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Magnetization plateaus in weakly coupled dimer spin system
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I study a spin system consisting of strongly coupled dimers which are, in turn, weakly coupled in a plane by
zigzag interactions. The model can be viewed as the strong-coupling limit of a two-dimensional zigzag chain
structure typical, e.g., for the (ac) planes of KCuCl3 . It is shown that the magnetization curve in this model
has plateaus at13 and 2

3 of the saturation magnetization, and an additional plateau at1
2 ; the critical fields are

calculated perturbatively. It is argued that for the three-dimensional lattice structure of the KCuCl3 family the
plateaus at14 and 3

4 of the saturation can be favored in a similar way, which might be relevant to the recent
experiments on NH4 CuCl3 by Shiramuraet al.,J. Phys. Soc. Jpn.67, 1548~1998!. @S0163-1829~99!07705-X#
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I. INTRODUCTION

In the last couple of years there has been a growing in
est in the phenomenon of magnetization plateaus in o
dimensional~1D! spin systems.1–14 In a variety of models,
the magnetization per sitemz as a function of the applied
magnetic fieldH exhibits plateaus at certain values ofmz ; at
those plateaus the magnetization in units of the satura
M5mz /S ~hereS is the spin of a magnetic ion! is ‘‘locked’’
at some rational number~at least, up to now no indications o
the possibility to have plateaus at irrationalM were found!.
Oshikawaet al.4 have shown that in purely one-dimension
systems the allowed values ofM, at which the plateaus ar
possible, are given by the following condition:

QS~12M !PZ, ~1!

where Q is the number of magnetic ions in the magne
elementary cell of the ground state~which can be different
from the elementary cell prescribed by the Hamiltonian7,9!.
This condition is necessary but not sufficient; in other wor
if the plateau exists, it has to be at one of the values oM
determined by Eq.~1!, but in principle the plateaus do no
have to exist atall values ofM which are allowed by Eq.~1!.
Validity of the result ~1! is supported by a considerab
amount of numerical and analytical data, as well as by
recent experimental observation8 of the M5 1

2 plateau in the
S51 bond-alternating chains realized
@Ni2(Medpt)2(m -ox)(m-N3!#ClO4•0.5H2O.

The present paper is motivated by the recent high-fi
magnetization measurements15 in the double-chainS5 1

2

compound NH4CuCl3 that have revealed well-pronounce
plateaus atM5 1

4 and M5 3
4 in the temperature rangeT

,1.5 K. At room temperature, the crystal structure of th
material coincides with that of KCuCl3, and the main feature
is the presence of the double chains of edge-sharing C6
octahedra, separated by NH4

1 ions ~see Figs. 2 and 3 of Ref
16 or Fig. 1 of Ref. 17!. Double chains composed of mag
netic Cu21 ions can be viewed as spin-1

2 bond-alternating
antiferromagnetic~AF! zigzag chains with two differen
nearest-neighbor exchange constantsJ2 ,J3 and next-nearest
PRB 590163-1829/99/59~6!/4181~8!/$15.00
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neighbor exchangeJ1 ~see Fig. 1 of Ref. 17, and Fig. 1 of th
present paper!; in what follows, the word ‘‘chain’’ is used in
the meaning of a zigzag~double! chain. If one assumes tha
the essential physics in NH4CuCl3 is determined by single
chains, then the appearance of plateaus at1

4 and 3
4 of satura-

tion means that due to a certain rather complicated spo
neous symmetry breaking the magnetic elementary cell c
tainsQ58 Cu21 ions instead ofQ52 as suggested by th
Hamiltonian symmetry; still, then the absence of plateau
M5 1

2 that is characteristic for a single chain9 is puzzling.
Values of the exchange constants in NH4CuCl3, as well as

in the other materials of the so-called KCuCl3 family,16,17are
presently not known. There are certain arguments18 based on
fitting the susceptibility data for the isostructural compou
KCuCl3 that suggest that one of the nearest-neighbor c
plings (J3) is dominating.19 On the other hand, neutron
scattering data for KCuCl3 strongly suggest that interchai
interactions are important.20 From the susceptibility data,17,15

one can guess that the intrachain couplings in NH4CuCl3 are
much weaker than in KCuCl3 and thus interchain coupling
should play an even more important role; this assumpt
also fits well to the fact that the zero-field ground state
NH4CuCl3 is magnetic at low temperature.15

In the present paper I show that interchain couplings
considerably affect the number and positions of the platea
To demonstrate that, I consider a simple model describin
system of zigzag chains coupled in a plane; within the eff
tive spinless fermion model valid in the limit of weakl
coupled dimers it is shown that this model can exhibit ma
netization plateaus at13 , 1

2 , and 2
3 of the saturation. The

critical fields are calculated using the lowest-order pertur
tion theory around the ‘‘atomic limit’’ of the model. Physic
of the plateau atM5 1

2 is determined by single chains and
almost exactly the same as studied in Ref. 9, while the p
teaus atM5 1

3 , 2
3 appear solely due to the two-dimension

interchain couplings. Generally speaking, the number
positions of the ‘‘additional’’ plateaus caused by intercha
interactions strongly depend on the topology of the spec
lattice. Possible relevance of this mechanism to the exp
ments on NH4CuCl3 is discussed: it is argued that the thre
4181 ©1999 The American Physical Society
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4182 PRB 59ALEXEI K. KOLEZHUK
dimensional lattice structure of NH4CuCl3 naturally favors
the appearance of plateaus at1

4 and 3
4 of the saturation. We

also discuss possible reasons of absence of the other pla
in this material.

The paper is organized as follows: in Sec. II the effect
model for a weakly coupled dimer system is introduced a
the magnetization curve of the two-dimensional system
coupled chains is studied; Sec. III is devoted to the anal
of characteristic features of a three-dimensional coup
chain system typical for NH4CuCl3; Sec. IV contains discus
sion and concluding remarks.

II. TWO-DIMENSIONAL COUPLED CHAIN MODEL

Consider a system of zigzag chains coupled in a plane
frustrating zigzag interactionJ8, as shown in Fig. 1. Such
structure is typical, e.g., for (ac) planes of KCuCl3. Let us
further assume that the exchange constantJ3 is antiferromag-
netic ~AF! and much stronger than all the others; then
system can be viewed as a two-dimensional arrangeme
dimers weakly coupled with each other. Assume further t
the external magnetic fieldH is applied in thez direction.
The model is described by the Hamiltonian

Ĥ5(
i j

$J3S1
~ i , j !

•S2
~ i , j !1J2S1

~ i , j !
•S2

~ i 21,j !

1J1~S1
~ i , j !

•S1
~ i 11,j !1S2

~ i , j !
•S2

~ i 11,j !!

1J8~S2
~ i , j !

•S1
~ i , j 11!1S2

~ i , j !
•S1

~ i 21,j 11!!

1gmBH•~S1
~ i , j !1S2

~ i , j !!%, ~2!

whereg is the Lande´ factor andmB is the Bohr magneton. If
one neglects weak interdimer interactionsJ1 , J2 , J8 com-
pletely, than the lowest states at each dimer are the sin
us& and theSz511 triplet ut1&. We will be interested in the
regime of strong fieldsgmBH*J3 ; then the other two triplet
statesut0&, ut2& are high in energy and their contributio
can be neglected, in the spirit of Refs. 9, 12, and 14. In
way one gets a reduced Hilbert space with only two degr
of freedom per dimer, and the problem can be formulated
terms of spinless fermions living on the asymmetric triang
lar lattice as shown in Fig. 2, with the following effectiv

HamiltonianĤ:

FIG. 1. Two-dimensional system of coupled zigzag chains
scribed by the Hamiltonian~2!, a structure that is realized in th
(ac) planes of the KCuCl3 family compounds~Refs. 16 and 17!.
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Ĥ5m(
i j

ni j 1U(
i j

ni j ni 11,j1t(
i j

~ci j
† ci 11,j1H.c.!

1U8(
i j

ni j ~ni , j 111ni 21,j 11!

1t8(
i j

~ci j
† ci , j 111ci j

† ci 21,j 111H.c.!. ~3!

Hereni j [ci j
† ci j , andni j 51 corresponds to theut1& state on

the (i j )th dimer, while absence of particle (ni j 50) corre-
sponds to the singlet. The magnetization per site in the s
ration unitsM coincides now with the concentration of fe
mions. The effective interaction constantsU,U8, hopping
amplitudest, t8, and chemical potentialm are given by

U5~2J11J2!/4, t5~2J12J2!/4
~4!

U85J8/4, t852J8/4, m5J32gmBH.

It is useful to note the particle-hole symmetry of the effecti
Hamiltonian: written in terms of hole operators, Eq.~3! pre-
serves its form~up to a constant shift!, with the change only
in the value of the chemical potential

m↔mhole52m22U24U8. ~5!

In what follows we assume that the effective interaction co
stantsU,U8 arepositive,i.e., the interaction is repulsive.

A. The ‘‘atomic limit’’

Consider first the ‘‘atomic limit’’ of the model~3!, i.e.,
put hoppingt,t8 to zero. Then the problem becomes equiv
lent to the generalized Ising model in magnetic field, a cl
of models that is well studied in the theory of alloys~see,
e.g., Ref. 21 and references therein!. Generally, in this limit
the interaction energy per siteEint is a piecewise linear func
tion of the concentrationM, and the curveEint(M ) has
‘‘kinks’’ ~jumps of the first derivative! at certain values of
M. When the magnetic field increases, the chemical poten
m becomes negative, and particles start being ‘‘pumpe
into the system until this process is stopped by the inter
tion. Kinks in Eint(M ) correspond to plateaus in the magn
tization curveM (H), and the width of a plateau is propo

- FIG. 2. Effective model of spinless fermions on a triangu
lattice resulting from the system shown in Fig. 1, as described
Eq. ~3!. The structure withM5

1
3 in the ‘‘atomic limit’’ is shown;

open and filled circles denote, respectively, empty and filled s
~i.e., dimers inus& and ut1& states!.
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PRB 59 4183MAGNETIZATION PLATEAUS IN WEAKLY COUPLED . . .
tional to the magnitude of jump in the first derivative. Th
atomic limit determines the possible number and position
plateaus; hopping generally tends to smear out the plate
and below we will study this effect perturbatively.

In the atomic limit the model~3! is equivalent to the so
called anisotropic triangular nearest-neighbor Ising mode
external field, and its ground state is known exactly.22 Up to
M5 1

3 one can insert particles into the system without los
any interaction energy~see Fig. 2!. Thus,

Eint~M !50, M<
1

3
. ~6a!

Using the particle-hole symmetry, one immediately obta
from the above the behavior ofEint aboveM5 2

3 :

Eint~M !5~2U14U8!S M2
1

2D , M>
2

3
. ~6b!

In the ‘‘intermediate’’ interval of concentrations13 ,M, 2
3

the situation depends on the ratio of interaction constantU
andU8. If U8,U, then the lowest energy cost for insertin
new particles aboveM5 1

3 is 3U8 per particle, which is de-
termined by themultiparticle process of inserting at once
row of particles as shown in Fig. 3~a!. This process leads
from the state withM5 1

3 to the state withM5 1
2 , and an-

other multiparticle process shown in Fig. 3~b! leads from
M5 1

2 to M5 2
3 , taking the energy of 2U1U8 per particle.

For U8.U, similar multiparticle processes exist that go
ern the increase of concentration aboveM5 1

3 and M5 1
2 ,

with the energy cost of 3U and 4U82U per particle, respec
tively @one can obtain the corresponding pictures by rotat
the particle configurations of Figs. 3~a! and 3~b! by p/3 but
keeping the solid and dotted lines fixed#.

FIG. 3. Different processes of increasing the concentration
the atomic limit of the model~3! at U8,U: ~a! the process leading
from M5

1
3 to the intermediate plateau atM5

1
2 ; ~b! the process

increasing the magnetization aboveM5
1
2 . Half-filled and black

circles represent, respectively, ‘‘new’’ particles inserted into
system and ‘‘old’’ ones that formed theM5

1
3 or M5

1
2 structure.
f
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n

g
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g

Taking all that into account, one obtains the followin
result for the interaction energy as a function ofM in the

@ 1
3 , 2

3 # interval:

Eint5H 3U8~M2 1
3 !, 1

3 ,M< 1
2

~2U1U8!M2U, 1
2 ,M, 2

3

~6c!

for U8,U, and

Eint5H 3U~M2 1
3 !, 1

3 ,M< 1
2

~4U82U !~M2 1
2 !2

U

2
, 1

2 ,M, 2
3

~6d!

for U8.U. The resulting behavior ofEint(M ) is schemati-
cally shown in Fig. 4. Thus, generally three plateaus
possible atM5 1

3 , 1
2 , and 2

3 . In the limit of zero interchain
interactionU850 only the plateau atM5 1

2 survives, so that
one may think of this plateau as coming from single chai
while plateaus at13 and 2

3 appear due to 2D interchain cou
pling. The plateau atM5 1

2 disappears when 2D interaction
become isotropic~i.e., U85U).

It should be remarked that the positions of those ‘‘ad
tional’’ plateaus strongly depend on the topology of the l
tice. For instance, if one considers a trellis lattice shown
Fig. 5 ~this type of interchain coupling is realized, e.g.,
Srn21Cun11O2n family23!, then spinless fermions live not on
triangular, but on a square effective lattice, and the only p
sible plateau would be atM5 1

2 .

n

FIG. 4. A schematic look of the interaction energy per siteEint

as a function of the concentrationM, in the ‘‘atomic limit’’ of Eq.
~3!.

FIG. 5. Dimers coupled in a trellis lattice. This topology allow
only one plateau atM5

1
2 .
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B. The effect of hopping

Since in absence of hopping we know the solution
actly, it is natural to try to take hopping into account pertu
batively. Then one can determine the critical fields mark
the beginning and the end of each plateau~see Fig. 6!.

To justify the use of perturbative approach with a hopp
term as a perturbation, one has to demand thatJ2 is close to
2J1 , i.e., that a single zigzag chain is close to the Shas
Sutherland line,24 and that the interchain coupling is muc
smaller thanJ1 :

u2J12J2u!J1 , J8!J1 . ~7!

Comparing Eq.~7! with Eq. ~4!, one can see that it does n
make sense to consider the caseU8.U, and in what follows
we will assume thatU8!U.

Let us start with theM5 1
3 structure shown in Fig. 2

where one-third of the total number of sitesN is occupied by
particles. An increase of the magnetization fromM5 1

3 is
determined by the multiparticle process of inserting a row
L new particles,L@1 @see Fig. 3~a!#. Then there are no
first-order corrections toEN/31L , and in the second order th
gapDc35(EN/31L2EN/3)/L reads as

Dc3
U8,U5m13U81

4t82

2U2U8
1

4t2

U
2

t2

U8

2
2t2212t82

U1U8
1

5t82

U
1O~1/L !. ~8!

Zero of the gapDc3 gives the critical fieldHc3 .
Similarly, for U8,U, increase of the magnetization from

the M5 1
2 state is determined by the multiparticle proce

shown in Fig. 3~b!, which, up to the second order, yields th
following expression for the gapDc55(EN/21L2EN/2)/L:

Dc55m12U1U81~4t8223t2!/U14t82/~U1U8!

13t2/U826t82/~2U2U8!1O~1/L !. ~9!

To obtain the critical fieldHc2 , one has to consider th
set of degenerate states with one particle taken out of
structure shown in Fig. 2; the degeneracy is lifted only in
second order, giving the following dispersion«c2(k)
5EN/321(k)2EN/3 of the N/321 excitation:

«c2~k!52m1
8

U8
@ t21t821tt8~cosk11cosk2!#

1
8t82

U
@11cos~k12k2!#2

3t2

U8
2

12t82

U1U8
,

~10!

and the gapDc25min«c2(k) is given by

Dc252m23t2/U8212t82/~U1U8!

18~ utu2ut8u!2/U8116t82/U, ut/t8u.2U8/U,

~11!
-
-
g

-

f

s

e
e

Dc252m15t2/U8212t82/~U1U8!

24t2U/U8218t82/U8, ut/t8u,2U8/U.

Finally, it is easy to calculate the value of the first critic
field Hc1 that indicates the point where the injection of tri
lets starts.14 In the vicinity of Hc1 the density of triplets is
very low, so that one can just neglect the interaction term
Eq. ~3!. The hopping part of the effective Hamiltonian yield
the dispersionE12E0[«(k),

«~k!5m12t cosk112t8$cosk21cos~k12k2!%.

The gapDc15min«(k) is given by

mc15H m22t2~ t8!2/t at t.0

m12t24ut8u at t,0.
~12!

All the other critical fields now can be obtained by e
ploiting the particle-hole symmetry~5!, which connects the
following pairs:

mS↔mc1 , mc5↔mc4 ,

mc3↔mc6 , mc2↔mc7 .

Zeros of the gaps given by formulas~8!, ~9!, ~11!, and
~12!, together with the definition ofm as stated in Eq.~4!,
determine the critical fields. It should be remarked that in
derivation of Eq.~12! we did not use perturbation theory, s
that the expression forHc1 is exact within the effective
model ~3!. It can be improved, however, by including th
processes involving the other two triplet states that were
carded in our consideration, in the spirit of the degener
perturbation theory~see, e.g., Ref. 25!.

III. THREE-DIMENSIONAL NH 4CuCl3-TYPE LATTICE

Now let us proceed to a more complicated model, wh
could be useful for understanding the physics of magnet
tion process of NH4CuCl3. Consider a three-dimensiona
model that can be imagined as a set of two-dimensional
tems~‘‘layers’’ ! from Sec. II stacked on top of each other,
shown schematically in Fig. 7. Besides exchange interact
J1,2,3,J8 inside a single layer, we have now two addition
interlayer interaction constantsJ9,J-. This model corre-
sponds to the lattice structure of NH4Cu Cl3,

16,17 with only
nearest-neighbor exchange couplings taken into account
before, we assume that all interactions are antiferromagn
and thatJ3 is much stronger than the other exchange c
stants, so that the system can be viewed as a set of we
coupled dimers. Along the same lines of reasoning as th
used in the previous section, one obtains the effective s
less fermion model shown pictorially in Fig. 8; in addition
Eq. ~4!, there are now two more pairs of interaction a
hopping constants,

U95
1

2
J9, t950, U-5

1

4
J-52t-. ~13!

There is again a particle-hole symmetry; relation~5! now has
to be modified to

m↔mhole52m22U24U824U924U-. ~14!
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One can find that up to the concentrationM5 1
4 particles

can be pumped into the system without interacting with e
other. The corresponding structure withM5 1

4 is shown in
Fig. 8~a!; it is easy to see that no new particles can be
serted without interaction. Thus, the interaction energyEint
as a function ofM always has a kink atM5 1

4 , and a sym-
metrical kink should be present atM5 3

4 . Those are exactly
the values ofM at which the magnetization plateaus
NH4CuCl3 are observed.15 However, it can be shown that i
the atomic limit there arealways other kinks at different
values ofM present inEint(M ). Simply comparing the ener
gies of different structures and displaying them in t
Eint(M ) plot, one can see that there always exists cer

M5 1
2 structure whose energy is belowEint(

1
4 )1Eint(

3
4 ), i.e.,

the corresponding point in theEint(M ) plot lies below the
line connecting theM5 1

4 andM5 3
4 structures; in the sam

way one can check thatM5 1
3 and M5 2

3 structures can be
also favored under certain conditions on the model par
eters.

Since no other plateaus exceptM5 1
4 and M5 3

4 are ob-
served in NH4CuCl3, this presents a problem. Let us consid
a particular regime with the exchange constants satisfy
the following inequalities:

FIG. 7. Three-dimensionally coupled spin structure realized
KCuCl3 family ~Refs. 16 and 17!. Filled circles denoteS5

1
2 spins

of the lower layer in the (ac) plane, and half-filled circles represen
spins of the upper layer.

FIG. 6. Schematic plot of the magnetizationM as a function of
the applied fieldH for the effective model~3!.
h

-

in

-

r
g

J-<J9, J8<2J-,
~15!

J8<2J11J214~J92J-!.

Then one can show that in the atomic limit the only ad
tional plateau structure realized in betweenM5 1

4 and M
5 3

4 is the M5 1
2 structure shown in Fig. 8~b!. Then, gener-

ally, there exist eight critical fields, as in the 2D proble
considered in the previous section, which can be calcula
perturbatively in the same way. The perturbation theory
sults in three dimensions are somewhat cumbersome eve
the second order, so that they are listed in the Appendix

The important point is that in the regime determined
Eq. ~15! hopping reduces the width of theM5 1

2 plateau
already in the first order, while corrections to the width
M5 1

4 , 3
4 plateaus start from the second order. Thus, in

above regime there is only one additional plateau atM5 1
2

that is smeared by hopping more effectively than the plate
at M5 1

4 , 3
4 . This could be a qualitative explanation of th

real situation in NH4CuCl3, if one assumes that the add
tional plateau is completely wiped out.

IV. DISCUSSION AND SUMMARY

In this paper I show that in quasi-one-dimensional s
systems the location of plateaus in the dependence of m
netization on applied field can be considerably affected
the presence of two- or three-dimensional interchain c
plings. As an example, a simple model of two-dimensiona
coupled zigzag chains is considered in a dimer limit. It h
been shown that, depending on the lattice structure and
the interplay between the model parameters, the system
exhibit plateaus at13 and 2

3 of the saturation, in addition to
the ‘‘usual’’ plateau at one half of the saturation determin
by physics of a single chain.

n

FIG. 8. Visual representation of the effective spinless ferm
model resulting from the model shown in Fig. 6; the interacti
constantsU and hopping amplitudest are indicated for each link
and are given by formulas~4! and ~13!. Filled and empty circles
represent occupied and empty sites;~a! the M5

1
4 structure;~b! the

M5
1
2 structure that is realized under conditions~15!.
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4186 PRB 59ALEXEI K. KOLEZHUK
We argue that this mechanism can be relevant for
recent intriguing high-field magnetization measurements15 in
NH4CuCl3, since the three-dimensional lattice structure
this material naturally favors the appearance of plateaus1

4

and 3
4 of the saturation, i.e., exactly at those positions wh

the plateaus were actually observed.
Unfortunately, the arguments presented here canno

used for any quantitative predictions concerning the
change constants in NH4CuCl3, because of the following rea
sons:~i! zero-field magnetic ground state of NH4CuCl3 im-
plies that the first critical fieldHc1<0, and from Eq.~A8!
one can clearly see that thenJ3 cannot be much stronger tha
all the other couplings, as we assumed;~ii ! to justify consid-
ering the hopping term as a perturbation, one would nee
satisfy Eq.~7!, and the conditionJ2→2J1 does not seem
plausible on the basis of the available crystal structure da17
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APPENDIX: GAPS IN 3D MODEL

In the 3D model of Sec. III the magnetization curve loo
similar to that presented in Fig. 6, except that now we ha
plateaus at14 and 3

4 instead1
3 and 2

3 , respectively. The effec
of hopping can be considered perturbatively, provided t
Eq. ~7! is satisfied together with the additional inequalitie

J9!J1 , J-!J1 . ~A1!

In the second order of perturbation theory, the dispers
«c3(k) of the excitation with one extra particle inserte
above theM5 1

4 state, and the dispersion«c2(k) of the ex-
citation resulting from taking away one particle off the sam
M5 1

4 state, can be represented in the following form:

«c,i~k!5«c,i
0 1Ai cos~k11k2!1Bi cos 2~k12k2!

12Ci cos~k12k2!@cosk31cos~k11k22k3!#,

~A2!

There are no first-order corrections to the energies ofN/4
61 states. The corresponding constants for theN/411 ex-
citation are given by the formulas
«c3
0 5m12U814U-1

t2

U9
1

t82

U-
1

2t2

U812U9
1

6~ t21t82!

U2U812U924U-
1

16@ t821~ t-!2#

U813U-
2

12t82

U814U-
1

2t82

2U2U812U9

1
2t2

U1U812U9
2

12t82

U12U9
2

12t2

U812U9
1

4t82

U13U92U-
1

4t2

U813U92U-
1

4t2

U812U92U-
1

4~ t-!2

U81U-

1
4t82

U12U92U-
1

2t82

U2U812U9
2

16~ t-!2

2U813U-
, ~A3!

A35
8tt8

U2U812U924U-
1

4~ t-!2

U81U-
,

~A4!

B35
t82

U-
, C35

4t8t-

U813U-
,

and for theN/421 excitation one obtains

«c2
0 52m1

8~ t-!2

U8
1

2~ t21t82!

U9
1

2t82

U-
1

2t2

U81U9
1

2t82

U1U9
1

16@ t821~ t-!2#

U813U-
2

6t82

U12U9

2
12t82

U814U-
2

14~ t-!2

2U813U-
2

6t2

U812U9
, ~A5!

A25
4tt8

U9
1

4~ t-!2

U8
, B25

t82

U-
, C25

8t8t-

U813U-
.
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Closing of the gapsDc,i5min«c,i(k) ( i 52,3) determines
the critical fieldsHc2 ,Hc3 marking the beginning and th
end of theM5 1

4 plateau, respectively. Taking into accou
that B2,3 andC2,3 are always positive@by our assumption on
antiferromagnetic character of all exchange interactions,
Eqs.~4! and~13!#, one can obtain the following formulas fo
the gaps:

Dc5«c
01H A1B24C, B,C

A2B22C2/B, B.C

at A,0, and forA.0 the result is a bit more complicated

Dc5«c
015

2A2B, C,~AB!1/2

A1B24C, A,C,B,C

B2A22C2/A, ~AB!1/2,C,A

A2B22C2/B, ~AB!1/2,C,B.
e
e

er

s

ee

~We have omitted the subscripts 2,3 above for the sake
clarity.! One can see that the expressions forDc2 ,Dc3 ‘‘ex-
plode’’ when either of the interchain interaction constan
U8,U9,U- vanishes; this corresponds to the obvious f
that theM5 1

4 plateau ceases to exist if any of the intercha
interactions is absent.

The energy«N/211(k)5«N/211
(1) (k)1«N/211

(2) (k) of the ex-
citation with one extra particle above theM5 1

2 state con-
tains both first- and second-order corrections. In the fi
order approximation one obtains

«N/211
~1! 5m12~U1U812U9!12t8cos~k12k2!

12t-@cosk31cos~k11k3!#, ~A6!

and the second-order contribution is
«N/211
~2! 5

t2~11cos 2k1!

U92U-
1

2t82~11cos 2k2!

U2U812~U92U-!
1

4t214t8218tt8cos~k11k2!

U2U814~U92U-!
1

4t214t8218tt8cos~k12k2!

U14~U92U-!

2
22t2

U14~U92U-!
2

22t82

2U2U814~U92U-!
1

4t82

2U2U813~U92U-!
1

4t2

U13~U92U-!

1
4t82

2U2U813U924U-
1

4t2

U14U923U-
1

4t2

U13U924U-
1

4t82

2U2U814U923U-

1
2t2

U1U814~U92U-!
1

2t82

2U14~U92U-!
. ~A7!
r
e

by
r-
Zero of the corresponding gapDc55min«N/211(k), together
with the formulas~4! and ~13!, determines the critical field
Hc5 marking the end of theM5 1

2 plateau.
The energy«c1(k) of the one-particle excitation above th

nonmagnetic (M50) state is completely determined by th
hopping part of the Hamiltonian and has the form

«c1~k!5m12t cosk112t8@cosk21cos~k12k2!#

12t-@cosk31cos~k11k22k3!#; ~A8!

the gap in the above dispersion closes at the critical fieldHc1
above which the magnetization starts to increase from z

Exploiting the particle-hole symmetry~14! allows one to
connect the following pairs of critical fields:
o.

HS↔Hc1 , Hc5↔Hc4 , ~A9!

Hc3↔Hc6 , Hc2↔Hc7 .

SettingHc4 equal toHc5 , we can obtain a condition fo
‘‘closing’’ the M5 1

2 plateau; restricting ourselves to th
first-order expressions for the sake of simplicity, we get

J11
1

2
J21J9<J813J-. ~A10!

However, it is easy to see that Eq.~A10! is already outside
the range of validity of the perturbation theory determined
Eqs. ~7! and ~A1!, so that this condition should be unde
stood only as a rough estimate indicating thatJ8,J- have to
be sufficiently strong to wipe out the plateau atM5 1

2 .
c
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