charge-density distribution. Right column—spin-up charg
density distributions (N↑516) for elliptical potentials,vy

2/vx
2

511/13~top!, vy
2/vx

254/5 ~middle!, andvy
2/vx

255/7 ~bottom!, re-
spectively.
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states produces almost exactly the same charge density
tained in the density-functional calculation.

Elliptical dots. To investigate the effect of removing cir
cular symmetry, we consider elliptically deformed potenti
V(r )5m* (vx

2x21vy
2y2)/2, with v0

25(vx
21vy

2)/2, which
lift the large degeneracies of the shell structure. Figures 1~b!
and 1~c! show that as the deformation grows the regular z
zag pattern found for the circular potential becomes irregu
and the large peaks at largeN disappear. One can still se
large peaks atN52, 6, 12, and 20 electrons in~b!, which
are the remnants of the closed-shell structures. Howeve
~c! such large peaks are present only atN52 and 6.

Figures 2~b! and 2~c! show the spin configurations for th
same deformed external potentials. We can see that Hu
rule is satisfied up toN515 in ~b! but only up to onlyN
58 electrons in~c!. The high spin states are suppressed
the deformation becomes significant—the loss of the clos
shell structures results in a more Pauli-like behavior of
total spin.19

Figure 3 shows the up-spin densities in deformed pot
tials for N531, N↑516. We find that true CDW ground
states are induced by the increasing elliptical deformation
n
m

t
.
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the external potential. The ground-state spin isS51/2 in all
three cases. The charge-density wave has period;cos2(5u)
and results from the mixing of the degenerateLz565 states
by the elliptical external potential.

In conclusion, we have studied the electronic states
quantum dots with up to 58 electrons for parabolic circu
and elliptical external potentials, using spin-densi
functional theory and exact diagonalization. For a circu
potential, we observe a shell structure for the filling of t
dot with electrons. Hund’s rule determines the spin confi
ration of the ground state up to 22 electrons. For spec
numbers of electrons, CDW states appear on small ellipt
deformation of the external potential, while previously ide
tified SDW states12 are found to be artifacts of broken sp
symmetry in density-functional theory. For elliptical pote
tials, the shell structures are lost with increasing deform
tion, and the spin configurations change from Hund’s rule
a more Pauli-like behavior.
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