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Weak localization of disordered quasiparticles in the mixed superconducting state
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Starting from a random-matrix model, we construct the low-energy effective-field theory for the noninter-
acting gas of quasiparticles of a disordered superconductor in the mixed state. The theory is a nenlinear
model, with the order-parameter field being a supermatrix whose form is determined solely on symmetry
grounds. The weak-localization correction to the field-axis thermal conductivity is computed for a dilute array
of swave vortices near the lower critical fiel,,. We propose that weak-localization effects, cut off at low
temperatures by the Zeeman splitting, are responsible for the field dependence of the thermal conductivity seen
in recent highT; experiments by Aubiret al. [S0163-1829)08205-3

I. INTRODUCTION another are disordered quasiparticles that exchange charge
(but no energy with a superconducting condensat8uch
The long-wavelength physics of phases of matter withsystems exhibit novel spectral statistics and transport prop-
spontaneously broken symmetries is commonly described bgrties. Seven symmetry-enhanced universality classes have
an effective-field theory for the relevant order parameter. Fobeen identified, and the corresponding order parameéders
the problem of localization and transport in disordered mewere constructed from their random-matrix limit in Ref. 7.
tallic systems at low temperature, the appropriate “order paThe main message is th&lives on a symmetric space—in
rameter” is known to be a supermatrior a matrix of di-  precise technical language, on a Riemannian symmetric
mension zero if the replica trick is usgdconventionally  superspace—in all cases. The nonlineamodels defined
denoted byQ. Three universality classes, differing by their over such spaces are kndto beattractive under the flow
behavior under time reversal and spin rotations, are widelpf the renormalization groupTherefore the order parameter
known? They are labeled by an indeg=1,2,4, and are of a given disordered single-particle system, and in most
traditionally referred to as the classes with orthogonal, unicases its low-energy effective-field theory as well, can be

tary, and symplectic symmetry. We denote themAily A, inferred quite simply by investigating the ergodar random
and All for short? In each case, the field theory f@ be-  matrix) limit.
longs to the general family of nonlinear models. The field The present report focuses on cl&swvhich emerges for

Q contains the Goldstone modes of a hidden symrfiemp-  noninteracting low-energy quasiparticles in a magnetic field
necting retarded and advanced single-electron Green’s funeand in contact with a spin-singlet superconductor. The defin-
tions, which is broken by a nonzero density of states. At treéng conditior? is that the quasiparticle Hamiltonian be invari-
level one recovers the classical diffusion approximationant under SU(2) rotations of the electron spin, whereas time-
which neglects quantum interference corrections due to elegeversal invariance has to be broken. Since a superconductor
tron paths with loops. Anharmonic terms in the field theoryscreens magnetic fields, this universality class can only be
represent “interactions” between the diffusion modes, giv-realized in aninhomogeneousuperconducting state — un-
ing rise to so-called weak-localization corrections to diffu- less time-reversal invariance is broken spontaneously. In the
sion. For the classeél and A in dimensiond<2, these very recent literature the following realizations have
interactions become strong at large distance scales and thappeared:(i) a metallic quantum dot in the form of a chaotic
cause localization of all states, regardless of the strength dfilliard, subject to a magnetic flux and bordering on a
the disorder. superconductot®!! (ii) quasiparticles in the core of an iso-

In recent years it was found that tiie=1,2,4 classifica- lated vortex in a disorderedwave superconductd?: and
tion is not exhaustive: for systems with symmetries of the(iii) a (quantum disordered version of &,2_,2 supercon-
particle-hole p-h) type, the invariance group of the order- ductor with orbital coupling to a magnetic field The hall-
parameter fieldQ becomesenlargedin the vicinity of the  mark of classC is that, in contrast with the metallic clags
p-h—symmetric point. One instance of such symmetry enthe weak localization correction doestvanish'#in spite of
hancement are Dirac fermions in a random gauge fi€ld, the presence of a magnetic field. The persistence of weak

0163-1829/99/5@®)/43828)/$15.00 PRB 59 4382 ©1999 The American Physical Society



PRB 59 WEAK LOCALIZATION OF DISORDERBD . . . 4383

localization in a field is caused by nonstandard modes ofrained or random-matrix type of approach, placing the em-
quantum interference that appear when impurity and Anphasis orsymmetry considerations

dreev scattering are simultaneously present. In a semiclassi-

cal picture, the effect can be understood as being doie Il. EFFECTIVE-FIELD THEORY
quasiparticlegpaths in which a loop is circled twicevith the FROM AN N-ORBITAL MODEL

charge states during the first and second looping being ex-

actly opposite to each other. We begin our treatment by partitioning the supercon-

To identify the order-parameter fie@and its low-energy ductor into cells o_f equal size, with each cell containi_ng one
. : vortex segment with a length of the order of the elastic mean
effective the_ory for clas<C, one may proceed in several_ free path/. Within each cell we introducéin the spirit of
ways. The direct method, due to Ref. 15 and worked out if,o yea-space renormalization groupbasis ofN quasipar-
detail for isolated vortices of ag-wave superconductor in icje wave functions that comprise the relevant low-energy
Ref. 12, is to start from the BCS mean-field Hamiltonian for configurations. The matrix of the Hamiltonian in such a basis
the quasiparticles, set up a supersymmetric generating fungssumes a sparse block structure, with one block on the di-
tional for the Gorkov Green’s function, introduce a compos-agonal for each cell, and with off-diagonal blocks that couple
ite field Q to decouple the 4-vertices produced by averagintheighboring cells. Ifi labels the cells an@=1,... N the
over the disorder, integrate out the quasiparticle fields, solverbitals inside a cell, the “coarse-grained” Hamiltonian is of
two saddle-point equations f@ in sequencdthe second of the form
which turns out to coincide with the Usadel equatfynand
finally expand in gradients of) to obtain the low-energy _ et A T
effective theory. The field theory so obtained is a nonlinear H <.EJ> ;ﬂ (Mia jo(Cia oy *Cia Cioy)
model, withQ taking values in a Riemannian symmetric su-
perspace of typeIll|Cl, in agreement with the random-
matrix analysis of Ref. 7. Its coupling constant has the uniwhere the sum over,j is restricted toi=j and pairs of
versal meaning of a conductivity for the conservedneighboring cells. The spin-singlet naturg¢|¢] 1) of the
probability (or energy current transported by the quasiparti- coupling to the pairing field is dictated by conservation of
cles. Because quasiparticles also carry spin, the couplingpin. Fermi statistics then requires the complex makrito
constant may be reinterpretas a spin conductivity in the be Symmetric:Aiz jp=Ajp ia 191f we temporarily suppress
present context(The latter interpretation fails for systems the cell and orbital indiced{ can be written in the schematic
with spin-orbit scattering or magnetic impurities, where spinform H=Tr(HEc)+const, where
is not conservedl.

T AT T AT
+ Aia,jb(ciaTCjbl - Cialcij)/2+ H.c),

Given the proper identification of the order-parameter _ C}f h" AT
field Q, a few qualitative conclusions aimediate Accord- c= , c=(c; CI), H=l A —n|-
ing to the renormalization theory of nonlineamodels® the !

sign of the one-loop renormalization-group beta function inThe symmetries of the Hamiltonian matr¥ are summa-
two space dimensions is completely determined by the Sigﬂzed by the equatioft= —C "C ~*, with C being the sym-
of the (Ricci) curvature tensor relative to the metric tensor. f

. ) . . lectic unitC=io,®1. Note that when the Zeeman energy
Since the curvature of thg Rllgmannlan symmetric superspa%Z:MBEia(CT CiaT_C‘T Cia))/2 is taken into account, the
OT type DII|CI is positive; the weakly_ com_JpIed two- SU(2) spin rgtTation inl\ahlariance dfl is broken down to a
dimensional theory renormalizes by logarithmic correcuonsu(l) symmetr

towards strong couplingi.e., strong disordey which ulti- y Y

L R Disorder in the microscopic Hamiltonian gives rise to ran-
mately leads to localization of all quasiparticle statesT at ; : :
o . ) R , . domness inH. Because the universal properties at long
=0. This localized phase was called a “spin insulator” in

; SR ; wavelengths are insensitive to the microscopic details, we
Ref. 13. In dimensiom =1 the same corrections are present, . : : .
. . have considerable freedom in choosing the random Hamil-
but with a linear dependence on the cutoff lengthdia 3

the theory supports a delocalization transition to a phase qt]pnian H. The simplest choice is aN-orbital model with
extended states, the “spin metat®>The addition of random ocally gauge-invariant disorder of the type invented by

classical Heisenberg impurity spifet subcritical concentra- Wegnef® for the purpose of descr_|t_)|ng thf universal physics
: o N of the Anderson localization transition fg=1,2,4. The cru-
tion, so as to maintain superconductiyityauses crossover cial new feature in the present case is the relatigm
from classC to classD,? with the nonlinear model chang- b

_ iy Tp-1 inhic i ; ; .
ing to typeCI|DIII.” In the process, the sign of the symmet- CH 'C™+, which is invariant under symplectic transforma

H —1 QT —
ric space curvature gets reversed, whence weak Iocalizatic;[hOns H—~SHS *,SCS=C. We therefore adopt a model

turns into weakantilocalization making it possible for ex- W.'th local Sp(N) gauge Invariance. the elements of the ma-
tended states to exigfready in two dimensions trix H are taken to be Gaussian-distributed uncorrelated ran-

Our goal here is to extend the treatment of Ref. 12 anodom variables with zero mea(tit) =0, and second moments

illustrate some of the above general facts at the thermaﬁpec'f'ed by

transport of the clas€- quasiparticles of a disorderesd or Wi

d-wave superconductor in the mixed stftéVe assume the  (TrAH;; TrBH,y)= 2—,'\’,(54,:‘ TrAB- 68 TrACBTC ™),
presence ofnondescriptnonmagnetic impurities, which dis-

order the vortex array and cause elastic scattering of the quathere 5ﬁ'= iy » andw;; is a rapidly decreasing function
siparticles. To tackle this problem we will use a coarse-of the distance between the cedllandj. Aside from respect-
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ing the symmetries and locality of the Hamiltonian, this where &3),c s/¢'=844/(03)ccr @ndw is a diagonal matrix
choice has the virtue of maximizing the information entropy.containing the energies at which the quasiparticle Green'’s
The main benefit from using such a maximum entropy modefunctions are to be evaluated. Variation 8fyields the
is that the introduction of the supermatf@ usually a tricky  saddle-point equationijfliij =(w23—Q;) % whose
step that requires some expertise, becomes straightforward physical solution(dictated by causality of the Green'’s func-
we now proceed to show. tion) at =0 and homogeneous in spaceQ8=iv3; with

We replace the operators,c by classical fields vfzzﬁjwflilj . Low-energy fluctuations result from setting
R Eiaacjbﬁ_)za-’l}iaa,o-‘//o-,jbﬁ and integrate bilinears in Q;=T;Q°T; * and takingT; G to vary slowly with the po-

~ . . T sition of the celli. By expanding in gradients, the low-energy
¥4 against exp Tr(H—E) ¢/ in the usual way to generate effective action for such configurations at=0 is easily

the Gorkov Green'’s function at ener@y The introduction o b i gel
of a bosonic partner =B) for each fermionic field & seen {0 be a nonlinear model,
= F) serves to cancel vacuum graphs by the mechanism of

supejsymmetry. There is one complication, however: the ma- Sp=— %J d3x STHD, (V, Q)2+ DH(VHQ)Z)v )
trix ¢y does not share the symplectic symmetry of the

ijaam:lfr?tfr?{ r-:-t?rr:gg‘?dgetuhé?) Tgpaéghc’l’vi int;%dfhcai ?k?eex'vvhere we have switched to continuous coordinakes
q P 9 S ; =(x,y) andx =z. The parametep is the density of states

quasiparticle fields expand 10 teNnsakfy,oc aNd Yociaa-"  of the superconductor, anB,D, are the field-axis and
On imposing the conditionsy=Cy’y ! and y= transverseeffectivediffusion constants of the quasiparticle
—y"C 1, wherey is a real orthogonal matrix that will be gas. We are using units=1. At finite o, the field-theory
specified shortly, we have the symmetryy=  actionis perturbed by a term
—C(Yy)"C ! as desired. .

Since the order paramet€ris a local field, its nature can S :”T_Vf d*x STre2;Q, S=S,+S,. (3
be uncovered by looking at the Hamiltonian truncated to a ¢ 2 ' ¢

single cell. With this truncation temporarily in force, we in- . 1 e .
troduceQ as follows: We have rescaled the field @=T2;T *. Since this ex-

pression forQ is invariant underT—Tk for k=33k34
5 e GL(n|n)=K, the supermatri>xQ lives on a coset space
f dH exp(— N TrH 22wy +i Tr Hip) G/K. If we parametrizeQ by

~ 0 X
= | dQexp—N STrQ?/2wy+i STr :
f Qexpl Q22w Q) o=ex| 5 0%,
The equality is verified by using the cyclic invariance of the

(supeitrace:  Tr{iy)%=STr(y))>. The  Hubbard- positivity of Sy or equivalently, stability of the functional
Stratonovitch fieldQ is a 4X4 supermatrix which, by its integral, requiresXBB=+X;;B and XFFz_XEF- In invari-

coupling toy4, inherits the symmetry ant  mathematical language, this meansQgg
e SO*(2n)/ U(n) (Ref. 21) andQg € Sp(2n)/U(n), which
Q=—yQ"y L (1)  are symmetric spaces of tyjd!l and Cl — hence the name

_ DIl |CI for the present nonlineas model. The same effec-
The constraints relating and ¢ to one another are compat- tive theory (restricted to theFF sector due to the use of
ible only if y? equals the superparity matrix-(1 on bosons, fermionic replicay was obtained in Ref. 13, based on a qua-
—1 on fermion$. To meet this condition we put siparticle Hamiltonian for a dirtg,2 2 superconductor with
orbital coupling to a magnetic field. This is no surprise, as
og O that system belongs to symmetry claGsand the order-
). parameter field Q and its low-energy effective theory are
determined solely by symmetfyncidentally, the classifica-
tion scheme of Ref. 3 assigns the quasiparticles otithe,
superconductor in zero field to claG$. According to Ref. 7,
the corresponding symmetric superspaceDiC, also in
agreement with the findings of Ref. 13.

In order to break parity and account for the Hall angle,
one would need to add to the Lagrangian a topological den
sity proportional toeX' STrQ4,Q4,Q, which is closely re-
lated to Pruisken’s) tern?? well known from the theory of
the integer quantum Hall effect. In two dimensions this term
integrates to a winding number and is nontrivial, since the
fundamental group of W) is I1,(U(n))=2Z and there exists
S/NzZ Wflij STrQin/2+Z STrNQ,— w®3s), the topological identity.H1(U(n))=H2( Sp(2n)/U(n)).

0 i However, such a topological term does not affect the results

’}/:EBB®O'1+ E|:|:®i0'2:( .
O |U'2

Relation (1) is the defining equation of an orthosymplectic
Lie algebra and is invariant unde®—TQT ! with
YT HTy 1=Tec0Sp(42). In the general case, where
Green'’s functions an different energies are to be averaged,
Q acquires matrix dimensiondx4n, and the symmetry
group gets enlarged to OSp{2n)=G.

Returning now to the full lattice problem, introducig
for every celli, and integrating over the quasiparticle fields

.4 we arrive at the following action functional:
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for the longitudinal spin and thermal conductivities presented
below and will therefore be omitted.

The maximum entropy derivation presented here does not
supply microscopic expressions for the coupling3; and
vD, . (We can express them in terms of the random-matrix
parametersy;; , but this is neither illuminating nor useful.
These parameters can either be calculated ffguasjclas-
sical transport theofy or, better yet, taken from experiment.

In the latter case we extract thibarg coupling constants FIG. 1. One-loop diagram contributing to the correlator

from experiments conducted at temperatures high enough @, (x,x’)). The electric charge of the quasiparticle during the sec-
that the transport is classical, and these the field theory (2) ond looping ¢ «) is opposite to the charge during the first looping

and (3) to predict the quantum corrections that emerge afa).

lower temperatures.

which is the result expected from quasiclassical transport
IIl. WEAK LOCALIZATION IN CLASS C theory. The weak-localization correction{q, (x,x")) arises
from one-loop graphs of the kind shown in Fig. 1; see Ref.
The field theory(2) does not apply to charge transport, as12. The basic element of this graph is a 4-vertex representing
the condensate carries charge and quasiparticle charge is Re fourth-order term in the Taylor expansion ®fvith re-

a constant .Of motion. The energy, however, and fqr class spect toz,Z. A double line oriented by an arrow stands for
also the spin of a quasiparticle, are conserved, which allows

one to probe for quasiparticle transport and localization byhe bare propagatofZZ),. All one-loop graphs are com-
measuring thehermaland spin transport. To obtain the rel- Posed of three propagators and one 4-vertex. Although these

evant transport coefficients we start from the bilocal conducgraphs appear as a calculational device for organizing the
tivity tensor field-theoretic perturbation expansion, they do have a direct

physical meaning, as follows. Each of the two single lines in
, (0=R , () A , Fig. 1 stands for a Feynman path contributing to the Gorkov
i (X,x 3E):2 Vla G oo (XX T B)V 4 Gy (X, E), Green’s function GR(x,x’;+E). Double lines represent
as sums of impurity ladders with an arbitrary number of An-
which describes the nonlocal linear response of the spin cugireev scattering events inserted. It is seen from Fig. 1 that
rent to a perturbation due to the Zeeman coupling with arone of the two Green’s function lines proceeds directly from
applied field. The quantitie6® andG* are the retarded and the pointx’ to the pointx, whereas the other one makes an
advanced Gorkov Green's functions ang,=[i(os) (7 excursion in the form of a do_uble loop. The propagator as-
- )—2eA]/2m is thel component of the velocity operator somat_ed with th_e dOUbIE.} loop is called thetype cooper(_)ﬁ. .
Wel use the relatiofit= — CHTC ~* to expresG* at energy ' Wh_at is essential here is th_at the charge of.the quasiparticle
E by GR at — E.12 Disord i dth i during the second looping is exactly opposite to the charge
4 at energy— k. Isorder averaging and the map during the first looping. This feature makes Deype coop-
ping on the nonlmz_eau- mOd‘?' withn=2 then turn the tensor eron stable with respect to disorder averaging irrespective of
7, into a correlation function of the conserved OSp(}

X the orbital coupling to a magnetic field by canceling the
— B11,B22 .
Noether current/=(QVQ) of the field theory: Aharonov-Bohm phas¢A - dl accumulated in the loop. Fig-

, 5 - ure 1 also indicates the fd@tthat the present variant of the
(m(x,x"))=(mvD) (T (X) R (X)) (4 weak-localization phenomenon already affects a single

o . Green'’s function and thus the density of states.
The second superscript in the expression for the Noether cur- Bv evaluating the one-loon araphs in a similar manner as
rent refers to the pseudocharge, while the third distinguishes y g P grap

between the two Green'’s functions. The s:ymmetry-breaking']n Ref. 12, we obtain

perturbation due to the quasiparticle enekgig incorporated D, d3k
into the formalism by settingn=diagE*,—E~), where doy=—— Re (ZT)s(DkaJr D, k*+2iE)"% (5
E*=E=iO0.

Next, let oy =(27) 1f(7(x,x))d>’ be the local The full spin conductivity iso;= ol + 8o+ - - -. Note that

“spin” conductivity for quasiparticles with fixed spin up or the correction is formally simildf to that for classAl, ex-
down. To compute this quantity from the correlatdy, we  cept that it explicitly depends on energy. In factdisap-

adopt a rational parametrization fQx, pears with increasing excitation energgr temperature, in
agreement with the fattthat moving up in energy causes
1 Z\/1 o\(1 z\7! crossover from class to classA, where weak localization is
Q=|7 1/lo -1/|7 1 . absent. In dimensiod=2 the integral over wave numbers is
cut off in the infrared by the inverse of the dephasing length

. . o . L, due to inelastic(or quasielasti®) scattering, while for
Inserting this parametrization into the field-theory acti@h  gimensiond=2 it is UV regularized by the inverse elastic
and doing the functional integral in Gaussian approximationnean free path.

(tree leve), we obtainoy =} with Next recall that the quasiparticle spin is assumed to be
0 conserved, which allows one to consider the sectors with
o =vDy, spin up 6=+1/2) and spin down = —1/2) separately.
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Turning on the Zeeman coupling is equivalent to shifting the The low-temperature behavior of the thermal conductivity
excitation energye—E—suB. As a result, the energy de- depends on hoW , varies withT. If we assume a power law
pendence of the weak-localization correction translates into & ,~ TP with exponentp< 1,2° then o becomes constant in
field dependenceNote that this effect differs from weak lo- the energy range whemf(E)/dT is essentially different
calization in disordered metadwhere the orbital coupling from zero, and we get the Wiedemann-Franz [@vwith
to a magnetic field causes claskto cross over to clasA. In
that case, the field scale is set By=(eDr,) * with 7, o)(uB)=of —(mlg) *ReyD /(T ,+iuB).
being the dephasing time. In the present case the releva
field scale isB,=(u7,) *.

To compute the thermal conductivity at temperaturd,
we use the relation

i the high-field regimeuB=T", the weak-localization cor-
rection to the thermal conductivity is cut off by the Zeeman
splitting, giving a characteristic dependencés« /T~
—1/y/B. On the other hand, ip>1 then the relevant low-

w 1 regime isT>1I",,, and the weak-localization effect is cut off
K= f ou(E-suB) —(E)E dE by T for low fields. In that case, one finds
=712 Jo
1 _— o 2 3
where f+(E)=(1+€e%T)~! is the Fermi-Dirac distribution, K/ T= %00_2 g( V2-1)¢(312) L /7,

and our unit of temperature is such ttat= 1. If the energy

0 .
depe_ndence 0" can be, neglecFed in the range~@=T, i.e., the quantum correction is determined by the thermal
and if T=sMax(uB,I',), i.e., do is cut off by the Zeeman length L= D, IT.

H _ -1
energy or the dephasing ratg,=7, ", rather than by the  The apove considerations apply to a vortex array in the
temperature, we may pull out, (E) from under the integral  gjjyte limit nearH.,. As the field is increased, the quasipar-

sign, thus obtaining an analog of the Wiedemann-Franz law;q|e hopping rate between vortices in amwave supercon-
5 ductor grows strongly. When the field is tuned closédtg,

KB _ W_U”(MB)_ (6)  Where the system of vortex cores becomes dense, the diffu-
T 3 sion constanD, gets large and the anisotropic field theory
Here we have combined the spin-up and spin-down contrigz) three dimensional. Since the quasiparticle states of the
butions by assuming the quasiclassical teanto be unaf- Weakly.dlsprdered three-d|men3|onal system are gxtendgd, a
fected by the Zeeman splitting Qelocallzatlon transmon m_ust'take place with increasing

: field. Note that this transition is not in a new universality

class, as the breaking of spin-rotation invariance by the Zee-
IV. ISOLATED VORTICES man coupling reduces clagsto classA.'® Nevertheless, the
occurrence of such a delocalization transition may be of ex-
perimental interest, for it can be observby varying the
magnetic fieldinstead of the disorder strength or the chemi-
gal potential.

We now specialize to an extreme typesHwvave super-
conductor in a weak magnetic fie{dut well into the mixed
state so that the field is approximately homogengoubkere
guasiparticles are bound to a dilute array of vortex cores an
the amplitude to hop from one vortex to another is negligibly
small. In this case the problem reduces to a set of decoupled V. WEAK LOCALIZATION IN THE CUPRATES
one-dimensional theories, one for each vortex, and we for-
mally setD, =0. The parameters of the one-dimensional
nonlinear o model were calculated by solving the Usadel
equation for a single vortex in Ref. 12, where we foudg
=C,ue/13Cy, andvf d?x, =2v\w&?C, if the integral ex-
tends over the area occupied by one vortex. The pararfieter

is the dirty coherence lengthy, is the density of states of the ;. cooperon of type\, and the cooperon of typB. The

normal metal, andC,=3.16 andC,=1.20 are numerical o mer is the natural analog of the cooperon mode well
constants dependent on the vortex profile. Using the fact th%own from the theory of disordered met&fsWhen time-
the total number of vortices equals the transverse area of the, orgq symmetry is broken by a magnetic field penetrating
sample divided by half the square of the magnetic lengthy,o o nerconductor, tha-type cooperon becomes massive
lg=\27/eB, we obtaino{=47C,vy(&/lg)%v/13 for the  4ng disappears over a scale givenBy=(eDr,) L. This
quas'icla'ssical Iimi'g of. thg spin conductivity. The weak- orossover takes clagdl into classC, while Ie;ving weak
localization correction is given by localization due to thé-type cooperon intact. As we have
2D dk seen, the latter mode ?s cut off only by the Zeeman energy,
Soy=— _ZII Ref _[DszJrF(PJFZi(E_SMB)]—l, which becgmes gffectlve over the characterlfstlc field scale
mlg 2 B,=(ut,) ' Usingu=2ug=e/mandD~kg//m we see
that the two scales are separated by a large fa@gfBg
e ke, i.e., the elimination of theA-type cooperon by the
Y orbital coupling to the magnetic field takes place at much
lengthL ,= VD /T, is shorter than the vortex length. In  smaller fields than does the removal of Deype cooperon
the opposite, mesoscopic regimeg €L ,) the weak local- by the Zeeman energy. This justifies our explicitly retaining
ization effect was worked out in Ref. 12. the Zeeman coupling, while burying the orbital coupling via

We now adapt our results to the very interesting case of
quasi two-dimensionatl-wave superconductors such as the
cuprates. As was stated before, the low-energy quasiparticles
of a dirty d-wave superconductor in zero magnetic field be-
long to symmetry clas€l. Weak-localization effects in that
class arise from two distinct modes of quantum interference:

where inelastic events were incorporated by shifting the d
nominator byl' . This result applies when the dephasin
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the introduction of a maximum entropy model. In the follow-
ing, we take the magnetic field to be applied alongdlais,
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answer is provided by the value of the spin magnetic mo-
ment of the electrofwith a g factor of 2, which is 1.35 K/T

and assume the system to be well into the mixed state so that suitable units. As a result, if the field strength is of the

the field is approximately homogeneous.

order of 1 T, the weak-localization-induced field dependence

The cuprates are highly anisotropic materials, consistingets in at temperatures below one 1(ihless for some un-

of weakly coupled Cu @ planes, for whichD|=D <Dy,
=D, . At weak interlayer coupling, the continuum approxi-
mation leading to Eq(2) is not justified in thec direction,
and we need to restore the discrete layer structure. This
done by making the replacemeﬁlukﬁ—itc(l—coslq|a),
wherea is the distance between layers agnds the interlayer
hopping rate. Then, by performing the integral in EB)
over the domairi_;1<|ki|</’*l and— w/a<k<wl/a, we
obtain

=—(2m%a) 'RelF¢(I)/F4(T )],

50—L

(@)

Fo(e)=e+4t.+2i(E—suB)+ Ve +2i(E—suB),

whereI'=D, //? and FSD:Di/Li are the elastic and in-
elastic scattering rates.

To evaluate the consequences of this general formula, on{sﬁ/
needs to distinguish cases. For brevity, we concentrate on tk{ﬁ/
limit defined by the condition that elastic scattering sets thed

largest energy scald’>max(4t.,2E,uB). Consider first
the case #.<max(2E,uB), which physically means that
the coherence of the quantum interference modes is d
stroyed before quasiparticles have a chance to hop betwe
layers. The layers then effectively decouple, yielding a two
dimensional system, and the formula @, becomes

o, =—(4m%a) ' Re IfT/(T,+2iE—2isuB)].

expected reason the dephasing #ajes anomalously large

We now wish to elucidate whether such an effect might
already be visible in recent experiments. The discussion is
somewhat complicated by an ongoing debate concerning the
leading, quasiclassical terrf. Let us summarize the current
situation as we see it.

Krishanaet al?” measured the magnetic field dependence
of the thermal conductivity in a Bsr,CaCyOg system for
temperaturesT=6 K. After an initial decrease at weak
fields, they observed a sharp kinkBit ~ /T, followed by a
wide plateau foB>B*. The nonanalyticity aB* has been
interpreted® as a phase transition to a new ground state with
a secondaryd,, order parameter. We will not be particularly
concerned with that issue hef&he addition of and,, com-
ponent to the order parameter is fully compatible with the
mmetries of clas€ and, if disorder is present, the field
eory (2) for the quasiparticle excitations remains qualita-
ely unchanged. From the observation of field indepen-
ence over a sizable range of temperatures, one deduces
that both the electronic and the phonon contribution to the
thermal conductivity must be individually constant. The con-

Eé’tancy of the electronic part was initially attributed to the
%ﬂz,yzﬂdxy state being fully gapped, i.e., to the complete

absence of low-energy quasiparticle excitations. This expla-
nation has been challenged by experimental data of Aubin
et al. While confirming the results of Ref. 27 far>5 K,

these data reveal the emergence of a positive thermal mag-

The appearance of a logarithm is characteristic of weak lonetoconductance at lower temperatufes1 K. (The data
calization in two dimensions. For the in-plane thermal con-also show pronounced hysteresis effects whose interpretation

ductivity we get
Sk, (B)/T=—(12a)"! Re I{T'/(T ,+iuB)],

provided that the conditions of validity of the Wiedemann-

Franz law(6) are satisfied. Note that in contrast with three-

remains controversialTaking the constancy of the phonon
contribution for granted, the observation of such dependence
strongly indicates a residual density of quasipatrticle states at
zero energy. The existence of such states is no surprise. In-
deed, in the mixed state of a superconductor vdh 2

dimensional metals, where weak localization is a rathetVaVe symmetry a residual density of states is expected even

minute effect, the correction here can easily exceed 10

under experimental conditions. This is because the relativ

size 8kl k is roughly given by the inverse of the dimension-
less intralayer coupling constantr2,4D , , whose value in
zero field has been estimatéd®to be not much in excess of
unity.

In the opposite limit, where 4 is much larger thanuB
andl",, but still smaller thard”, the field dependence of the

weak localization correction to the thermal conductivity be-

comes three-dimensional:

ok, (B)
T

1
=— a[ln\/l"/tc— Rey(T,+iuB)/4t.],

where again the law6) was assumed. Note that the above

expressions fobk, (B) increasewith B.
To summarize, weak localization in cla8scut off by the

0N the absence of disorder, because some fraction of the low-

gnergy guasiparticlesclose in momentum to the-wave
nodeg are Doppler shifted to zero energy by the supercurrent
circulating around the vorticeghe Volovik effect®), which
leads tov(E=0,B) = vyVB/B,. (For a recent discussion of
the same effect for a ground state witf ,2+id,, symme-
try, see Ref. 3).The residual density of states created by
this mechanism is approximatebpnstant in energyelow
the average Doppler shift scal;, roughly estimated by
Eg/T.= VB/B,,. Disorder can only broaden the range of en-
ergy independence of. Hence, assuminB.,~100 T and a
superconducting transition temperaturg~100 K, the en-
ergy scaleEg is of order 10 K for fields of a magnitude of
about 1 T.

Now recall the experimental observations reported in Ref.
29: an electronic thermal conductivity that is independent of
the magnetic field fomf=5 K (andH>H*), and begins to

Zeeman splitting, causes the thermal conductivity to increasicrease withB below T=1 K. (According to a footnote in
with the magnetic field at sufficiently low temperatures. ToRef. 29, the same effect has been seen in )BGO,_,.)
make this more quantitative, we need to specify the field/The first point to address is the field independence at the
temperature range where the effect becomes observable. Thiggher temperatures. Fralizhas recently proposed a model
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for the quasiclassical thermal conductivi&f, in which the  the specific heat, and then deduteB) from the quasiclas-
increase ol with the field is exactly canceled by a concomi- sjcal formulax(B)~ »(B)/(B), valid at high temperatures
tant decrease of the quasiparticle mean free pathThe (T=5 K). As far as the temperature dependence of the
model assumes scattering from the superflow due to rargephasing raté', is concerned, a phenomenological model
domly positioned vortices. In contrast, another recenheeds to be used. To our knowledge, a theory for this quan-
theory*® argues in favor of the dominant scattering mecha-ity in the mixed state of dirtyl-wave superconductors does
nism being impurities close to the unitarity limit. We will not not exist. In the long run, weak localization may turn out to

pursue here the discussion as to which is the correct model §ge the appropriate tool tmeasurd”,, as is established prac-
use. With the microscopic theory of the plateau effect beingijce in disordered metafé:2®

a subject of debate, our philosophy is to accept it agx@an

perimental facthat the field variation of> and/ is such as VI. CONCLUSION

to cancel ink®~ v(B)/(B). The question to address, then, is . . . :
why a field dependence sets in when the temperature is low- Noninteracting electrons subject to disorder and a mag-

ered We argue that this is at least in part due to weak Iocal_netic field are well known to belong to the standard univer-

ization. As we have seen, weak localization in the mixedSality ClassA (unitary symmetry,8=2). When spin-singlet

state of dirtyd-wave superconductors is a phenomenon o airing correlations are added, the universality class of the
j;w-energy guasiparticles changes to type It has been

safe theoretical ground, is sizable in magnitude, and is e A N

pected to occur at the right temperature and field scales to'0Wn that the transport properties of these quasiparticles are

match the experimerf. To preclude any confusion, we unconventional. In particular, there exist modes of destruc-
' i rﬁive guantum interference that survive the orbital coupling to

stress that the effect under consideration is distinct fro ic field. Th ff hiaher fields by th
weak localization in combination with Aslamasov-Larkin & Magnetic 1eld. They are (.:u.t 0 'at Igher nelds y the
eman coupling, thereby giving rise to a field-dependent

fluctuations, which have been invoked in Ref. 34 to explainZe ilocalizat ; he 1
the negative thermal magnetoconductance observed in a dirfjf@ntum (or weak-localization correction to the low-
temperature thermal conductivity, with the characteristic

La,_,Sr,CuQ, system at much higher temperatures. le ai by — / d ol look f h
Theories proposed by previous authors attribute the tenCale given byu=1.35 K/T. A good place to look for suc

perature variation ofix(B,T)/dB to the leadingquasiclas- corrections experimentally are dlsorder(_ad Iow-cﬂmensmnal
sica) term, x°~ v/. Given the low-energy constancy of the superconductors, such as the cuprates, in the mixed state.

density of states, such a variation would have to arise froni). On general Sym“?e”y.gfou.”d& thg Iow-el_"nergy effective-
an energy(or temperaturedependence of the elastic mean |eldltheory for quasiparticles in classis pred|ct9d to be'a
free path. Possible explanations d@relow-energy transpar- r_lonlmearcr model Of. typeDlll |C|'. The Lagrangian of this
ency of d-wave vortices to quasiparticléd,and (i) energy field theory has a universal form, independent of the symme-
dependence of the elastic scattering rate due to impuritietsry of the order parameters(d, .etc),. as '°r.‘9 as the super-
near the unitarity limif® The challenge to these scenarios is Conductor conserves the quasiparticle spin and is penetrated
to explain why for fieldsB~1 T the effect sets in at tem- by ma_lgnetlc flux. The rol_e of the superconductlng ground
peratures around 1 K. In the weak-localization scenario wetate Is merely to dete_rmlr_ne the values Of. the field-theory
have described, this comes about very naturally jfis de- coupling constants, t.he'.r anisotropy, a.nd their (_je_pendence on
termined by thermal broadening, singe=1.35 K/T. energy anq magnetic f|elld. Quantitative predictions for the
A clear difference is that weak-localization effectsn- weak-localization corrections to transport can be made once
tinue to be enhancedith decreasing temperature—they ul- the \{alues (.)f the couplmgs_ and Fhe|r dependences have been
timately drive the system to an insulator by localization of a"obtaln_ed, either from quasiclassical transport th_eo_ry or from
quasiparticle states — whereas the energy dependence of t gperiment. We advocate the use of SPCh pred|ct|on§ N un-
elastic mean free path saturates. To discriminate, it is ther lerstanding the low-temperature experiments of Audtial.
fore desirable to push the experimental measurements to the
lowest temperatures possible. In order to achieve a quantita-
tive description based on formu(@), it will be necessary to This research was supported in part by the Deutsche For-
take the field dependence ofinto account. Our suggestion schungsgemeinschaft, SFB 34KoIn-Aachen-Jlich). One
is to extract the density of state$B) from measurements of of the author§M.R.Z.) thanks A. Freimuth for a discussion.
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