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Fluctuation specific heat in multilayered superconductors:
Bilayered Gaussian-Ginzburg-Landau scenario

for the thermal fluctuations of Cooper pairs
around Tc in YBa2Cu3O72d single crystals

Manuel V. Ramallo and Fe´lix Vidal
Laboratorio de Bajas Temperaturas y Superconductividad, Departamento de Fı´sica de la Materia Condensada,

Universidad de Santiago de Compostela, E-15706 Santiago de Compostela, Spain
~Received 11 June 1998!

The effects around the superconducting transition of thermal fluctuations of Cooper pairs on the heat
capacity in zero applied magnetic field (H50) are explicitly calculated in bilayered superconductors, with two
superconducting layers and tunneling couplings per layer periodicity length. The calculations are performed on
the grounds of a generalization to multilayered superconductors of the Lawrence-Doniach Ginzburg-Landau
functional, and assuming Gaussian fluctuations. In addition to the fluctuation heat capacitycfl , we also obtain
various useful relationships betweencfl and other fluctuation-induced observables experimentally accessible in
multilayered copper oxide superconductors. It is then shown that if the effects of the multilaminarity are taken
into account, the mean-field-like Gaussian-Ginzburg-Landau approach may explain simultaneously and at a
quantitative level the available experimental data, both the amplitude and thee behavior, of the fluctuation
specific heat, the in-plane paraconductivityDsab , and the fluctuation-induced diamagnetismDxab, in
YBa2Cu3O72d~Y-123! single crystals under zero or weak magnetic fields (H→0), up to reduced temperatures
of the order of e[uT2Tcu/Tc;1022. The corresponding coherence length amplitudes~at T50 K) are
jab(0)51.1 nm andjc(0)50.12 nm for the in-plane~ab! and transversal~c! directions, respectively. In con-
trast, the same data cannot be explained, in the samee region, in terms of the 3DXY theory for full-critical
fluctuations with a value of the dynamic critical exponent ofz5

3
2 , which corresponds to the same universality

class as the superfluid-normall transition of4He liquid, although these analyses do not exclude the applica-
bility of such a scenario fore&1022, as suggested by previous measurements ofDsab andDxab in the same
Y-123 single crystals. However, another dynamic universality class, withz52, makes the 3DXY full-critical
behavior compatible with the experimental data for 231022&e&1021. @S0163-1829~99!06705-3#
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I. INTRODUCTION

The reduced temperature extension and location of
so-called full-critical and mean-field-like regions for th
thermal fluctuations of Cooper pairs aroundTc , and the
value of the so-called dynamic critical exponentz controlling
the dynamic universality class in the full-critical region, a
two important and still controversial issues of the pheno
enological descriptions of the high-temperature cooper ox
superconductors~HTSC’s!.1–16 The uncertainty of the loca
tion of these critical regions is particularly well illustrated b
the heat capacityCp . Some groups, dealing mainly wit
scaling analyses ofCp measured around the superconduct
transition in YBa2Cu3O72d~Y-123! crystals, have in the las
years published numerous works with considerable impac
which it was claimed that the full-critical region extends
quite a wide temperature region around the transition, foe
[uT2Tc0u/Tc0 of the order of 1021 or more, whereTc0 is
the mean-field critical temperature in a zero applied m
netic field.1 These conclusions are mainly based on the g
agreement between the scaling predictions of the 3D
theory for full-critical fluctuations and theCp experimental
results, although results on other observables10–12 also sug-
gest such a full-critical behavior. This very strongly contr
dicts, however, the analyses published by different group
other observables as the in-plane paraconductivity1,5–7

Dsab , the fluctuation-induced in-plane magneto-condu
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tivity1,8,9 Ds5 ab , and the fluctuation-induced diamagnetis
for the magnetic fieldH applied perpendicularly to the CuO2

layers,1,13,14Dxab , under weak magnetic fields. These ana
ses show that both the amplitude and the temperature be
ior of these different observables may be explained up
temperatures as close toTc0 as e&1022 in terms of the
mean-field Gaussian-Ginzburg-Landau~GGL! approach.
Moreover, simultaneous analyses ofDxab andDsab suggest
that it is only fore&1022 that the 3DXY approach, with a
value of the dynamic critical exponent ofz5 3

2 ~as for the
full-critical region around the normal-superfluidl transition
in the 4He liquid17! seems to apply,6,8,14 in excellent agree-
ment with the recent estimations inmultilayeredHTSC’s of
the Levanyuk-Ginzburg reduced temperatureeLG for the
crossover between the full-critical and mean-field-li
regions.15 Let us already stress here that the controversy
the location and extension of the different critical regions
in part motivated by the weakness of the 3DXY scaling p
dictions for the full-critical region, even when the magnet
field dependence is considered,4 and also by the fact that up
to now most of the analyses have been concentrated in
of the observables separately.1

A further important open problem, strongly related to t
e location of the full-critical region, is the value of the dy
namic full-critical exponentz in the normal-superconductin
transition in the HTSC. Such az value controls the dynamic
universality class and, hence, drastically affects the en
4475 ©1999 The American Physical Society
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4476 PRB 59MANUEL V. RAMALLO AND FÉ LIX VIDAL
critical behavior of the transport properties in the full-critic
regime.17 At present, the theoretical analyses are not v
conclusive, in part due to the unknown magnitude of
effects of the so-called plasma fluctuations in the HTSC’s.2,18

In addition, the comparisons with the experimental measu
ments of different transport properties of HTSC’s in terms
the 3DXY models lead to different values forz.1,5–9,11,16

These previous analyses are consistent either with the
calledE-model dynamics~the one of a lambda transition i
an uncharged superfluid as4He liquid, leading toz5 3

2 ) or
with the A-model dynamics~leading toz52).17

In this paper, we propose a different way to further clar
those important and long-standing problems, at least for
duced temperatures of the order ofe*1022 and in weak
magnetic fields. Our analysis is based on two main ingre
ents: First, when analyzing the fluctuation effects onCp
within the GGL approach, we will take into account the pre
ence of various superconducting CuO2 planes per periodicity
length, s, with different tunneling couplings between adj
cent planes. For that, we calculate the correspondingCp ex-
plicit expressions within the multilayered GGL framewor
for T.Tc0 and T,Tc0 , in both cases forH50. As first
pointed out by Maki and Thompson19 and by Klemm and
co-workers,13,20 such a multilaminarity may strongly affec
the thermal fluctuations in HTSC’s. The importance of the
effects is now well established in the case ofDsab , Dxab ,
andDs5 ab.

6,8,14,21Second, by using these theoretical resu
we will make a systematic comparison between differ
fluctuation-affected observables rather than focusing only
the heat capacity. In particular, here we are going to c
sider, in addition toCp at H50, alsoDsab and Dxab for
H→0. We emphasize here that focusing on theH→0 limit
will imply several advantages:~i! The full-critical region is
expected to be wider than forHÞ0. ~ii ! The temperature
dependences are less ambiguous than the scaling predic
for different H’s. ~iii ! This will allow us to exclude some
values ofz for H50 and 231022<e<1021. ~iv! New hy-
potheses, like the so-called lowest-Landau-level approxi
tion, customarily added to the mean-field-like theory, b
come unnecessary.~v! It is possible to check the prediction
for the quotients among the above different observables. T
latter aspect will prove to be a very discriminating a
parameter-reducing test, mainly because, as our theore
calculations also reveal, in the GGL framework such qu
tients aree independent and almost~or even completely!
parameter free, while they have a rather differente behavior
in the 3DXY scenario. All these advantages compens
by far for the shortcoming of having to deal with the am
biguities related with theH50 nonfluctuating background
contribution to Cp . Let us stress here that our analys
is going to be concentrated in thee region bounded by
231022<e<1021, where at present there exist very we
established experimental results obtained in untwin
YBa2Cu3O72d~Y-123! single crystals.6,7,13,14,16,22,23All the
experimental data on Y-123 single crystals used in
present analysis have been confirmed at a quantita
level, both in amplitude ande behavior, by various indepen
dent groups, and so we can consider them as very w
established intrinsic results. In fact, though we have cho
the measurements of Refs. 6, 14, and 22, we have also
formed the same analyses below using the data publis
y
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in Refs. 7, 13, 16, and 23, obtaining similar results~see also
below!.

The contents of the present paper are as follows: In Se
we present our GGL calculations. In Sec. III, we summar
the equivalent results of the 3DXY theory, paying attenti
to the possibility of using values for the dynamic critic
exponentz, different from the one valid for the normal
superfluid transition of4He liquid. Then, in Sec. IV A, we
compare our bilayered GGL predictions with the existi
experimental data oncfl , Dsab , andDxab in Y-123 crystals.
In Secs. IV B, IV C, and IV D, we perform the same analys
but using different theories proposed by other authors:
single-layered GGL scenario, the 3DXY scenario withz5 3

2

as the dynamic critical exponent in the full-critical regio
and the 3DXY scenario withz52. Only the first and fourth
of these approaches considered in Sec. IV are not definitiv
ruled out, always for 231022&e&1021 andH→0, by our
analysis. In Sec. V we summarize our conclusions.

II. GAUSSIAN-GINZBURG-LANDAU FLUCTUATION
SPECIFIC HEAT IN MULTILAYERED

SUPERCONDUCTORS

We will first calculate the GGL fluctuation specific he
cfl in a multilayered superconductor withN superconducting
layers in the layer periodicity lengths and in absence of an
applied magnetic field. Then, we will obtain some relatio
ships betweencfl and other fluctuation-induced observable
Our starting point is the expression for the Ginzburg-Land
~GL! free energy of such superconductors as first introdu
by Klemm20 ~see also Ref. 24 for previous related trea
ments!:

F5Fn1 (
n52`

`

(
j 51

N E d2r H a0tuC jnu21
b

2
uC jnu4

1
\2

2mab
u¹abC jnu21a0g j uC jn2C j 11,nu2J . ~1!

In this equation,F and Fn are, respectively, the total an
normal-state free energies,C jn is the two-dimensional~2D!
superconducting wave function corresponding to ea
j 51,...,N plane of thenth cell of length s @we use also
the values (j ,n)5(N11,n) for the (1,n11) layer#;
t[(T2Tc0)/Tc0 ande[utu are the signed and unsigned r
duced temperatures, respectively;Tc0 is the mean-field criti-
cal temperature at zero magnetic field;g j is the tunneling
coupling constant between the~j,n! and (j 11,n) planes;a0
and b are the GL constants of each plane; andmab is the
in-plane effective mass of the superconducting pairs~we ne-
glect the possible in-plane anisotropy!, which is related to
the corresponding correlation length throughjab(e)
5jab(0)e21/25\/A(2maba0e). The c-direction correlation
length resulting from Eq.~1! is jc(e)5jc(0)e21/2, with
jc(0)5sAg1 for single-layered (N51) superconductors an
jc(0)5s/A2(g1

211g2
21) for the bilayered (N52)

superconductors.20,21 Finally, note that ifN51, Eq. ~1! re-
covers the well-known Lawrence-Doniach functional f
single-layered superconductors.25

To calculate the Gaussian fluctuation specific heat res
ing from the above functional, we have to reexpress it, b
at T.Tc0 and T,Tc0 , in an explicitly Gaussian~i.e., qua-
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dratic! form. This is done by expanding each supercondu
ing wave function around its uniform-equilibrium value, an
retaining terms up to second order in the corresponding
pansion ofF. We are led then to a matrix functional that h
to be diagonalized to obtain the Gaussian fluctuation sp
trum, which results to be composed ofN different branches.
For temperatures above the critical, we already presented
basics of that program in Ref. 21. ForT,Tc0 , however, in
addition to the above it is also necessary to deal prop
with the different subtleties caused by the symme
breaking.26,27 For that, we apply an external-source-coupli
method~for a similar treatment in the simple 3D case se
e.g., Ref. 27!. We stress here that in doing this calculation
is particularly important to apply the Gaussian approxim
tion before the diagonalization procedure~this avoids the
shortcomings that affect Klemm’s paper; see our commen
Ref. 28 and also below!. For the superconducting contribu
tion to the heat capacity per unit volume at constant pres
at T.Tc0 andT,Tc0 , csc

1 and,csc
2 , respectively, we obtain

csc
6 5c0

61cfl
6 where c0

6 is the usual equilibrium GL
contribution,29

c0
150 and c0

25S cjump

Tc0
DT, ~2!

and cfl
6 are the GGL fluctuation contributions. Forcfl at T

.Tc0 we obtain a useful intermediate result given by t
integral expression

cfl
1~e!5

kB

8p2jab
2 ~0! (j 51

N E
2p/s

p/s dkz

e1v jkz

, ~3!

wherekB is Boltzmann’s constant andv jkz
are the different

branches of the fluctuation spectrum, that, for single-laye
(N51) and bilayered (N52) superconductors, are21

vkz

N5152g1~12coskzs! ~4!

and,

v jkz

N525g11g21~21! j 11Ag1
21g2

212g1g2 coskzs.

~5!

For T,Tc0 , we obtain a similar integral expression forcfl
2

which we summarize by the relationship

cfl
2~e!52cfl

1~2e!, ~6!

that holds for any value ofN and indeed also in the 2D an
3D limits @jc(e)!s and,jc(e)@s, respectively#. In the case
of single-layered and bilayered superconductors, we h
also integrated Eqs.~3! and ~6! to obtain the explicit results
for cfl

1 andcfl
2 . For a bilayered superconductor (N52), the

result is

cfl
6,N525Ne

6~e!
ATF

e
~11b6!21/2. ~7!

In this equation,ATF[kB /@4pjab
2 (0)s# is the Thouless-

Ferrell amplitude,30 b1[BLD/e andb2[BLD /(2e), BLD is
the Lawrence-Doniach parameter25 BLD[(2jc(0)/s)2, and
t-

x-
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Ne
6~e![S 1

4
1c1b61c2b62

1c1
2b63

11 c̃1b61 c̃2b62
1c1

2b63
D 21/2

, ~8!

wherec1 , c2 , c̃1 , andc̃2 are coefficients depending only o
g1 /g2 , the ratio of the two coupling strengths between a
jacent layers, as c1[(g1 /g211)2/(2g1 /g2), c2[c1

2

1c1/2, c̃1[2c111, andc̃2[c1
212c1 . TheNe

6(e) function,
bounded by 1<Ne

6(e)<2, may be physically seen as a
effective number of independent fluctuating planes per la
periodicity lengths at zero applied magnetic field, as di
cussed forT.Tc0 in Ref. 21. The behavior ofNe

1 is repre-
sented as a function ofg1 /g2 and ofe/BLD in Fig. 1~a!. In
Fig. 1~b!, the same representation is also made forx, the T
.Tc mean-field critical exponent of the heat capacity, d

FIG. 1. The effective numberNe
1 of fluctuating superconducting

CuO2 layers per periodicity length aboveTc, and the mean-field
critical exponentx as a function of the relative strength of the J
sephson coupling between neighbor layers,g1 /g2 , and of the re-
duced temperature relative to the Lawrence-Doniach dimension
parameter,e/BLD . The shadowed zones are the parts of t
Ne

1(g1 /g2 ,e/BLD) and of thex(g1 /g2 ,e/BLD) surfaces which are
expected to correspond to the Y-123 crystals, for 231022<e
<1021. The bold lines are the Lawrence-Doniach limit (g1 /g2

→`) which correspond to a single layered (N51) superconductor.
The 3D and 2D limits correspond, respectively, toe/BLD

→0@jc(e)@s# or e/BLD→`@jc(e)!s#.
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fined as the slope ofcfl
1 in a log-log representation, i.e., b

x[(] logcfl
1/] loge)g1/g2 . These Ne

1(g1 /g2 ,e/BLD) and
x(g1 /g2 ,e/BLD) surfaces are similar to the ones alrea
shown in Ref. 21, but now we include the parts which a
expected to correspond to the Y-123 crystals in the me
field-like region ~for 1022&e&1021; see also below!. For
comparison, the single-layered Lawrence-Doniach limit
also indicated. Let us also note that the expressions valid
N51 may be directly obtained by just imposingNe

651 in
the above results, and so recovering the known results
single-layered superconductors.31 Equation~7! provides, for
the first time to our knowledge, an explicit expression of t
GGL fluctuation heat capacity in a bilayered (N52) super-
conductor. ForT.Tc0 , this equation includes the nonex
plicit integral expression proposed by Klemm in the s
called ‘‘static limit,’’ whereas forT,Tc0 the corresponding
integral expression due to Klemm is incorrect due to
inadequacy of the Gaussian approximation used by this
thor ~see our comment in Ref. 28!. Note also that from the
above results it can be seen that the quantitycfl

1(e)/cfl
2(e) is

not T independent except in the 2D and 3D limits.
From the above integral expressions forcfl , we can ob-

tain, in addition to the explicit expressions forcfl
N52, also

temperature-independent relationships, valid for any valu
N, betweencfl

1 , Dsab andDxab , which will be further cru-
cially discriminating and parameter-reducing tests in the d
analysis: By comparing Eq.~3! with similar integral expres-
sions previously obtained forDsab andDxab in Ref. 21, we
obtain ~in MKSA units!

cfl
1

Dxab /T
5

3f0
2

4p2m0
jab

24~0! ~9!

and

cfl
1

Dsab
5

4kB\

pe2 jab
22~0!, ~10!

which are consistent with

Dxab /T

Dsab
5

16m0kB

3p\
jab

2 ~0!. ~11!

In these equations,f0[p\/e, \ is the Planck constant,e is
the electron charge, andm0 is the vacuum permeability. Th
last relationship was first proposed in Ref. 32 forN51. Note
that Eqs.~9!–~11! have onlyjab(0) as material-dependen
parameter. In addition, they may be combined to obtai
universal, parameter-free GGL value

cfl
1

Dsab

Dxab /T

Dsab
5

64m0kB
2

3p2e2 .2310214 V2 J/mK2. ~12!

Let us note here that Eqs.~10!–~12! assume that the in-plan
paraconductivity arises only from the GL~also called
Aslamazov-Larkin! contribution~the case in the HTSC com
pounds, as first shown in Ref. 33; see also Refs. 6, 8,
21!. Note also that Eqs.~7!–~12! easily lead, when com
bined, to the explicit expressions forDsab

N52 and Dxab
N52

already calculated in Ref. 21.
Finally, we must stress here that in obtaining Eqs.~10!–

~12!, we have used the in-plane paraconductivity express
e
n-

s
or

or

e

-

e
u-

of

ta

a

nd

n

for the bilayered superconductors which was calculated
Ref. 21 by using the time-dependent GGL approximat
and by assuming a lifetime,t05t0(0)e21, of the Cooper
pairs’ fluctuations with wave vectork50, equal to the one
predicted by the conventional~with s-wave pairing! BCS
approach ~see, e.g., M. Tinkham in Ref. 1!: t0

BCS(0)
5p\/(8kBTc0), which for overdoped Y-123 crystals, wit
Tc;90 K, leads to;3310214 s. To our knowledge,t0

BCS(0)
was used in all the different microscopic and time-depend
GL-like calculations and analyses ofDsab published until
now. Note also that the amplitude dependence ofDsab on
both jc(e) and Ne(e,g1/g2) prevents any quantitative est
mate oft0(0) from the in-plane paraconductivity amplitud
alone, even when these data were obtained in high-qua
untwinned single crystals. However, Eq.~12! allows a very
direct estimate oft0(0) and its comparison with thet0

BCS(0)
value: In terms oft0(0)/t0

BCS(0), the Aslamazov-Larkin
amplitude AAL for the in-plane paraconductivity define
as in Ref. 21 may be rewritten asAAL5(e2/16\s)
3@t0(0)/t0

BCS(0)#, and, therefore, in turn Eq.~12! may be
rewritten as~in MKSA units!

cfl
1

Dsab

Dxab/T

Dsab
5

64m0kB
2

3p2e2 S t0
BCS~0!

t0~0!
D 2

.2310214S t0
BCS~0!

t0~0!
D 2

. ~128!

III. SUMMARY OF THE 3DXY RESULTS

The above results are markedly different from those
sulting from the 3DXY model for full-critical fluctuations
The prediction of such a theory forcfl is a logarithmic
divergence,27

cfl
6} ln~e!, ~13!

while for Dxab andDsab it leads to2,17,21,34,35

Dxab /T}e22/3, ~14!

Dsab}e2~2/3!~z21!. ~15!

In the last expression,z is the so-called dynamic critical ex
ponent. Its value for a superconductor is controversial: So
authors argue that its value has to be the same as for
uncharged superfluids, i.e.,z. 3

2 , as predicted by the so
calledE-model dynamics and experimentally verified in th
superfluid-normall transition in4He liquid ~see, e.g., Refs
17 and 34!. However, there are also some arguments by H
perin, according to which the effects of the so-called plas
fluctuations could become strong enough for thez of a su-
perconductor take the value of theA-model dynamics,z
52.2,16,18 The reduced temperature dependence ofDsab in
the 3DXY model is, then:

Dsab}H e21/3

e22/3
for z5 3

2

for z52.
~16!

Note that either of those options lead toe-dependent predic-
tions of the 3DXY theory for the quotients given by Eq
~9!–~12! ~except thatDxab /TDsab will be e independent if
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FIG. 2. Comparison between the bilayered GGL theory and the experimental heat capacity, in-plane paraconductivity, and flu
induced diamagnetism in Y-123 crystals in the reduced temperature region bounded by 231022 and 831022 above Tc0 and by 3
31022 and 1.331021 belowTc0 . The approximate rms errors are~a! 1% in thee-region bounded by the arrows, as explained in the m
text; ~b! 3%; ~c! 3%; ~d! 1%; ~e! 3%; ~f! 2%; and~g! 7%.
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z52). Note also that the proportionality constants in E
~13!–~16! are free in the existing 3DXY theory, except b
sign. Moreover, this theory corresponds to the 3D limit, a
therefore, the multilayering effects are irrelevant in this a
proximation.

IV. ANALYSIS OF THE AVAILABLE DATA
IN YBa2Cu3O72d

A thorough confrontation of the scenarios summariz
above with the experimental results may be done by us
the available data in YBa2Cu3O72d ~Y-123! single crystals,
by far the most and best studied HTSC compound. T
HTSC has two superconducting CuO2 planes per periodicity
lengths51.17 nm. We are going to compare the experim
tal data first with the bilayered GGL scenario, then with t
single-layered GGL scenario, and finally with the full-critic
3DXY one, withz5 3

2 and 2.
For Dsab , Dxab , andCp , we use the data of Refs. 6, 1

and 22, respectively. We have checked, however, that sim
data of the same observables also obtained by other gr
in high-quality Y-123 crystals do not substantially chan
our results.7,13,16,23 This conclusion holds at least in thee
region bounded by 1022&e&1021: Closer to the transition
the uncertainties inTc0 and the presence of small inhomog
neities may deeply affect the data, even in the case of g
single crystals.5,6,36For e.1021, the intrinsic fluctuation ef-
fects may become even smaller than the uncertainties du
the background or again due to the presence of small
ichiometric or structural inhomogeneities.5,6,14So our present
analyses are going to be concentrated on thee-region
bounded by 1022&e&1021, where, as stated above, the da
of the three observables studied here, obtained in h
.
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FIG. 3. Comparison between the experimental heat capacity
the nonfluctuating contributions~i.e., background plusc0) arising in
the different critical fluctuation scenarios analyzed in this work a
summarized in Figs. 2, 4, 5, and 6.
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FIG. 4. Comparison between the single-layered GGL theory and the same raw experimental data used in Fig. 2@in ~d!–~g!, the data
curves are different from those in 2~d!–2~g! because of the different background subtractions toctotal , see the main text#. This fit leads to a
heat capacity jump.73104 J K21 m23. The approximate rms errors are~a! 2% in thee-region bounded by the arrows, as explained in t
main text;~b! 30%; ~c! 30%; ~d! 30%; ~e! 30%; ~f! 10%, and~g! .100%.
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quality Y-123 single crystals, have been reproduced by
ferent experimental groups at a quantitative level and, th
fore, they may be considered as intrinsic and definitively
severely affected by extrinsic inhomogeneity effects or
uncertainties in theTc0 and in the background~see, in par-
ticular, Refs. 5, 6, 8, and 36!.

A. Comparison with the bilayered GGL approach

Figure 2 shows a comparison between the bilayered G
expressions and the experimental data. In doing such
analysis, we have first compared theDsab andDxab /T data
with the corresponding theoretical expressions for multil
ered superconductors published in Ref. 21. The fitting reg
was in both cases the reduced temperature window ab
Tc0 given by 231022<e<1021, that corresponds to thee
region where the experimental uncertainties onDsab and
Dxab /T do not exceed 15%.6,8,14TheDsab fit ~in which we
have already neglected the so-called indirect terms6,21,33! in-
volves as free parametersg1 /g2 and jc(0), for which we
obtain 1&g1 /g2&50 andjc(0).0.12 nm ~see Fig. 1 and
Ref. 37!. By using these values in theDxab /T fit, we obtain
jab(0).1.1 nm. Then, we have fitted the heat capacity b
above and belowTc0 , now in a widere range in which it is
possible to keep the rms error of the fit below 1%. Th
criterion leads to ane region bounded approximately b
1.531022&e&1021 aboveTc0 and 331022&e&1021 be-
low Tc0 ~which includes the fitting region used forDsab and
Dxab). As the parameters entering in the fluctuation con
bution to the heat capacity are already fixed from theDsab
andDxab /T fits, the heat capacity fit includes as free para
eters onlycjump and the background contribution, which
supposed to have the general forma1bT1cT2. As may be
seen in Fig. 2, the agreement, for both the amplitude and
f-
e-
t

y

L
an

-
n
ve

h

t

-

-

he

e dependence, obtained with the multilayered GGL scena
is excellent in all the region indicated before. The disagr
ment in the very close vicinity ofTc0 may correspond, as
will be commented upon in Sec IV C, to the entering in
different fluctuation regime~GGL-to-3DXY crossover! or to
extrinsic effects associated withTc0 inhomogeneities.36 The
heat-capacity jump resulting from the above fits
cjump.4.03104 J K21 m23. The nonfluctuating contribution
to Cp ~i.e., the background plusc0

6) is represented in Fig
3~a!.

As an additional test of the above analysis, the same
rameter values may also be introduced in the multilayer
GGL expressions for the in-plane magnetoconductivity u
der weak magnetic fields,21 Ds̃̃ab . These analyses, similar t
those already done in Y-123 single crystals by Pomaret al.,8

confirm the adequacy of the scenario summarized above
to explain the fluctuation-induced magnetoconductivity
the samee region aboveTc0 . Finally, let us note as well tha
the Ne values resulting from the above values ofjc(0) and
g1 /g2 are bounded, for 1022<e<1021, by 1.2&Ne

1&1.6,
which provides a direct indication of the relevance of mu
layering effects on thermal fluctuations of Cooper pairs
Y-123 crystals.

Finally, note that when the results shown in Fig. 2~g! are
compared with Eq.~128! we obtaint0(0)/t0

BCS(0);1. This
value, obtained by Eq.~128! solely, may be very appreciabl
affected by the indeterminations associated with the ba
ground ofCp. A much more detailed analysis of the valu
of t0(0) obtained from thermal fluctuation measurements
different observables and in different HTSC’s will be pr
sented elsewhere. This analysis confirms that for the c
pound studied in the present articlet0(0)/t0

BCS(0);1, but
this time with 15% accuracy. Note, however, that to d
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FIG. 5. Comparison between the 3DXY theory with dynamic critical exponentz5
3
2 and the same raw experimental data used in Fig

@in ~d!–~g! the data curves are different from those in Figs. 2~d!–2~g! because of the different background subtractions toctotal ; see the main
text#. The approximate rms errors are~a! 1%, ~b! 5%, ~c! 40%, ~d! 5%, ~e! 40%, ~f! .100%, and~g! .100%.
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criminate throught0(0) different pairing mechanisms o
symmetries it will be necessary to know also the express
for t0(0) corresponding to such different theoretical fram
works.

B. Comparison with the single-layered GGL approach

For completeness, here we are going to compare the s
experimental data briefly with the single-layered GG
theory. We proceed again by comparing theDsab and
Dxab /T data, in thee region 231022<e<1021 aboveTc0 ,
with the corresponding theoretical expressions, publish
e.g., in Ref. 21~see also Refs. 25 and 38!. The obtained
values for the free parameters arejc(0).0.05 nm, and
jab(0).1.13 nm, but, as it may be seen in Figs. 4~b! and
4~c!, even with such best-fit values the disagreement betw
experiments and theory is rather evident. We note that su
disagreement may be strongly mitigated by adding toDsab
the so-called indirect fluctuation contributions~e.g., Maki-
Thompson terms!.21 However, the use of non-negligible in
direct terms is inconsistent with the in-plane fluctuatio
induced magnetoconductivity measurements, as shown,
in Refs. 8 and 21. Then, we fit the heat-capacity data in
samee window as for the bilayered GGL scenario, by im
posing N51 in Eq. ~7! ~or, equivalently,Ne51) and the
above values ofjab(0) andjc(0). As Fig. 4~a! shows, the
resulting heat-capacity fit, with the three background coe
cients andcjump as free parameters, is not as good as the
obtained withN52, but it is still satisfactory, with a rms
error of 2%, though with a wrong tendency at high tempe
tures. That tendency may be more clearly seen in Fig. 3~b!,
where we compare the experimental heat capacity with
non-fluctuating contributions resulting from the above
Also, as can be seen in Fig. 3~b!, in this scenario the fluc-
tuation effects onCp are rather asymmetrical with respect
s
-

me

d,

en
a

-
.g.,
e

-
e

-

e
.

Tc0 , in contrast with the situation in the bilayered-GGL an
3DXY approaches@see Figs. 3~a! and 3~c!#. The origin of
such a difference is the too small value in this approach
jc(0)/s, that would imply quasi-2D fluctuations in this com
pound in all the studied reduced temperature range. Ano
origin of such a difference is the value obtained forcjump
~.73104 J K21 m23, around twice that obtained from th
bilayered-GGL and 3DXY analyses!, implying deviations
between experimental data and background rather diffe
at each side of the transition. The disagreement between
experimental data and theN51 theory is also well demon
strated by the quotients shown in Figs. 4~d!–4~g!. These re-
sults show that the single-layered GGL theory is unable
explain the available experimental data of the Cooper p
fluctuation effects in the Y-123 compound in zero or we
magnetic fields.

C. Comparison with the 3DXY approach with z5 3
2

Let us analyze now the same experimental data in te
of the 3DXY theory using the valuez5 3

2 ~the same that is
observed in the full-critical region around the norma
superfluidl transition in liquid 4He). We follow the same
procedure as the one used in the precedent subsection
the GGL scenario: We first fit the 3DXY predictions fo
Dxab /T andDsab @Eqs. ~14! and ~15!# to the experimental
data, again in thee region 231022<e<1021. Then we fit
the heat capacity, using the logarithmic divergence predic
by the 3DXY theory@Eq. ~13!#, in a widere range in which
it is possible to keep the rms error of the fit below 1%. No
here that the fits ofDsab , Dxab /T, and of the heat capacity
are now independent, due to the unrelated proportiona
constants in the theoretical predictions. However, we m
see quite clearly in Fig. 5 that only the heat capacity~with
cjump, the cfl proportionality constant, and the backgroun
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FIG. 6. Comparison between the 3DXY theory with dynamic critical exponentz52 and the same raw experimental data used in Fig
@in ~b!–~e! the data curves are different from those in Figs. 2~d!–2~g! because of the different background subtractions toctotal ; see the main
text#. In this figure we do not plot the fits of the heat capacity and fluctuation-induced diamagnetism because they are the same as~a!
and 5~b!. The approximate rms errors of the fits here are~a! 5%, ~b! 5%, ~c! 5%, ~d! 1%, and~e! 7%.
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coefficients as free parameters! may be adequately fitted. A
shown in Figs. 5~d!–5~f!, the disagreement is still more im
portant for the quotients among the three different obse
ables. This has to be compared with Figs. 2~d!–2~f!, where
the same quotients agree with the GGL theory, and in
case without any free parameter@jab(0) was extracted from
the Dxab /T fit#. The heat-capacity jump that would resu
from this scenario iscjump.3.53104 J K21 m23. The corre-
sponding nonfluctuating contribution toCp is represented in
Fig. 3~c!. As visible in that figure, and because of the sm
divergence of the 3DXY prediction forcfl , in this scenario
the fluctuation effects are appreciable in the heat capa
even forueu well above 1021, in contrast with the absence o
appreciable fluctuation effects onxab and sab observed in
this samee-region.

Let us also briefly comment in this subsection on the te
perature region closer toTc0 than e.231022 aboveTc0 ,
and closer toTc0 than e.331022 below Tc0 . In that re-
gion, as shown above, the GGL predictions disagree with
experimental data, while the 3DXY logarithmic law forcfl
produces good-quality fittings. Also, the measurements
the in-plane paraconductivity in untwinned Y-123 sing
crystals, with very sharp transitions, suggest a crossove
the critical exponent, ate&231022, from the 3D GGL
value (x52 1

2 ) to precisely the valuex52 1
3 given by the

3DXY theory with z53/2.6,7,16 At around the same reduce
temperatures, a crossover fromx52 1

2 to 2 2
3 has been also

observed in the case of the in-plane fluctuation-induced
magnetism measured in the same Y-123 crystals.6,14 How-
ever, as stressed above, so close toTc0 it is difficult to dis-
criminate definitively if such features are really associa
with the penetration into the true full-critical region or if the
are due to extrinsic effects associated with small sample
homogeneities, which may be present even in appare
-

is
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ity

-

e

f

of

a-

d
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tly

very good single crystals.5,36 Indeed, any analysis of the the
mal fluctuation effects fore,1022 is not reliable when the
samples are not excellent single crystals.36,39

D. Comparison with the 3DXY approach with z52

Let us now analyze the same experimental data, alw
for 231022&e&1021, using the 3DXY theory with the
value z52 for the dynamic critical exponent. We perform
just the same fits as in Sec. IV C with the only change t
now for Dsab we use the exponent2 2

3 instead of21
3. The

results are represented in Fig. 6~in that figure we do not plot
the cfl andDxab fits provided those are the same as in F
5!. As seen in that figure, the agreement obtained in the n
fits is not so good as those obtained with the bilayered G
approach, despite the fact that in this 3DXY scenario
amplitudes are free~in contrast with the GGL approaches!,
but it is still rather reasonable and it is compatible with t
experimental uncertainties. So this theoretical scenario c
not be ruled out on the basis of the present analysis,
more work is needed to elucidate, in thee region bounded by
1022&e&1021, between it and the bilayered-GGL one.
way to discriminate between both possibilities may be
analyze the fluctuation-induced in-plane magnetoconduc
ity, Ds̃̃ab , with a weak magnetic field applied perpendicul
to the superconducting planes, measured in high-qua
single crystals of Y-123 by various groups.8,9,16 The recent
analysis by Kimet al. of experimental data16 for Dsab and
Ds̃̃ab , that was made considering only the possibility of
3DXY behavior over the entire studied temperature ran
(e&1021), suggests thatz52 is probably not compatible, a
least in the presence of a nonweak applied magnetic fi
with the experimentalDs̃̃ab . However, these analyses, bas
on scaling predictions, are in our opinion not very discrim
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nating, and further work is needed to confirm such a conc
sion. We are currently focusing our future work in that d
rection.

V. CONCLUSIONS

In conclusion, we have obtained explicit expressions
the GGL fluctuation specific heat in a bilayered superc
ductor, in zero applied magnetic field, both above and be
Tc0 . Also, parameter-reducing relationships have been
tained among such a fluctuation specific heat and the
plane paraconductivity and the fluctuation-induced diam
netism under weak magnetic fields, valid for any number
superconducting layers per layer periodicity length. By us
these theoretical results, it has been shown that if multil
ering effects are taken into account the GGL approach is
to explain, simultaneously and at a quantitative level,
available experimental data on the thermal fluctuation effe
on Cp , sab , andxab in Y-123 crystals in the reduced tem
perature region bounded by 231022<e<1021. These re-
sults are in agreement with recent estimates15 of the
Levanyuk-Ginzburg criterion in bilayered HTSC’s, that pr
dicts a mean-field-like to full-critical crossover ate.1022.
Note that such an upper limit for the full-critical regio
would hold for weak magnetic fields. In the presence o
nonweak magnetic field, the full-critical region would be e
pected to be still smaller in reduced temperature, or eve
ally it may even disappear.3,4

As a further attempt to discriminate between the GGL a
3DXY scenarios, the same data were also analyzed in te
of the full-critical 3DXY approach, by considering the tw
possibilities for the value of the dynamic critical exponenz
proposed in the literature (z5 3

2 and 2!. These analyses allow
us to show, to our knowledge for the first time unambig
ously, that the experimental data, always in the 231022

<e<1021 reduced temperature region and forH→0, cannot
be explained in terms of the 3DXY approach withz5 3

2 ~as
for the full-critical fluctuations in thel transition of 4He).
However, if z52 is taken instead, the agreement with t
experiments is compatible with the error bands of the c
sidered experiments, but certainly not as good as with
bilayered-GGL approach, even though in the 3DXY a
proaches the amplitudes are free~in contrast with the GGL
approaches!. These ambiguities could be resolved by furth
measurements of the in-plane fluctuation magnetocondu
ity in high-quality Y-123 samples in the low-magnetic-fie
regime.

Let us also stress here that our present analysis does
exclude the adequacy of the 3DXY approach, withz5 3

2 ,
closer to the superconducting transition, fore&1022, as first
suggested experimentally in Ref. 5 and then observed
more quantitative level in the experiments described in R
’s
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6, 7, and 14. However, as also already stressed in these
pers, in thise region, so close to the transition, the expe
mental data may be appreciably affected by small inhom
geneities~see also Ref. 36!, and they are at present less we
established than fore*1022 ~mainly in the case of the ex
cess diamagnetism!. Therefore, thise region has been ex
cluded from our present analysis. Various other related
portant aspects of the effects of the thermal fluctuations
Cooper pairs aroundTc0 in multilayered HTSC’s in genera
and in Y-123 crystals in particular remain still open. This
the case of the critical behavior of other observables
analyzed here~e.g., the penetration depth,10 the microwave
conductivity,11 or the thermal expansion12!, which have been
not confirmed by independent groups~or even that have bee
measured by different groups obtaining different results, a
is the case of the penetration depth39!. Further measurement
in high-quality single crystals of these observables and a
of different observables fore<1022 will be very useful.
Also, the presence or not of the so-called dynamic and hi
temperature effects,20,40 clearly absent fore<1021, need to
be checked at higher reduced temperatures. Finally, le
note here that our present results strongly confirm the ir
evance of the so-called indirect fluctuation effects~Maki-
Thompson and density of states! in the in-plane paraconduc
tivity and in the in-plane fluctuation-induced magnet
conductivity. However, various groups are claiming th
these indirect contributions are crucial for an understand
of the transversal~in the c direction! transport properties
aroundTc0 of the Y-123 crystals.41 Thus detailed measure
ments aroundTc0 in good single crystals of these transvers
properties, as well as reliable comparisons with the theo
ical approaches, will also be very useful at present. Let
finally note that the self-consistency of the GGL theory
the different temperature ranges aboveTc in extreme type-II
superconductors with very small superconducting correla
length amplitudes is still a general open problem which w
deserve further theoretical and experimental work. In
case of the Y-123 crystals, our present results suggest su
self-consistency for 1022&e&1021.
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