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Theory of the a-g phase transition in Ce
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The Kondo volume collapse model of the isostructurala-g phase transition in elemental cerium is investi-
gated by a combination of the self-interaction-corrected local-density approximation~SIC-LDA! and the
Anderson impurity model. The zero-temperature uncorrelated total-energy function as well as the model
hybridization parameters are calculated with the SIC-LDA approach, while temperature and correlation effects
are calculated within the impurity model, using an extension of the noncrossing approximation. It is found that
the phase transition may be quantitatively well described with this approach, provided a rescaling of the
hybridization parameters is invoked. The influence of Cef 2 configurations on the accuracy of the calculations
is discussed.@S0163-1829~99!03105-7#
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I. INTRODUCTION

One of the most fascinating properties of elemental C
the occurrence of the isostructurala-g phase transition.1 At
low temperatures and ambient pressure, the equilibr
phase of Ce is thea phase, which has the fcc crystal stru
ture and relatively low volume. At higher temperatures, theg
phase, likewise fcc, but with a significantly larger volum
becomes stable. When pressure is increased, the crysta
lapses back into thea phase in a first-order phase transitio
At room temperature, the phase transition happens at a p
sure of;7 kbar, and the change in volume is 14.8%. T
a-g transition is unique among the elements in that it term
nates in a critical point.1

Although it is generally accepted that thea-g transition is
connected to the behavior of the Ce 4f electron, several the
oretical models have been put forward, invoking differe
physical effects. In the promotional model2 it is assumed tha
the f level becomes depopulated upon compression, but
is hard to reconcile with cohesive properties,3 positron
annihilation,4 and photoemission experiments,5 which do not
indicate major changes in thef-state occupation number
across the phase boundary. Furthermore, a binding energ
the f level of the order of 0.1 eV or less would be necess
to account for the phase diagram within this model, wh
would imply that the width of thef band must be much
narrower to speak meaningfully of thef-level position being
above or below the Fermi level. However, both these
quirements are at variance with spectroscopic experime
and are not supported by band-structure calculati
either.6–9

The Mott transition model of Johansson3 assumes that the
a phase of Ce is well described as an ordinary band st
while the g phase consists of localized 4f electrons. In a
simple Hubbard-model10 or Anderson-model11 picture, the
hopping terms in the Hamiltonian favor the formation
extended~bandlike! states, while the strong Coulomb repu
sions between electrons sitting in the same 4f multiplet favor
localization, which suppresses charge fluctuations on the
ferent ions in the lattice. As the crystal is compressed,
hopping integrals increase in value, and eventually the ba
like states should be favored. In this picture, thea-g transi-
PRB 590163-1829/99/59~5!/3450~10!/$15.00
is

m

,
ol-

.
es-

-

t

is

of
y
h

-
ts,
s

te,

if-
e
d-

tion is therefore similar to the Mott-Hubbard metal-insulat
transition,10 although both phases of Ce are metallic beca
the spd electrons do not localize.

In the Kondo volume collapse~KVC! model12,13 both the
a andg phases of cerium are characterized by having hig
correlated, localizedf electrons. The difference is in the de
gree of localization: While the picture of theg phase that
emerges is that of a quite localizedf electron, with a devia-
tion from integral occupancy of only a few %, thea phase
tends towards the mixed-valent regime with anf occupation
of only 0.86,14 and the ground state is thus a complicat
entanglement off andspd electrons. The latter phase clear
has the largest bonding energy, but entropy favors the ph
with localized electrons, which explains why theg phase
becomes stable at elevated temperatures and low press
The KVC model is supported by results from photoemiss
spectroscopy of thea phase,5 which are more easily recon
ciled with the Anderson impurity model than with a bandlik
picture.14 The description of thea phase as either a singl
Slater determinant, or an entangled many-body state, co
tutes the main difference between the Mott transition a
KVC models.

The KVC model has been analyzed in detail by Liu a
co-workers.14 By fitting the parameters of the Anderson im
purity Hamiltonian to spectroscopic information, and com
bining the impurity calculations with structural data for L
and Pr, these authors were able to account for all qualita
features of the transition, and also to obtain reasonable q
titative predictions for the transition pressure as a function
temperature. The magnitude of the volume collapse w
however, underestimated by;40%.

The Mott transition model has recently been conside
by several groups usingab initio electronic structure
calculations.15–17In these works, thea phase is described b
the conventional local-density approximation~LDA ! to
density-functional theory~DFT!, with the f electrons partici-
pating in the band formation, while slightly different descri
tions of theg phase are invoked. In Ref. 15 onef electron on
each Ce atom is fixed in the core, while the remaining th
valence electrons form ordinary LDA bands. An energy sh
is introduced to align tetravalent and trivalent total energi
3450 ©1999 The American Physical Society
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PRB 59 3451THEORY OF THEa-g PHASE TRANSITION IN Ce
In Ref. 16 one f electron per Ce atom is localized b
the self-interaction-corrected local-density approximatio18

~SIC-LDA! by which the tetravalent and trivalent phas
constitute competing local minima of the same total ene
functional. Consequently, the energy separation of the
phases may be calculated by the SIC-LDA approach, wh
in addition imposes strict orthogonality between the loc
ized f electrons and the normal valence electrons. By im
ining the Ce crystal at finite temperatures to consist of
alloylike mixture of the trivalent and tetravalent Ce atoms
description of the thermodynamics may be obtained by b
approaches. In Ref. 17 it is assumed that theg phase may
also be described as a conventional spin-polarized band
within LDA. The phase transition is then caused by a la
entropy contribution from the band electrons. These wo
show that the Mott transition description, like the KV
model, captures the qualitative aspects of thea-g phase tran-
sition of cerium, maybe with somewhat larger quantitat
errors. On the other hand, the calculations are done with
any adjustable parameters~one energy alignment paramet
enters in Ref. 15!. The LDA has had a tremendous success
the quantitative description of solids,19,20 but the rare earths
are extreme cases, for which the validity of the approxim
tion is dubious. In particular, the simple picture of localiz
versus Bloch-likef electrons cannot account for the results
spectroscopic experiments, so at least in the excited stat
the system, some nontrivial correlations must be present.
difficult to explain why these effects should not be presen
the ground state as well. Also, there is no experimental
dence in favor of the alloy model used in Refs. 15 and 1

In the present work we investigate the possibility of co
bining the KVC picture in the impurity model description o
Liu and Allen with the SIC-LDA method used by Svane,
shed light on the possible connections between the two m
els and to reduce the number of adjustable parameters in
KVC calculation. In Sec. II a short review of previous wo
is given, serving as both motivation and formal preparat
for the following sections. In Sec. III the formal theory of th
present work will be presented, while Sec. IV presents
numerical results and Sec. V contains the conclusions
outlooks.

II. REVIEW OF PREVIOUS WORK

In the KVC calculation performed by Allen and Liu,14 it
was assumed that the free energy of the Ce crystal coul
split into two parts: A ‘‘normal’’ partEN , arising from the
non-f electrons, and anf-electron partEf , which was as-
sumed to be equal, in anN-atom crystal, to the sum of fre
energies ofN-independent impurity multiplets.Ef was fur-
ther subdivided into zero-temperature and finite-tempera
contributions, while the temperature dependence ofEN was
assumed to be negligible. The zero-temperature part oEf
was determined as the ground-state energy~that is, the dif-
ference between the ground-state energy with and with
f -spd interactions! of an Anderson impurity model as calcu
lated by the method of Gunnarsson and Scho¨nhammer.21 In
this method, the problem is treated within a finite basis
consisting of eigenstates of the unhybridized problem. Al
and Liu used an expansion incorporatingf 0, f 1, and f 2 con-
figurations. The hybridization function was calculated fro
y
o
h
-
-
n
a
th

ate
e
s

ut

n

-

f
of
is
n
i-
.
-

d-
he

n

e
nd

be

re

ut

t,
n

the 4f -projected density of states~DOS! obtained in an LDA
calculation for Ce, and subsequently rescaled~by an energy-
independent parameter! to match photoemission data for th
a andg phases. Slightly different rescaling parameters w
necessary in the two phases. Afterwards, another resca
~with the same factor for both phases! was done to match the
measured values for the static magnetic susceptibility. Th
the model cannot simultaneously account for the two set
experimental data, possibly due to inaccuracies in the sh
of the LDA hybridization function. The hybridization wa
taken to be identical for all states in the 4f multiplet, but a
spin-orbit splitting of 0.28 eV was introduced between t
j 5 5

2 and j 5 7
2 multiplets. At intermediate volumes, the hy

bridization function was found by linear interpolation b
tween the functions calculated for thea andg volumes. The
f-level position andU value were also determined from fit
to spectroscopy results. The finite-temperature contribu
to the f-electron free energyEf was estimated from the
Bethe-ansatz solution of the Kondo Hamiltonian with an i
purity degeneracy of 6, corresponding to the degenerac
the j 5 5

2 multiplet that carries most of thef occupation.
The estimation ofEN is not a trivial matter, since no

phase of Ce is found in which thef electrons do not contrib-
ute to the cohesion at all. Indeed, the Gunnarss
Schönhammer calculations performed by Allen and L
showed thatboth the a and g phases have largef-related
contributions to the cohesive energy, mainly arising fro
f 1-f 2 fluctuations. Allen and Liu determinedEN from the
average values of equlibium volume and bulk modulus
La and Pr, which are neighbors of Ce in the Periodic Ta
and do not show anomalous behavior. Since thef states also
contribute to the cohesion in these compounds,EN must be
determined by

EN~v !5ELa,Pr~v !2Ef
La,Pr~v !, ~1!

whereELa,Pr(v) is a parabolic energy vs volume curve, o
tained from the averages of La and Pr volumes and b
moduli, while Ef

La,Pr(v) is the average of thef contribution
to the total energy in the two compounds, as calculated in
Gunnarsson-Scho¨nhammer formalism~again with param-
eters matched to various experimental data!.

The physical picture emerging from the KVC calculatio
is roughly the following: The energy curveEN(v), which
may be taken as a rough measure of the Ce total energ
the absence off 0-f 1 fluctuations, has a minimum at a volum
slightly larger than theg-phase volume. The hybridizatio
energy gained fromf 0-f 1 hopping pulls the true total-energ
minimum downwards to a value around thea-phase volume,
which is therefore the stable crystal volume at zero tempe
ture. Actually, thea-phase volume is somewhat overes
mated in the calculation. In thea phase there is a relativel
large energy separation between the ground state of
Anderson model, with its entanglement of thef 0 and f 1 con-
figurations, and the excited states consisting essentially
free localizedf electron, while at higher volumes, the ener
separation is much smaller. Since the ground state is a sin
state, while there are six possible states for a localized e
tron, entropic contributions will favor the higher volume
when the temperature is large enough to break the grou
state singlet. These effects together bring about the ph
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transition. Careful inclusion of the~large! hybridization en-
ergy from thef 1-f 2 fluctuations is important to obtain a rea
sonable quantitative description of the system, but the va
tion of this energy with volume does not show th
exponential behavior characteristic of thef 0-f 1 hybridiza-
tion.

The Mott transition calculation by Svane16 assumes tha
the total energy of Ce at zero temperature can be descr
by DFT using the SIC-LDA approach.18 The SIC-LDA total-
energy functional may have several local minima, compo
either entirely of Bloch wave functions, or of a combinatio
of Bloch functions and localized orbitals. In Ce, it turns o
that there are two minima of the total energy as a function
volume. In one minimum, at low volume, all electrons resi
in orbitals with Bloch symmetry, while in the other min
mum, at higher volume, a single electron at each site oc
pies a localized state that is of almost (;99%) pure 4f
character. The localized electron does not contribute to
bonding, so in the first minimum Ce is tetravalent, while
the second minimum Ce is trivalent. Since the symmetry
the electronic states must be chosen from the outset~a set of
Bloch states will, for instance, not evolve into non-Blo
states because they generate a translationally invariant p
tial!, two distinct energy vs volume curves can be co
structed for the two symmetries.16 The minima occur at al-
most identical energies, the difference being;0.1 mRy in
favor of the low-volume phase, which is interpreted as thea
phase. Due to the small difference in energy a negative p
sure of only21 kbar would be sufficient to affect a transitio
to the high-volume (g-! phase. Extrapolating the experime
tal transition line to zero temperature, a transition ‘‘pre
sure’’ of 27 kbar is reached, so the result does not app
unreasonable. It should be emphasized, that the near de
eracy of the two energy minima may be coincidential. T
calculations were performed within the atomic-spheres
proximation~ASA! without inclusion of spin-orbit coupling
and the errors arising from these approximations are m
probably larger than the difference in the minimum energ

To extend the model to finite temperatures, Svane~simi-
larly to Ref. 15! assumed that the entropy of the crystal
given as that of a mixture of tetravalent (a-like! and trivalent
(g-like! atoms:

S5xSa1~12x!Sg1Smix . ~2!

Here,x denotes the fraction ofa-like ions. It is assumed tha
Sa50, while Sg5kB ln 6, corresponding to the sixfold de
generacy of thej 5 5

2 multiplet of the Ce 4f states. At most
temperatures the inclusion of theSg term is the decisive
modification compared to the zero-temperature case. On
high temperatures, close to the upper critical point of
phase transition, does the mixing entropySmix become im-
portant. With this simple form for the entropy, the pha
diagram as a function of temperature can be calculated.
calculation gives a critical point at a pressure ofpc547 kbar
and temperature ofTc51300 K.22 Experimentally, the criti-
cal coordinates are (pc ,Tc)5(20 kbar, 600 K!.1 The vol-
ume collapse at room temperature is calculated to be 2
significantly larger than the 14.8% observed experimenta
The volume of theg phase at the phase boundary is w
described by the theory, while the volume of thea phase is
a-
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severely underestimated. In conclusion, the calculation g
a good qualitative description of the phase transition, but
quantitative predictions are poor, compared to the work
Allen and Liu, which is perhaps to be expected, since
model does not contain adjustable parameters.

It is interesting to compare the physical content of the t
theories outlined above. In the KVC model, thef bonding in
the Anderson impurity model is characterized by a large c
tribution from f 1-f 2 fluctuations, which has relatively slow
volume variation, and a smaller contribution fromf 0-f 1 cou-
pling, which varies much more rapidly with volume. Th
competition between this energy gain, at low volumes, a
the gain in entropy at higher volumes brings about the ph
transition. In the SIC-LDA picture, thef-occupation number
is fluctuating ‘‘freely’’ in thea phase, i.e., in a manner cha
acteristic of uncorrelated states, while in theg phase, one
electron is frozen in the localized SIC state, which is ess
tially a local f state. Therefore, thef 0 configuration is ex-
cluded from occupation in theg phase. The norma
conduction-band states are still allowed to hop into thf
states orthogonal to the localized state, so higher config
tions are also occupied in this case. In fact, the totalf occu-
pation is calculated to be around 1.3 in both thea and theg
phases, which indicates that configurations with more th
onef electron have a considerable weight. The energy diff
ence between the LDA and SIC-LDA ground states is the
fore given by thef 0-f 1 hybridization energy, and the SIC
calculation may be viewed as a simple ‘‘on/off’’ approxim
tion to the rapid volume variation of this term in the Ande
son model. Thus, in a certain sense, the two models ap
very similar, since the finite-temperature extension of
SIC-LDA calculation contains essentially the same entro
effects as the KVC calculation. The difference is in the d
scription of thef 0-f 1 coupling in thea phase as either un
correlated hopping or Kondo entanglement. In theg phase,
the f 0 configuration has little weight in the KVC calculation
so the difference between the two approaches here is p
ably not very significant. Furthermore, the description of t
f 1-f 2 coupling is very different in the two approaches in bo
the a and theg phases. This is evidenced by the significa
difference in occupation numbers: While the LDA and SI
LDA calculations findnf;1.3, the KVC model findsnf,1
for both phases.

To distinguish the two models from each other, we sho
therefore focus attention on the description of thea phase,
and on the way in which thef 1-f 2 coupling is treated. With
respect to thea phase, a closer look at the results of Sva
reveals that most of the quantitative errors in the descrip
arise from a severe underestimation of thea-phase volume
by the LDA calculation.16 Indeed, a rigid shift of the LDA
total-energy curve towards larger volumes before doing
thermodynamic calculation brought the coordinates of
critical point to an agreement, within errors, with the expe
mental value. One may speculate that the ‘‘uncorrelate
f 0-f 1 hybridization in the LDA calculation overestimates th
cohesive contribution from these fluctuations and tha
Kondo-like picture is more appropriate. On the other ha
the theoretical description of thea-phase volume within
DFT is significantly improved with the generalized gradie
approximation~GGA!.23,24,17

With the description of theg phase approximately correc
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PRB 59 3453THEORY OF THEa-g PHASE TRANSITION IN Ce
in both the KVC and SIC-LDA calculations, one cou
worry about the difference inf-occupation numbers~or,
equivalently, in the couplings to higher configuration!.
From the KVC calculation of Ref. 14 it is not easy to judg
how decisive the treatment of these couplings is, since
difference betweenf 1-f 2 hybridization energies~this energy
calculated for Ce minus the average of this energy for La
Pr! is added to a parabolic ‘‘normal’’ contribution with
bulk modulus taken from experiments. Hence, one may
certain extent expect cancellations of errors. In the cas
the SIC-LDA calculation, where there are no adjustable
rameters, it is easier to see that a drastic modification of
hybridization energy would perturb the results strongly.
the following we will estimate thef 1-f 2 hybridization energy
from the band-structure calculations, and compare to the
ergies obtained in the KVC model.

In the following sections we will incorporate band theo
into the KVC model. From the above discussion, two pos
bilities emerge, which will both be considered: In approa
A, we start from a band calculation of a puref 1 configura-
tion, in which thef electrons do not contribute to the bondin
at all. This is realized either by an LDA calculation in whic
one 4f orbital per Ce atom is occupied in a core state, or
a SIC-LDA calculation in which the Bloch states are e
panded inspdorbitals only. To the total energy evaluated
this calculation is then added a free-energy contribution fr
an impurity-model calculation taking all possible~in prac-
tice, all f 0, f 1, and f 2) configurations into account. In ap
proach B, we start from a similar SIC-LDA calculation, how
ever with the Bloch states expanded also in 4f orbitals. To
the total energy of this calculation we add the impuri
model estimate of thef 0-f 1 hybridization free-energy contri
bution. The difference between the two approaches is
description of the couplings to multiply occupiedf configu-
rations.

III. FORMAL THEORY

The total Helmholtz free energy per Ce ion is assumed
be given as

F~T,v !5E0~v !1Fimp~T,v !. ~3!

Here,E0 is the zero temperature total energy from one of
DFT calculations mentioned above, andFimp is the hybrid-
ization contribution to the free energy of the impurity mod
Thus all temperature variation of the free energy ent
through the second term. The vibrational free energy and
entropy of the normal conduction electrons are not con
ered here. Both of these terms are small. In contrast to
17 the SIC-LDA does not lead to a large density of state
the Fermi level.

In the SIC-LDA approximation18 one subtracts from the
LDA total-energy functional19 the self-Coulomb and self
exchange-correlation energy for each occupied electron s

E0~v ![ESIC@$ca%#5(
a

^cau2Duca&1U@n#1Exc
LDA@ n̄#

1Vext@n#2(
a

$U@na#1Exc
LDA@ n̄a#%. ~4!
e

d

a
of
-
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n-

i-
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e

.
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-
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Here, a enumerates the occupied electron states.n̄ is the
total spin density of the system,n̄(r )5@n↑(r ),n↓(r )#,n(r )
5n↑(r )1n↓(r ), and n̄a is the spin density of theath state.
ESIC is written as a functional of the set of occupied wa
functionsca . It may be shown thatESIC is in fact a func-
tional of the total spin density alone,ESIC5ESIC@ n̄#.18,25

U@n# and Exc
LDA@ n̄# are the Coulomb and the exchang

correlation energies of the electron gas, respectively, w
Vext@n# denotes the interaction energy with the lattice
ions.

The last term in Eq.~4! constitutes the self-interactio
correction, where for each occupied orbital the Coulomb a
exchange-correlation energies of the corresponding spin
sity n̄a is subtracted. If the self-interaction is omitted w
would have the LDA energy functionalELDA. SinceELDA

erroneously includes the self-interaction of each occupied
bital it is natural to correct for this, which is the motivatio
for considering the functionalESIC.18 The self-interaction
vanishes identically for extended states, but is finite for s
tially confined states. For well-localized states, like thef
states of Ce, it is a negative energy contribution. The s
interaction correction may therefore also be viewed as
energy gained by localization, which counteracts the loss
band formation energy. The implementation of the minim
zation of theESIC functional using theab initio tight-binding
linear muffin-tin orbital~LMTO! method26–28 is described in
detail in Ref. 16.

The second term in Eq.~3! may be written

Fimp~T,v !52kBT ln Zf , ~5!

where the partition functionZf of the f electrons due to the
interactions with the normal conduction electrons will be a
sumed to be described by the Anderson impurity model:11

Ĥ5(
nk

«nkĉnk
† ĉnk1(

n
«nn̂n1

U

2 (
nÞn8

n̂nn̂n8

1(
nkn

~Vn
nk f̂ n

†ĉnk1H.c.! ~6!

The operatorsf̂ and ĉ are destruction operators forf and
other electrons, respectively.n̂n is the number operator for a
particular orbital in thef multiplet ~indexed byn). The or-
bital dependence off energies originates from spin-orbit an
possibly crystal-field splitting. We have chosen to ignore
possible orbital dependence of theU parameters, although
the inclusion hereof is not a serious problem.

Assuming thatU is the dominant energy scale in the pro
lem, it is reasonable to expand the solution in eigenstate
the impurity Hamiltonian without thef -c hybridization term,
i.e., states with fixedf and band occupation numbers. Th
approach is the basis of the Gunnarsson-Scho¨nhammer
approach21 and the noncrossing approximation~NCA!,29

both widely used in the analysis of photoemission in Ce a
Ce compounds. In the present workZf will be evaluated in
the generalized noncrossing approximation~NCA!,30,31 ac-
cording to which
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Zf5E
2`

`

dve2bvFr~0!~v!1(
n

rn
~1!~v!1

1

2(nn8
rnn8

~2!
~v!G ,

~7!

when f 2 configurations are included in the impurity trea
ment, or

Zf5E
2`

`

dve2bvFr~0!~v!1(
n

rn
~1!~v!G , ~8!

when only f 0-f 1 fluctuations are described in the impuri
model. r (n) are the spectral functions for thef n configura-
tional Green’s functions, i.e.,

r~0!~v!5
1

p
Im G~0!~v!,

rn
~1!~v!5

1

p
Im Gn

~1!~v!, ~9!

rnn8
~2!

~v!5
1

p
Im Gnn8

~2!
~v!,

with

G~0!~v!5(
Nc

e2bENc

Zc
K NcU 1

v2ĤNc

UNcL ,

Gn
~1!~v!5(

Nc

e2bENc

Zc
K n;NcU 1

v2ĤNc

UNc ;nL , ~10!

Gnn8
~2!

~v!5(
Nc

e2bENc

Zc
K nn8;NcU 1

v2ĤNc

UNc ;nn8L .

Here,Nc is a composite index enumerating the conductio
electron states according to

uNc&5 ĉn1«1

† . . . ĉnN«N

† uvac&,

uNc ;n&5 ĉn1«1

† . . . ĉnN«N

† f̂ n
†uvac&, ~11!

uNc ;nn8&5 ĉn1«1

† . . . ĉnN«N

† f̂ n
† f̂ n8

† uvac&,

where we have introduced the convenient linear combina
of band states:

ĉn«5
1

AuVn~«!u2(nk
Vn

nkĉnkd~«2«nk!. ~12!

The normalizing prefactor is defined in Eq.~20! below. The
quantities entering in Eqs.~10! are

ENc
5 (

mPNc

«m , ~13!

ĤNc
5Ĥ2ENc

, ~14!
-

n

Zc5(
Nc

e2bENc. ~15!

In the generalized NCA the configurational Green’s fun
tions are given self-consistently in terms of their se
energies as

G~n!~v!5
1

@G0
~n!~v!#212S~n!~v!

, ~16!

whereG0
(n) are the unperturbed Green’s functions, and

S~0!~v!5(
n
E

2`

`

d« f ~«!uVn~«!u2Gn
~1!~v1«!, ~17!

Sn
~1!~v!5E

2`

`

d« f ~2«!uVn~«!u2G~0!~v2«!

1 (
n8Þn

E
2`

`

d« f ~«!uVn8~«!u2Gnn8
~2!

~v1«!,

~18!

Snn8
~2!

~v!5E
2`

`

d« f ~2«!$uVn~«!u2Gn8
~1!

~v2«!

1uVn8~«!u2Gn
~1!~v2«!%. ~19!

Here, the energy-resolved hybridization function is intr
duced according to

uVn~«!u25(
nk

uVn
nku2d~«2«nk!. ~20!

When only f 0 and f 1 configurations are included, th
spectral functionsr (0) and r (1) are calculated in the usua
NCA ~Ref. 29! ~generalized to more than one irreducib
representation!, which corresponds to the above equatio
~17! and~18! with the second term omitted on the right-han
side of Eq.~18!. In the present context, this should not b
understood as aU→` approximation, but rather as an a
sumption that the coupling to higher configurations is
cluded in the first termE0 of Eq. ~3!. This will be discussed
in greater detail below. For the case where thef 2 configura-
tions are also included in the impurity calculation, we ha
included vertex correction terms to the self-energies in E
~17!–~19!, as discussed in Refs. 30 and 31.

Having found the Helmholtz free energy of the syste
the pressure-volume curve may be calculated from the r
tion

p~T,v !52
]F~T,v !

]v
. ~21!

If the pv curve is not monotonous, i.e., if two volumes ca
exist at a given pressure, the stable volume will be the
minimizing the Gibbs free energy

G~T,p!5F@T,v~T,p!#1pv~T,p! ~22!

To summarize, the philosophy behind the present treatm
of the a-g transition in Ce is similar to that of the KVC
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model described by Allen and Liu.14 The difference between
the two calculations is in the technical details: Here, to
energy curves are calculated fromab initio band-structure
schemes instead of the empirical curve used in Ref. 14
estimating the total energy in the absence off -spd hybrid-
ization. In addition we use the NCA scheme and its ext
sions to perform a direct calculation of the Helmholtz fr
energy.

IV. NUMERICAL RESULTS AND DISCUSSION

A. Impurity-model treatment of multiple occupancy

We shall begin by considering the case of a DFT cal
lation without anyf contribution to the cohesion in conjunc
tion with an impurity-model calculation includingf 0, f 1,
and f 2 configurations. The DFT calculation in question c
be realized either by treating the 4f orbitals as a partially
filled core shell, or by doing a SIC calculation in which th
normal conduction states are not expanded in 4f orbitals.

LDA calculations were performed with thef states treated
as core states using the LMTO method,26 with both the
atomic-spheres approximation~ASA! and the full-potential
~FP! approach. In the ASA, the crystal volume is divide
into overlapping atom-centered spheres with a volume eq
to the actual crystal volume, and the crystal volume is
sumed spherically symmetric inside the spheres. The
method does not invoke any shape approximations for
crystal potential. The ASA is usually adequate for high
symmetric close-packed systems and has been succes
applied to Ce.6–8 The FP calculations were done using t
code developed by Wills.32 In addition, we have performed
SIC-LDA calculations withspd-expanded Bloch states usin
the ASA approximation. In all cases, a double basis set,
cluding 5spd and 6sp orbitals, was used to ensure a corre
treatment of the 5sp semicore states.

The total-energy curves are shown in Figs. 1~a!–1~c!
~shifted to facilitate comparison!. The LDA and SIC-LDA
total-energy curves are quite similar showing that the ASA
quite adequate for Ce, and that the essential effect of

FIG. 1. Total-energy curves for Ce calculated by different D
methods. The curves have been shifted by constant energy offs
facilitate comparison.~a! Full curve: FP LDA calculation,~b! dot-
ted curve: LDA calculation with the ASA,~c! dashed and~d! dash-
dotted curves: SIC-LDA calculations with the ASA. In~d!, the f
hybridization was included for the conduction states, but not in~a!,
~b!, and ~c!. The arrows mark the experimental volumes of thea
andg phases~192 a.u. and 232 a.u., respectively.!
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self-interaction correction is to turn off thef-spd hybridiza-
tion ~by shifting the f-level position down in energy!. The
position of the energy minimum is 12–18 % larger than t
experimental g-phase volume (;232 a.u.). In contrast
when thef electrons are allowed to hybridize into the co
duction bands in the SIC-LDA calculation the total-ener
curve shown in Fig. 1~d! is obtained, with the position of the
energy minimum;5% below theg-phase volume. A simi-
lar LDA calculation includingf 2spd hybridization found
the minimum energy at;167 a.u., i.e., 13% lower than th
experimentala-phase volume~192 a.u.!.16

In Fig. 2 the pressure-volume curve obtained by adding
impurity-model free energy to the FP-LMTO energy in Fi
1 is shown~solid curve!. The impurity model was treated b
the ~vertex-corrected! generalized NCA approximation de
scribed in Sec. III. The calculations were done at a tempe
ture of 300 K with an energy axis in the range@21 –1.5# Ry
and a mesh spacing of 0.5 mRy. The value of thef level
Coulomb repulsion was set atU56 eV,« f was chosen to be
21.27 eV for thej 5 5

2 states, with a spin-orbit splitting o
0.28 eV, and the hybridization function was calculated
rectly from the 4f -projected DOS,nn , arising in the full-
potential-LDA calculation:33

uVn~«!u252
1

p
Im F E dv

nn~v!

«2v2 idG21

. ~23!

The values forU and thef-level positions were obtained
by Liu and Allen from spectroscopic fits.14 The steep rise of
the pressure-volume curve shows that the gain of hybrid
tion energy in the impurity model as one goes towards low
volumes cannot compensate the rise in the DFT energy c
in Fig. 1. As a result, thea-g transition cannot be describe
within this theory, although thepv curve does show a
marked irregular behavior.

One can imagine at least two reasons for the discrepa
between the present model and the work of Allen and L
First, the LDA could be inaccurate for the computation of t
energy E0(v) of the starting trivalent configuration. Th
LDA is known to overestimate bulk moduli, in some cas
by a considerable percentage~50–100 %!. This would make

to

FIG. 2. Pressure-volume curves for Ce calculated from the s
of FP-LDA energies, excludingf hybridization, and full extended
NCA free energies from the Anderson impurity model. The so
curve shows results with the same hybridization strength for
configuration interactions, while the dashed curve is calculated w
f 1-f 2 hybridization increased by a factor of 2.
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the LDA total energy curve too steep, and thus favor
higher volumes in the present calculation. On the other ha
the errors in bulk moduli are usually accompanied by
underestimate of the equilibrium volume, which pulls in t
other direction. Therefore, the total effect of the likely LD
errors is not obvious. A second explanation could be that
are making an error in using the same hybridization funct
to describe bothf 0-f 1 and f 1-f 2 hopping processes. Gun
narsson and Jepsen34 have argued that the coupling from on
configuration to another should be calculated using a w
function corresponding to the configuration with the high
f occupation. This means, that thef 0-f 1 coupling should be
calculated with a wave function corresponding to a sin
occupied state, while thef 1-f 2 coupling should be calculate
using a doubly occupied orbital, which would be consid
ably expanded due to the internal Coulomb repulsions. G
narsson and Jepsen showed that this could lead to anf 1-f 2

hybridization several times larger than the one correspond
to f 0-f 1 processes. For Ce they estimated an enhancem
factor of 2. The dashed curve in Fig. 2 shows the press
volume curve obtained if such an enhancement factor is
cluded in the impurity-model calculations. As expected,
curve is brought down to lower pressures by the enhan
ment of hybridization, but, remarkably, it is still far from
showing a discontinuous transition. It seems likely that b
the impurity-model parametersand the DFT description of
the ‘‘unhybridized’’ case need improvement for this a
proach to a modeling of thea-g transition to be fruitful.
Since we presently have no reliable way of estimating
precise magnitude of the rescaling factor for thef 1-f 2 hy-
bridization, we have not gone further along this line of r
search. A SIC-LDA calculation assuming two localizedf
electrons on the Ce atom is not numerically stable. It mus
concluded that a treatment of thef 1-f 2 coupling within the
Anderson impurity model, combined with an LDA or SIC
LDA treatment of the electron gas surrounding thef multi-
plet, cannot be used for describing thea-g transition.

B. Density-functional treatment of multiple occupancy

In light of these findings, we now turn to the seco
scheme described in the previous section in which the He
holtz free energy from an impurity-model calculation inclu
ing only f 0 and f 1 configurations is added to the total ener
from a SIC-LDA calculation with the Bloch states expand
in the 4f states orthogonal to the localized SIC state. A h
bridization function is extracted from the SIC calculatio
using the following expression:

uVn~«!u25(
nk

u^cnkuĤLDAucn
SIC&u2d~«2«nk!. ~24!

The statesnk are the Bloch states, whilen indexes the pos-
sible symmetries of the SIC state.ĤLDA is the LDA Hamil-
tonian for the band states. The matrix elements in Eq.~24!
are equal to the off-diagonal Lagrange multipliers, whi
enter into the SIC-LDA minimization procedure to secu
orthogonality between localized and itinerant states.16 The
resulting hybridization functions appear similar in magnitu
to the ones obtained in ordinary LDA calculations by t
method described in Eq.~23!. By choosing SIC states o
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different symmetries, hybridization functions for different i
reducible representations of the crystal point group can
obtained. For the cubic symmetry of the fcc lattice there
five different representations when spin-orbit splitting is
cluded. To account for possible effects of hybridizatio
induced crystal-field splittings, we have performed SIC-LD
calculations with SIC states of all representations, and
tracted corresponding hybridization functions. The hybr
ization functions are shown in Fig. 3. The total energies
tained from these SIC-LDA calculations have slig
differences~mostly below 1 mRy!, which could be taken to
represent baref-level splittings, but since the present calc
lations do not include electrostatic shifts, due to the symm

FIG. 3. The hybridization functionspuVn(«)u2 @Eq. ~24!# for ~a!
j 55/2 and~b! j 57/2, calculated for a Wigner-Seitz radius of 3.6
a.u.. The full, dashed, and dashed-dotted curves are for theG7 , G8 ,
andG6 representations, respectively. The Fermi level is atE50. ~c!
shows the volume variation of the integrated weight ofpuVn(«)u2

below the Fermi level.@Average for thej 55/2 multiplet and scaled
by a factork(v)50.6602(v2199.2)/1000.6, withv in a.u.# The
experimentala andg volumes are marked.
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PRB 59 3457THEORY OF THEa-g PHASE TRANSITION IN Ce
trization of the potential in the ASA, these differences a
not representative of crystal-field splittings in the real s
tem. Therefore, we have chosen to work with degeneraf
levels apart from the spin-orbit splitting. For the bare S
energies@E0(v) in Eq. ~3!# we have taken the energies co
responding to theG7 representation of thej 5 5

2 multiplet.
Figure 1~d! shows the calculated total energy when the c
duction states are allowed to hybridize with thef states. The
bare f-level energies were the same as in the calculati
described in the previous subsection.

The strength of the hybridization function, and the var
tion of this strength with volume, has a decisive influence
the thermodynamics of the system, but the procedure of
culating this function within the LDA or SIC-LDA is fairly
crude and does not capture several important aspects o
system. For instance, a hybridization function, which is c
culated including lattice effects, as realizable within the d
namical mean-field theory~DMFT!,35 might evolvef-related
structures at the Fermi level,31 which could considerably in-
fluence the free energy. Also dynamical correlations am
the d electrons could modify the LDA hybridization
functions,14,36 as could correlation-induced changes in t
f-occupation number. Since we cannot at present trea
these problems, we must instead modify our hybridizat
functions to conform to experimental information, as w
also done by Liu and Allen. These authors gave values
the average of the hybridization strengths in a 3-eV reg
below the Fermi level at thea- andg-phase volumes. In this
work, we have chosen rescaling factors for each of th
volumes so that the average of the hybridization strengths
the j 5 5

2 representations obtained from our calculatio
agree with the ones quoted by Liu and Allen after rescali
For the other volumes, the rescaling factor was assume
vary linearly with volume. The necessary scaling factors
0.660 in thea phase and 0.626 in theg phase, somewha
smaller than the factors used by Liu and Allen, due to
different procedures for calculating the hybridization. Figu
3~c! shows the volume dependence of the averaged hyb
ization strength, defined as

D5p
1

6 (
n

~ j 55/2!
1

«F2BEB

«F
uVn~«!u2d«, ~25!

where B defines the bottom of the conduction bands. T
quantity indeed varies close to linearly with volume. In su
mary, we have used the~experimentally fitted! information
obtained by Liu and Allen to obtain the baref-level positions
and the average hybridization strengths, whereas no o
adjustable parameters enter in the calculation.

In Fig. 4 the pressure-volume isotherms obtained from
KVC calculation are shown. The dotted lines indicate t
positions of the phase transition, as found by requiring
Gibbs free energy to be minimized. Calculations were p
formed at temperatures ranging from 50 K to 600 K, in ste
of 50 K. The volumes of thea andg phases lie in the range
180–185 a.u. and 205–210 a.u., respectively, at the tra
tion pressure. At room temperature~300 K! the volumes are
182 a.u. and 205 a.u. In comparison, the experimentaa
volumes at this temperature are around 185–190 a.u1,37

while theg volume at the transition pressure has been fou
to be;215 a.u.37 Thus, the errors in the description of the
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volumes are less than;5%, which is quite common in LDA
calculations for ‘‘normal’’ solids. At zero pressure, the r
sults are less satisfactory: Theg phase in this case has a
equilibrium volume of 232 a.u.,1 compared to the;210 a.u.
found from the curve in Fig. 4. This shows that we are ov
estimating the bulk modulus of theg phase at low pressures
For thea phase, atT577 K, theoretical and experimenta
results are;181 a.u. and 192 a.u.,1 respectively.

In Fig. 5 thepT phase diagram calculated from the curv
in Fig. 4 is shown~dashed curve!, together with the experi-
mental phase transition line~solid line!. The latter has been
extrapolated into the region below 200 K, where a th
phase of Ce, the hexagonalb phase, is actually reached. It
seen that the slopes of the curves are quite similar, but
theoretical curve appears at somewhat lower pressures,
cating that our model is favoring thea phase too much. The
upper critical point in the calculation appears at 550 K,
accordance with the experimental value of 600650 K. A
slight curvature towards the temperature axis has been
ported in some experiments,1 though not all, and is also see
in the theoretical curve, but has not been included in
experimental phase boundary. We have extended both cu
to the lowest temperature reached in our calculations~50 K!,
but do not intend to indicate the presence of a lower criti

FIG. 4. Isothermal pressure-volume curves calculated in
present version of the KVC model. Total energies are calcula
with the SIC-LDA includingf hybridization and free energies ar
obtained from the NCA treatment of the Anderson impurity mod
Dashed lines mark thea-g transition. Isotherms are forT5n
350 K, n51,2, . . .,12.

FIG. 5. Theoretical and experimentalp-T phase transition line
for thea-g transition. The solid curve shows the experimental lin
while the dashed curve shows theoretical results.
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3458 PRB 59J. LÆGSGAARD AND A. SVANE
point at this value. The existence of such a point~at negative
pressure and a temperature below 40 K! was predicted by the
KVC calculation of Allen and Liu. Alloying experiments
which mimic negative pressures by expanding the Ce latt
have provided some support for this finding.38 From the
curves in Fig. 4 it seems dubious that such a point wo
appear in the present calculation, but its existence canno
excluded since our numerical calculations become unrelia
at very low temperatures. The critical volume is calculated
beVc5192 a.u., approximately 5% smaller than the expe
mental value of 202 a.u.39 In connection with the phas
boundary it should be noted that the product of transit
pressure and volume change is typically on the order
pDv;0.1–1 mRy, which means that the position of t
phase boundary is quite sensitive to changes in, e.g.,
shape of the SIC-LDA total energy curve on this ener
scale. In fact, the difference between theory and experim
seen in Fig. 5 could easily be caused by errors of the k
usually found in LDA calculations for weakly correlated m
terials. The transition volumes are a more ‘‘robust’’ quant
to calculate, and it is therefore reassuring to see that t
come out with only small to moderate errors.

In total, the model presented here for thea-g transition in
Ce has comparable, or better, agreement with experime
results than any other calculation put forward so far. In p
ticular, the tendency of models based purely on DFT to p
duce too large volume collapses and critical-point tempe
tures~e.g., 23% at room temperature andTc51300 K in the
calculation of Svane16! has been cured by inclusion o
impurity-model-basedf 0-f 1 hybridization energies. The vol
ume collapse at room temperature is predicted to be 11.3
the present work, and 8.8% in the calculation of Allen a
Liu, while the experimental value is 14.8%.1 In the work of
Allen and Liu, thea and g volumes both appear too high
while in the work of Svane, theg volume is predicted quite
accurately at the transition pressure, while thea volume is
severely underestimated. In the present work, both volu
are predicted with fair accuracy.

To investigate the difference between the two types
calculations discussed here we show in Fig. 6 thef 1-f 2 con-
tribution to F (T50 K,v). In approach A, this quantity is
calculated as the difference in free energy of the Ander
impurity model using the extended NCA and the strict NC

FIG. 6. Comparison off 1-f 2 hybridization energy as calculate
with the Anderson impurity model in the NCA~dashed line! and by
the SIC-LDA method~solid line!. See text for explanation.
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In approach B it is given as the difference between the S
LDA total energies with and withoutf-state hybridization in
the conduction bands@curves~d! and~c! in Fig. 1#. It is seen
that thef 1-f 2 hybridization energy is about twice as large
approach B as in approach A. Since approach B leads to
correct description of the phase transition we are led to c
clude that thef 1-f 2 contribution to the total energy is inad
equately described by the extended NCA, even when inc
ing vertex corrections.

Although the present model provides good quantitat
results, it should be recognized that it contains several
clear points. To interpret the calculation in impurity-mod
language we must imagine that the NCA calculation d
scribes fluctuations between thef 0 configuration and a set o
states that we callf 1 states, but which are in reality mixture
of f 1 and higher configurations. If that is the case, it is n
clear how the hybridization between such states should
calculated. This may be less important, since we end up
caling the hybridization strength according to experimen
fits. However, these fits were done using calculations wit
the Gunnarsson-Scho¨nhammer formalism, and, more impo
tantly, they were done using the same hybridization funct
for all configurational interactions. As we have seen, it
likely that the f 1-f 2 hybridization needs to be rescaled, a
one could then question the fits of Liu and Allen.

A point where the impurity-model picture is clearly a
variance with SIC-LDA and LDA is the question of th
f-occupation number. In the SIC-LDA calculation the occ
pation of the 4f orbital is around 1.3 electrons in both thea
and theg phase, while the impurity model always predicts
occupation around 1, or lower, even when thef 1-f 2 hybrid-
ization function is rescaled by a factor of 2. One can arg
that the occupation number of the Kohn-Sham orbitals
DFT is not necessarily physically relevant. On the oth
hand, the total charge distribution should be a physical qu
tity ~if we believe in the SIC-LDA!, and the 4f orbital is
spatially well separated from the rest of the valence orbit

To make progress from this somewhat unsatisfactory s
ation, one would probably need a better understanding of
hybridization function. First of all, one should seek a meth
for estimating configuration-dependent hybridizati
strengths as advocated by Gunnarsson and Jepsen, and
ond, due to the sensitivity of the calculation to the hybr
ization strength near the Fermi level, lattice effects~i.e., the
effect of DMFT self-consistency! and possibly effects of cor
relations among the Ced electrons not captured by LDA
may be important. Finally, the total-energy calculations wi
out inclusion off hybridization could be improved by using
e.g, the GGA~Ref. 23! instead of the LDA.

V. CONCLUSIONS

We have investigated two possible ways of describing
a-g transition in Ce by a combination of parameter-fr
DFT electronic structure calculations and Anders
impurity-model calculations. In the first approach the hybr
ization between thef electrons and the surrounding electro
gas is described entirely by the impurity model, treating
4 f multiplet as a singly occupied core state in the DFT c
culation, and including all possible states~in practice re-
stricted tof 0, f 1, and f 2 states! in the many-body treatmen
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of the impurity model. In the second approach the coupl
betweenf 1 and higher configurations is described by DFT
the SIC-LDA, while only the coupling betweenf 0 and f 1

configurations is treated by means of the impurity mod
The first method seems incapable of describing the trans
with parameters chosen according to present knowled
whereas the second method gives a fairly accurate quan
tive account for the phase diagram, but is more difficult
interpret because thef 1 configuration as represented by th
SIC-LDA calculation is in fact a dressedf 1 configuration.
We conclude that the mapping of the parameter-free e
tronic structure calculations to model Hamiltonians like t
ev
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g

l.
n
e,
ta-

c-

Anderson impurity model is best understood as an effec
mapping. A better understanding of the hybridization fun
tion entering the impurity model, as well as a better way
describing the unhybridized case by DFT, will be needed
a full understanding of the phenomenon. Finally, the effe
of the lattice need to be addressed.
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24P. Söderlind, O. Eriksson, B. Johansson, and J. M. Wills, Ph
Rev. B50, 7291~1994!.

25A. Svane, Phys. Rev. B51, 7924~1995!.
26O. K. Andersen, Phys. Rev. B12, 3060~1975!.
27O. K. Andersen and O. Jepsen, Phys. Rev. Lett.53, 2571~1984!.
28O. K. Andersen, O. Jepsen, and O. Glo¨tzel, inCanonical Descrip-

tion of the Band Structures of Metals, Proceedings of the Inter
national School of Physics, Course LXXXIX, Varenna, 198
edited by F. Bassani, F. Fumi, and M. P. Tosi~North-Holland,
Amsterdam, 1985!, p. 59.

29N. E. Bickers, D. L. Cox, and J. W. Wilkins, Phys. Rev. B36,
2036 ~1986!.

30T. Pruschke and N. Grewe, Z. Phys. B74, 439 ~1989!.
31J. Lægsgaard and A. Svane, Phys. Rev. B58, 12 817~1998!.
32J. M. Wills ~unpublished!; J. M. Wills and B. R. Cooper, Phys

Rev. B36, 3809~1987!; D. L. Price and B. R. Cooper,ibid. 39,
4945 ~1989!.

33O. Gunnarsson, O. K. Andersen, O. Jepsen, and J. Zaanen,
Rev. B39, 1708~1989!.

34O. Gunnarsson and O. Jepsen, Phys. Rev. B38, 3568~1988!.
35A. Georges, G. Kotliar, W. Kraut, and M. J. Rozenberg, Re

Mod. Phys.68, 13 ~1996!; and references therein.
36T. Schork and S. Blawid, Phys. Rev. B56, 6559~1997!.
37W. H. Zachariasen and F. H. Ellinger, Acta Crystallogr., Sect.

Cryst. Phys., Diffr., Theor. Gen. Crystallogr.A33, 155 ~1977!.
38J. D. Thompson, Z. Fisk, J. M. Lawrence, J. L. Smith, and R.

Martin, Phys. Rev. Lett.50, 1081~1983!.
39R. I. Beecroft and C. A. Swenson, J. Phys. Chem. Solids15, 234

~1960!.


