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Theory of the a-y phase transition in Ce
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The Kondo volume collapse model of the isostructuraj phase transition in elemental cerium is investi-
gated by a combination of the self-interaction-corrected local-density approxim@i@iLDA) and the
Anderson impurity model. The zero-temperature uncorrelated total-energy function as well as the model
hybridization parameters are calculated with the SIC-LDA approach, while temperature and correlation effects
are calculated within the impurity model, using an extension of the noncrossing approximation. It is found that
the phase transition may be quantitatively well described with this approach, provided a rescaling of the
hybridization parameters is invoked. The influence off€eonfigurations on the accuracy of the calculations
is discussed.S0163-182809)03105-7

I. INTRODUCTION tion is therefore similar to the Mott-Hubbard metal-insulator
transition’® although both phases of Ce are metallic because
One of the most fascinating properties of elemental Ce ishe spd electrons do not localize.
the occurrence of the isostructuraly phase transitioh.At In the Kondo volume collaps&kVC) model?3both the
low temperatures and ambient pressure, the equilibriuny, andy phases of cerium are characterized by having highly
phase of Ce is ther phase, which has the fcc crystal struc- correlated, localized electrons. The difference is in the de-
ture and relatively low volume. At higher temperatures,the gree of localization: While the picture of thg phase that
phase, likewise fcc, but with a significantly larger volume, emerges is that of a quite localizéelectron, with a devia-
becomes stable. When pressure is increased, the crystal c@lsyy from integral occupancy of only a few %, the phase
lapses back into the phase in a first-order phase transition. (o 4s towards the mixed-valent regime with faoccupation

At room temperature, the phase transition happens at a pregz only 0.861 and the ground state is thus a complicated

sure of~7 Kbar, and the change in volume is 14.8%. Thfaentanglement of andspdelectrons. The latter phase clearly

a-y transition Is unique among the elements in that it termi has the largest bonding energy, but entropy favors the phase
nates in a critical point. i ) . .
. e with localized electrons, which explains why the phase
Although it is generally accepted that they transition is becomes stable at elevated temperatures and low pressures
connected to the behavior of the Cé dlectron, several the- . P Press '
The KVC model is supported by results from photoemission

oretical models have been put forward, invoking different & whi .
physical effects. In the promotional modlis assumed that SPECtroscopy of ther phase’ which are more easily recon-

the f level becomes depopulated upon compression, but thigiled W'lt4h the Anderson impurity model than with a bandlike
is hard to reconcile with cohesive propertleqositron  Picture: The .descnptlon of thex phase as either a single .
annihilation? and photoemission experimentahich do not ~ Slater determinant, or an entangled many-body state, consti-
indicate major changes in thestate occupation numbers tutes the main difference between the Mott transition and
across the phase boundary. Furthermore, a binding energy kivC models.
thef level of the order of 0.1 eV or less would be necessary The KVC model has been analyzed in detail by Liu and
to account for the phase diagram within this model, whichco-workers:* By fitting the parameters of the Anderson im-
would imply that the width of thef band must be much Purity Hamiltonian to spectroscopic information, and com-
narrower to speak meaningfully of thidevel position being bining the impurity calculations with structural data for La
above or below the Fermi level. However, both these re@nd Pr, these authors were able to account for all qualitative
quirements are at variance with Spectroscopic experimentgejatures of the transition, and also to obtain reasonable quan-
and are not supported by band-structure calculation§tative predictions for the transition pressure as a function of
either®2° temperature. The magnitude of the volume collapse was,
The Mott transition model of JohansSaassumes that the however, underestimated by40%.
a phase of Ce is well described as an ordinary band state, The Mott transition model has recently been considered
while the y phase consists of localizedf Zlectrons. In a by several groups usingab initio electronic structure
simple Hubbard-mod& or Anderson-modét picture, the calculations™>~*"In these works, ther phase is described by
hopping terms in the Hamiltonian favor the formation of the conventional local-density approximatiof.DA) to
extendedbandlike states, while the strong Coulomb repul- density-functional theoryDFT), with thef electrons partici-
sions between electrons sitting in the sanfieultiplet favor  pating in the band formation, while slightly different descrip-
localization, which suppresses charge fluctuations on the difions of they phase are invoked. In Ref. 15 ohelectron on
ferent ions in the lattice. As the crystal is compressed, theach Ce atom is fixed in the core, while the remaining three
hopping integrals increase in value, and eventually the bandralence electrons form ordinary LDA bands. An energy shift
like states should be favored. In this picture, they transi-  is introduced to align tetravalent and trivalent total energies.
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In Ref. 16 onef electron per Ce atom is localized by the 4f-projected density of statéd®OS) obtained in an LDA
the self-interaction-corrected local-density approximdfion calculation for Ce, and subsequently rescalegan energy-
(SIC-LDA) by which the tetravalent and trivalent phasesindependent paramejelo match photoemission data for the
constitute competing local minima of the same total energwr and y phases. Slightly different rescaling parameters were
functional. Consequently, the energy separation of the twmecessary in the two phases. Afterwards, another rescaling
phases may be calculated by the SIC-LDA approach, whicljwith the same factor for both phasegas done to match the
in addition imposes strict orthogonality between the local-measured values for the static magnetic susceptibility. Thus,
izedf electrons and the normal valence electrons. By imagthe model cannot simultaneously account for the two sets of
ining the Ce crystal at finite temperatures to consist of arexperimental data, possibly due to inaccuracies in the shape
alloylike mixture of the trivalent and tetravalent Ce atoms, aof the LDA hybridization function. The hybridization was
description of the thermodynamics may be obtained by botltaken to be identical for all states in thd #nultiplet, but a
approaches. In Ref. 17 it is assumed that thphase may spin-orbit splitting of 0.28 eV was introduced between the
also be described as a conventional spin-polarized band stajte- 2 and j = multiplets. At intermediate volumes, the hy-
within LDA. The phase transition is then caused by a largebridization function was found by linear interpolation be-
entropy contribution from the band electrons. These worksween the functions calculated for taeandy volumes. The
show that the Mott transition description, like the KVC f-level position andJ value were also determined from fits
model, captures the qualitative aspects ofdhe phase tran-  to spectroscopy results. The finite-temperature contribution
sition of cerium, maybe with somewhat larger quantitativeto the f-electron free energy; was estimated from the
errors. On the other hand, the calculations are done withouBethe-ansatz solution of the Kondo Hamiltonian with an im-
any adjustable parametefsne energy alignment parameter purity degeneracy of 6, corresponding to the degeneracy of
enters in Ref. 1p The LDA has had a tremendous success inthe j =3 multiplet that carries most of thieoccupation.
the quantitative description of solid¥?° but the rare earths ~ The estimation ofEy is not a trivial matter, since no
are extreme cases, for which the validity of the approximaphase of Ce is found in which tHeelectrons do not contrib-
tion is dubious. In particular, the simple picture of localizedute to the cohesion at all. Indeed, the Gunnarsson-
versus Bloch-like electrons cannot account for the results of Schmhammer calculations performed by Allen and Liu
spectroscopic experiments, so at least in the excited states sfiowed thatboth the o and y phases have largerelated
the system, some nontrivial correlations must be present. It isontributions to the cohesive energy, mainly arising from
difficult to explain why these effects should not be present inf-f2 fluctuations. Allen and Liu determineHy from the
the ground state as well. Also, there is no experimental eviaverage values of equlibium volume and bulk modulus for
dence in favor of the alloy model used in Refs. 15 and 16. La and Pr, which are neighbors of Ce in the Periodic Table
In the present work we investigate the possibility of com-and do not show anomalous behavior. Sinceftsgtes also

bining the KVC picture in the impurity model description of contribute to the cohesion in these compouriglg,must be
Liu and Allen with the SIC-LDA method used by Svane, to determined by

shed light on the possible connections between the two mod-
els and to reduce the number of adjustable parameters in the En(v)=ELPT(0)—EL2PT(p), 1)
KVC calculation. In Sec. Il a short review of previous work
is given, serving as both motivation and formal preparationyhereE-2P"(v) is a parabolic energy vs volume curve, ob-
for the following sections. In Sec. Il the formal theory of the tained from the averages of La and Pr volumes and bulk
present work will be presented, while Sec. IV presents thenoduli, while E+*P"(v) is the average of thecontribution
numerical results and Sec. V contains the conclusions ang ihe total energy in the two compounds, as calculated in the
outlooks. Gunnarsson-Scimhammer formalism(again with param-
eters matched to various experimental dgata

The physical picture emerging from the KVC calculation
is roughly the following: The energy curviéy(v), which

In the KVC calculation performed by Allen and Lid,it may be taken as a rough measure of the Ce total energy in
was assumed that the free energy of the Ce crystal could e absence df®-f* fluctuations, has a minimum at a volume
split into two parts: A “normal” partEy, arising from the slightly larger than they-phase volume. The hybridization
non{ electrons, and aff-electron partE;, which was as- energy gained froni®-f! hopping pulls the true total-energy
sumed to be equal, in ad-atom crystal, to the sum of free  minimum downwards to a value around thephase volume,
energies ofN-independent impurity multiplet€; was fur-  which is therefore the stable crystal volume at zero tempera-
ther subdivided into zero-temperature and finite-temperatureure. Actually, thea-phase volume is somewhat overesti-
contributions, while the temperature dependenc&gpfvas  mated in the calculation. In the phase there is a relatively
assumed to be negligible. The zero-temperature pai;of large energy separation between the ground state of the
was determined as the ground-state endtggt is, the dif-  Anderson model, with its entanglement of tHeandf* con-
ference between the ground-state energy with and withouigurations, and the excited states consisting essentially of a
f-spdinteractions of an Anderson impurity model as calcu- free localized electron, while at higher volumes, the energy
lated by the method of Gunnarsson and ‘Sttammer? In separation is much smaller. Since the ground state is a singlet
this method, the problem is treated within a finite basis setstate, while there are six possible states for a localized elec-
consisting of eigenstates of the unhybridized problem. Allertron, entropic contributions will favor the higher volumes
and Liu used an expansion incorporatiffy f1, andf2 con-  when the temperature is large enough to break the ground-
figurations. The hybridization function was calculated fromstate singlet. These effects together bring about the phase

II. REVIEW OF PREVIOUS WORK
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transition. Careful inclusion of thdarge hybridization en-  severely underestimated. In conclusion, the calculation gives
ergy from thef!-f2 fluctuations is important to obtain a rea- a good qualitative description of the phase transition, but the
sonable quantitative description of the system, but the variaquantitative predictions are poor, compared to the work of
tion of this energy with volume does not show the Allen and Liu, which is perhaps to be expected, since the
exponential behavior characteristic of ti&-f! hybridiza- model does not contain adjustable parameters.
tion. It is interesting to compare the physical content of the two
The Mott transition calculation by Svalfeassumes that theories outlined above. In the KVC model, theonding in
the total energy of Ce at zero temperature can be describetle Anderson impurity model is characterized by a large con-
by DFT using the SIC-LDA approacti.The SIC-LDA total-  tribution from f1-f2 fluctuations, which has relatively slow
energy functional may have several local minima, composestolume variation, and a smaller contribution frdff* cou-
either entirely of Bloch wave functions, or of a combination pling, which varies much more rapidly with volume. The
of Bloch functions and localized orbitals. In Ce, it turns out competition between this energy gain, at low volumes, and
that there are two minima of the total energy as a function othe gain in entropy at higher volumes brings about the phase
volume. In one minimum, at low volume, all electrons residetransition. In the SIC-LDA picture, thEoccupation number
in orbitals with Bloch symmetry, while in the other mini- is fluctuating “freely” in the a phase, i.e., in a manner char-
mum, at higher volume, a single electron at each site occuacteristic of uncorrelated states, while in thephase, one
pies a localized state that is of almost99%) pure 4 electron is frozen in the localized SIC state, which is essen-
character. The localized electron does not contribute to théally a local f state. Therefore, thé® configuration is ex-
bonding, so in the first minimum Ce is tetravalent, while included from occupation in they phase. The normal
the second minimum Ce is trivalent. Since the symmetry otonduction-band states are still allowed to hop into the
the electronic states must be chosen from the o(éssét of  states orthogonal to the localized state, so higher configura-
Bloch states will, for instance, not evolve into non-Bloch tions are also occupied in this case. In fact, the tbtatcu-
states because they generate a translationally invariant potepation is calculated to be around 1.3 in both thand they
tial), two distinct energy vs volume curves can be con-phases, which indicates that configurations with more than
structed for the two symmetri¢8.The minima occur at al- onef electron have a considerable weight. The energy differ-
most identical energies, the difference beir@.1 mRy in  ence between the LDA and SIC-LDA ground states is there-
favor of the low-volume phase, which is interpreted asd¢he fore given by thef®-f! hybridization energy, and the SIC
phase. Due to the small difference in energy a negative pregalculation may be viewed as a simple “on/off” approxima-
sure of only—1 kbar would be sufficient to affect a transition tion to the rapid volume variation of this term in the Ander-
to the high-volume §-) phase. Extrapolating the experimen- son model. Thus, in a certain sense, the two models appear
tal transition line to zero temperature, a transition “pres-very similar, since the finite-temperature extension of the
sure” of —7 kbar is reached, so the result does not appea8IC-LDA calculation contains essentially the same entropic
unreasonable. It should be emphasized, that the near degesffects as the KVC calculation. The difference is in the de-
eracy of the two energy minima may be coincidential. Thescription of thef®-f* coupling in thea phase as either un-
calculations were performed within the atomic-spheres apeorrelated hopping or Kondo entanglement. In thghase,
proximation(ASA) without inclusion of spin-orbit coupling, the f° configuration has little weight in the KVC calculation,
and the errors arising from these approximations are mosfo the difference between the two approaches here is prob-
probably larger than the difference in the minimum energiesably not very significant. Furthermore, the description of the
To extend the model to finite temperatures, Svésimi-  f1-f2 coupling is very different in the two approaches in both
larly to Ref. 15 assumed that the entropy of the crystal isthe « and they phases. This is evidenced by the significant
given as that of a mixture of tetravalent-ike) and trivalent  difference in occupation numbers: While the LDA and SIC-
(y-like) atoms: LDA calculations findn;~1.3, the KVC model findsi;<1
for both phases.
S=xS,+(1-x)S,+ Snix. %)) To distinguish the two models from each other, we should
therefore focus attention on the description of thehase,
Here,x denotes the fraction af-like ions. It is assumed that and on the way in which thé!-f2 coupling is treated. With
S,=0, while S,=kg In6, corresponding to the sixfold de- respect to ther phase, a closer look at the results of Svane
generacy of thg =2 multiplet of the Ce 4 states. At most reveals that most of the quantitative errors in the description
temperatures the inclusion of tt®, term is the decisive arise from a severe underestimation of ta@hase volume
modification compared to the zero-temperature case. Only dty the LDA calculatiort® Indeed, a rigid shift of the LDA
high temperatures, close to the upper critical point of thetotal-energy curve towards larger volumes before doing the
phase transition, does the mixing entrogy;, become im- thermodynamic calculation brought the coordinates of the
portant. With this simple form for the entropy, the phasecritical point to an agreement, within errors, with the experi-
diagram as a function of temperature can be calculated. Thigental value. One may speculate that the “uncorrelated”
calculation gives a critical point at a pressurepgf=47 kbar ~ f%-f* hybridization in the LDA calculation overestimates the
and temperature of ;= 1300 K22 Experimentally, the criti- cohesive contribution from these fluctuations and that a
cal coordinates arep(.,T.)=(20 kbar, 600 K.! The vol- Kondo-like picture is more appropriate. On the other hand,
ume collapse at room temperature is calculated to be 24%he theoretical description of the-phase volume within
significantly larger than the 14.8% observed experimentallyPFT is significantly improved with the generalized gradient
The volume of they phase at the phase boundary is well approximation(GGA).232417
described by the theory, while the volume of #hephase is With the description of thes phase approximately correct
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in both the KVC and SIC-LDA calculations, one could Here, « enumerates the occupied electron statess the
worry about the difference if-occupation numbergor, total spin density of the systemy(r)=[n'(r),n‘(r)],n(r)
equivalently, in the cpuplings to h!gher configurat_ibns —ni(r)+nk(n) andn_is the s ir’1 densit of,thezth ,state
From the KVC calculation of Ref. 14 it is not easy to judge —d1. it as a fonctional F:)f e setyof ocoupied wave

how decisive the treatment of these couplings is, since th ; be sh haES'C is in f ¢
difference betweeri'-f2 hybridization energieghis energy UNCtions ¢, . It may be shown thak™>"™ is in fact a func-

calculated for Ce minus the average of this energy for La anéional of the total spin density alon&®'®=E>'qn].*#2°

Pr) is added to a parabolic “normal” contribution with a U[n] and E;>#[n] are the Coulomb and the exchange-
bulk modulus taken from experiments. Hence, one may to &orrelation energies of the electron gas, respectively, while
certain extent expect cancellations of errors. In the case of_,[n] denotes the interaction energy with the lattice of
the SIC-LDA calculation, where there are no adjustable paions.

rameters, it is easier to see that a drastic modification of this The last term in Eq(4) constitutes the self-interaction
hybridization energy would perturb the results strongly. Incorrection, where for each occupied orbital the Coulomb and
the following we will estimate thé*-f2 hybridization energy  exchange-correlation energies of the corresponding spin den-
from the band-structure calculations, and compare to the ety 1y s subtracted. If the self-interaction is omitted we

ergies obtained in the KVC model. would have the LDA energy function&-P*. Since E-PA
_In the following sections we will incorporate band theory erroneously includes the self-interaction of each occupied or-
into the KVC model. From the above discussion, two possiyitg| it is natural to correct for this, which is the motivation
bilities emerge, which will both be considered: In approachs, considering the functionakS'C.8 The self-interaction

A, we start from a band calculation of a puf& configura-  yanishes identically for extended states, but is finite for spa-
tion, in which thef electrons do not contribute to the bonding ti5|ly confined states. For well-localized states, like tHe 4
at all. This is realized either by an LDA calculation in which giates of Ce, it is a negative energy contribution. The self-
one 4 orbital per Ce atom is occupied in a core state, or bYineraction correction may therefore also be viewed as an
a SIC-LDA calculation in which the Bloch states are ex-energy gained by localization, which counteracts the loss in
panded irspdorbitals only. To the total energy evaluated in hang formation energy. The implementation of the minimi-
this calculation is then added a free-energy contribution from, 5tion of theES'C functional using theb initio tight-binding

an impurity-model calculation taking all possibl] prac- |inear muffin-tin orbital(LMTO) method®~28is described in
tice, all f%, f!, and f?) configurations into account. In ap- getail in Ref. 16.

proach B, we start from a similar SIC-LDA calculation, how-  The second term in Eq3) may be written
ever with the Bloch states expanded also inatbitals. To

the total energy of this calculation we add the impurity-
model estimate of th&°-f hybridization free-energy contri-
bution. The difference between the two approaches is the

description of the couplings to multiply occupié@onfigu-  Where the partition functio& of the f electrons due to the
rations. interactions with the normal conduction electrons will be as-

sumed to be described by the Anderson impurity mdtiel:

Fimp(T,U):_kBT In Zf, (5)

. FORMAL THEORY

. : - . U -
The total Helmholtz free energy per Ce ion is assumed to A= enclCnct > &,0,+ 5 > n,n,
be given as nk v v
F(T,0)=Eq(0) + Fimp(T,0). 3 +2> (Vi lenctH.e) ()

nkv
Here,E, is the zero temperature total energy from one of the
DFT calculations mentioned above, afig,, is the hybrid-  The operators and ¢ are destruction operators férand
ization contribution to the free energy of the impurity model. other electrons, respectivelfy, is the number operator for a

Thus all temperature variation of the free energy enters,,yicylar orbital in the multiplet (indexed byv). The or-

through the second term. The vibrational free energy and th ital dependence dfenergies originates from spin-orbit and

entropy of the normal conduction electrons are not ConSIZE:SSibly crystal-field spliting. We have chosen to ignore a

ered here. Both of these terms are small. In contrast to Re : .
: ossible orbital dependence of thk parameters, although
t1h7 tkI;e SI%—LD]A does not lead to a large density of states a . icjusion hereof is not a serious problem.
€ mermi ‘evel. Assuming thatJ is the dominant energy scale in the prob-

LDl,Q the IS IC—LDAfappr_oxi{r%nPatihoW 0?}? Csubltracgs frc()jm tk;fe lem, it is reasonable to expand the solution in eigenstates of
total-energy functionaf’ the self-Coulomb and self- 4, impurity Hamiltonian without thé-c hybridization term,

exchange-correlation energy for each occupied electron statﬁ'e_, states with fixed and band occupation numbers. This

approach is the basis of the Gunnarsson-8bammer

— ; ; ; 29

E =ES! _ —A +UlN]+ELPA approach! and the noncrossing approximatigiNCA),

o(v) ] ; (el = Altha) + U] + B n] both widely used in the analysis of photoemission in Ce and

Ce compounds. In the present watk will be evag%agtfzd in

Vo nl— Uln. 1+ ELPATn TV 4 the generalized noncrossing approximatitvCA),>>* ac-

ed N]= 2 {Uln, ]+ B nJ} @ o which
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Zi= f dwe A® , Z.= > e FEn, (15)

NC
@) In the generalized NCA the configurational Green’s func-
when f? configurations are included in the impurity treat- tions are given self-consistently in terms of their self-
ment, or energies as

1
P+ 2 p(0)+52 p)(w)

Zfzf:dwefﬁ“’ p(O)(w)+EV ps,l)(w) ’ (8) GM(w)= 1 (16

[G ()] 1-3(w)’

when only f°-f* fluctuations are described in the impurity whereG{" are the unperturbed Green’s functions, and
model. p(" are the spectral functions for tH& configura-

tional Green’s functions, i.e.,

30(0)-3 [ def(elv(elelwre), 17
pO(0)= 2 Im G ),
29><w)=f_ def(—&)|V, ()G (w—¢)

1
Py (@) =—Im G, (w), 9 .
+ > def(e)|V, (8)]2G2 (0 +8),
v'i#Ey ST
1
P (©)=—IMG (w), (18)
with 21?,(w)=f def(—&){|V,(e)26P(w—2)
e PEN, 1
GO(w)=> N, N, ), +|V, (e)]2G P (w—g)}. (19
N¢ ZC CL)_HNC

Here, the energy-resolved hybridization function is intro-
duced according to

e PEN, 1
G P (w)=2, VN, —IN.;v), (10

N¢ Zc

P, V,(2)2= 3 [VIK28(e — e ). (20
nk
(2) e*:BENC 0 1 . . .
Gw,(w):E "N, —— INg; v’ ). When onlylf and f* configurations are |r_1cluded, the
. Zc w—Hy, spectral functiong® and p*) are calculated in the usual

_ o _ ~ NCA (Ref. 29 (generalized to more than one irreducible
Here, N is a composite index enumerating the conductionrepresentation which corresponds to the above equations

electron states according to (17) and(18) with the second term omitted on the right-hand
. . side of Eq.(18). In the present context, this should not be
|NC>=cIlg1 .. .CIN€N|vac), understood as & —o approximation, but rather as an as-
sumption that the coupling to higher configurations is in-
|NC;V>:61131 N -6INaNfI|VaC>' (11) cluded in the first ternk, of Eq. (3). This will be discussed

in greater detail below. For the case where theonfigura-
A . . tions are also included in the impurity calculation, we have
INg;ww'y=c!  ...cl  #1%! |vao), included vertex correction terms to the self-energies in Egs.
1°1 NN 4 . .
(17—(19), as discussed in Refs. 30 and 31.
where we have introduced the convenient linear combination Having found the Helmholtz free energy of the system,

of band states: the pressure-volume curve may be calculated from the rela-
tion
- 1 -
Cre=—r—==2, VIC (8 —£0). 12 IF(T,v)
VIV, (&) [* K " " D(T,U)Z—T- (21)

The normalizing prefactor is defined in EQO) below. The

quantities entering in Eq€10) are If the pv curve is not monotonous, i.e., if two volumes can

exist at a given pressure, the stable volume will be the one
minimizing the Gibbs free energy

En = €m) 13

e mgwc " 49 G(T,p)=F[T,v(T,p)]+pv(T,p) (22

A A To summarize, the philosophy behind the present treatment
Hn,=H=En, 14 of the a-v transition in Ce is similar to that of the KVC
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FIG. 1. Total-energy curves for Ce calculated by different DFT  FIG. 2. Pressure-volume curves for Ce calculated from the sum
methods. The curves have been shifted by constant energy offsets @ FP-LDA energies, excluding hybridization, and full extended
facilitate comparison(a Full curve: FP LDA calculation(b) dot- ~ NCA free energies from the Anderson impurity model. The solid

ted curve: LDA calculation with the ASA) dashed andd) dash- ~ Curve shows results with the same hybridization strength for all
dotted curves: SIC-LDA calculations with the ASA. (d), thef  configuration interactions, while the dashed curve is calculated with

hybridization was included for the conduction states, but né&)in f*-f2 hybridization increased by a factor of 2.

(b), and(c). The arrows mark the experimental volumes of the i ) o o
and y phaseq192 a.u. and 232 a.u., respectively. self-interaction correction is to turn off thfespd hybridiza-

tion (by shifting thef-level position down in energy The
model described by Allen and Litf. The difference between position of the energy minimum is 12—18 % larger than the
the two calculations is in the technical details: Here, totalexperimental y-phase volume {232 a.u.). In contrast,
energy curves are calculated froab initio band-structure When thef electrons are allowed to hybridize into the con-
schemes instead of the empirical curve used in Ref. 14 foduction bands in the SIC-LDA calculation the total-energy
estimating the total energy in the absencef afpd hybrid-  curve shown in Fig. @) is obtained, with the position of the
ization. In addition we use the NCA scheme and its extenenergy minimum~5% below they-phase volume. A simi-
sions to perform a direct calculation of the Helmholtz freelar LDA calculation includingf —spd hybridization found

energy. the minimum energy at-167 a.u., i.e., 13% lower than the
experimental-phase volumé192 a.u).'
IV. NUMERICAL RESULTS AND DISCUSSION . In Flg 2 the pressure-volume curve obtained by addlng an
_ _ impurity-model free energy to the FP-LMTO energy in Fig.
A. Impurity-model treatment of multiple occupancy 1 is shown(solid curve. The impurity model was treated by

We shall begin by considering the case of a DFT calcuthe (vertex-correcter generalized NCA approximation de-
lation without anyf contribution to the cohesion in conjunc- Scribed in Sec. lll. The calculations were done at a tempera-
tion with an impurity-model calculation including®, f*,  ture of 300 K with an energy axis in the range 1-1.5 Ry
and f2 configurations. The DFT calculation in question canand a mesh spacing of 0.5 mRy. The value of thevel
be realized either by treating thef 4rbitals as a partially Coulomb repulsion was set&t=6 eV,e; was chosen to be
filled core shell, or by doing a SIC calculation in which the —1.27 eV for thej=3 states, with a spin-orbit splitting of
normal conduction states are not expanded firorbitals. 0.28 eV, and the hybridization function was calculated di-

LDA calculations were performed with tHestates treated rectly from the 4-projected DOSp,, arising in the full-
as core states using the LMTO metifdwith both the Potential-LDA calculatiori”
atomic-spheres approximatiqhSA) and the full-potential .
(FP) approach. In the ASA, the crystal volume is divided de n,(w)
into overlapping atom-centered spheres with a volume equal e—w—id
to the actual crystal volume, and the crystal volume is as-
sumed spherically symmetric inside the spheres. The FP The values fold and thef-level positions were obtained
method does not invoke any shape approximations for they Liu and Allen from spectroscopic fit§. The steep rise of
crystal potential. The ASA is usually adequate for highlythe pressure-volume curve shows that the gain of hybridiza-
symmetric close-packed systems and has been successfullgn energy in the impurity model as one goes towards lower
applied to C€~8 The FP calculations were done using thevolumes cannot compensate the rise in the DFT energy curve
code developed by Will¥ In addition, we have performed in Fig. 1. As a result, ther-vy transition cannot be described
SIC-LDA calculations withs pd-expanded Bloch states using within this theory, although thepv curve does show a
the ASA approximation. In all cases, a double basis set, inmarked irregular behavior.
cluding 5spdand 6p orbitals, was used to ensure a correct One can imagine at least two reasons for the discrepancy
treatment of the §p semicore states. between the present model and the work of Allen and Liu.

The total-energy curves are shown in Figga)31(c) First, the LDA could be inaccurate for the computation of the
(shifted to facilitate comparisgnThe LDA and SIC-LDA  energy Ey(v) of the starting trivalent configuration. The
total-energy curves are quite similar showing that the ASA isLDA is known to overestimate bulk moduli, in some cases
quite adequate for Ce, and that the essential effect of thby a considerable percenta@g—100 %. This would make

(23

1
[V, (e)]?=——=Im
a
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the LDA total energy curve too steep, and thus favor the '
higher volumes in the present calculation. On the other hand,
the errors in bulk moduli are usually accompanied by an 0.4
underestimate of the equilibrium volume, which pulls in the

other direction. Therefore, the total effect of the likely LDA J
errors is not obvious. A second explanation could be that we <=
are making an error in using the same hybridization function 3 02k
to describe bothf®-f' and f1-f2 hopping processes. Gun- ®

narsson and Jeps¥rave argued that the coupling from one
configuration to another should be calculated using a wave
function corresponding to the configuration with the highest
f occupation. This means, that th&-f' coupling should be 0
calculated with a wave function corresponding to a singly
occupied state, while thi-f2 coupling should be calculated

using a doubly occupied orbital, which would be consider-

ably expanded due to the internal Coulomb repulsions. Gun- =
narsson and Jepsen showed that this could lead to'-4A Ng
hybridization several times larger than the one corresponding =
to fO-f! processes. For Ce they estimated an enhancement %’
factor of 2. The dashed curve in Fig. 2 shows the pressure-
volume curve obtained if such an enhancement factor is in-
cluded in the impurity-model calculations. As expected, the
curve is brought down to lower pressures by the enhance-
ment of hybridization, but, remarkably, it is still far from -4
showing a discontinuous transition. It seems likely that both
the impurity-model paramete@nd the DFT description of T T
the “unhybridized” case need improvement for this ap-
proach to a modeling of the.-y transition to be fruitful. 150 |- o
Since we presently have no reliable way of estimating the
precise magnitude of the rescaling factor for tief? hy-
bridization, we have not gone further along this line of re-
search. A SIC-LDA calculation assuming two localizéd
electrons on the Ce atom is not numerically stable. It must be
concluded that a treatment of thié-f2 coupling within the 50 .
Anderson impurity model, combined with an LDA or SIC-
LDA treatment of the electron gas surrounding thaulti- : :
plet, cannot be used for describing they transition. %5 200 4

V (a.u.)

100 - .

5/2) (meV)

A(j

B. Density-functional treatment of multiple occupancy S )
FIG. 3. The hybridization functions|V,(&)|? [Eq. (24)] for (a)

In light of these findings, we now turn to the second ;=52 and(b) j=7/2, calculated for a Wigner-Seitz radius of 3.65
scheme described in the previous section in which the Helmg u.. The full, dashed, and dashed-dotted curves are fdithé&'s,
holtz free energy from an impurity-model calculation includ- andI', representations, respectively. The Fermi level i§at0. (c)
ing only f® andf! configurations is added to the total energy shows the volume variation of the integrated weightmd¥/,(&)|2
from a SIC-LDA calculation with the Bloch states expandedbelow the Fermi levellAverage for thg = 5/2 multiplet and scaled
in the 4f states orthogonal to the localized SIC state. A hy-by a factorx(v)=0.660- (v —199.2)/1000.6, withy in a.u] The
bridization function is extracted from the SIC calculation experimentakr andy volumes are marked.
using the following expression:

different symmetries, hybridization functions for different ir-
2_ " SIC\|2 o, reducible representations of the crystal point group can be
Vi)l % (Y Hoal s, )0 =end. (24 obtained. For the cubic symmetry of the fcc lattice there are
five different representations when spin-orbit splitting is in-
The statesik are the Bloch states, while indexes the pos-  cluded. To account for possible effects of hybridization-
sible symmetries of the SIC statd, 5, is the LDA Hamil- induced crystal-field splittings, we have performed SIC-LDA
tonian for the band states. The matrix elements in 24) calculations with SIC states of all representations, and ex-
are equal to the off-diagonal Lagrange multipliers, whichtracted corresponding hybridization functions. The hybrid-
enter into the SIC-LDA minimization procedure to secureization functions are shown in Fig. 3. The total energies ob-
orthogonality between localized and itinerant stafe$he tained from these SIC-LDA calculations have slight
resulting hybridization functions appear similar in magnitudedifferences(mostly below 1 mRY, which could be taken to
to the ones obtained in ordinary LDA calculations by therepresent baré&level splittings, but since the present calcu-
method described in Eq23). By choosing SIC states of lations do not include electrostatic shifts, due to the symme-
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trization of the potential in the ASA, these differences are 10 T T ]
not representative of crystal-field splittings in the real sys- —
tem. Therefore, we have chosen to work with degenerate N\ TS—===—""""=1
levels apart from the spin-orbit splitting. For the bare SIC "\ === ~-—__ >
energieq Eq(v) in Eq. (3)] we have taken the energies cor-
responding to thd", representation of th¢=3 multiplet.
Figure Xd) shows the calculated total energy when the con-
duction states are allowed to hybridize with thetates. The
bare f-level energies were the same as in the calculations
described in the previous subsection.
' The st'rength of thg hybridization functio'n,' anq the varia- "280 160 200 210
tion of this strength with volume, has a decisive influence on V (au)
the thermodynamics of the system, but the procedure of cal-
culating this function within the LDA or SIC-LDA is fairly FIG. 4. Isothermal pressure-volume curves calculated in the
crude and does not capture several important aspects of tiesent version of the KVC model. Total energies are calculated
system. For instance, a hybridization function, which is cal-with the SIC-LDA includingf hybridization and free energies are
culated including lattice effects, as realizable within the dy-obtained from the NCA treatment of the Anderson impurity model.
namical mean-field theor@DMFT),% might evolvef-related Dashed lines mark thex-y transition. Isotherms are for=n
structures at the Fermi lev& which could considerably in- <%0 K.n=1.2,...12.
fluence the free energy. Also dynamical correlations among
the d electrons could modify the LDA hybridization volumes are less than5%, which is quite common in LDA
functions'**® as could correlation-induced changes in thecalculations for “normal” solids. At zero pressure, the re-
f-occupation number. Since we cannot at present treat aflults are less satisfactory: Thephase in this case has an
these problems, we must instead modify our hybridizatiorequilibrium volume of 232 a.u.compared to the-210 a.u.
functions to conform to experimental information, as wasfound from the curve in Fig. 4. This shows that we are over-
also done by Liu and Allen. These authors gave values foestimating the bulk modulus of the phase at low pressures.
the average of the hybridization strengths in a 3-eV regiorFor the o phase, af =77 K, theoretical and experimental
below the Fermi level at the- and y-phase volumes. In this results are~181 a.u. and 192 a.ti.tespectively.
work, we have chosen rescaling factors for each of these In Fig. 5 thepT phase diagram calculated from the curves
volumes so that the average of the hybridization strengths fan Fig. 4 is shown(dashed curve together with the experi-
the j=3 representations obtained from our calculationsmental phase transition lingolid line). The latter has been
agree with the ones quoted by Liu and Allen after rescalingextrapolated into the region below 200 K, where a third
For the other volumes, the rescaling factor was assumed fohase of Ce, the hexagonalphase, is actually reached. It is
vary linearly with volume. The necessary scaling factors areseen that the slopes of the curves are quite similar, but the
0.660 in thea phase and 0.626 in the phase, somewhat theoretical curve appears at somewhat lower pressures, indi-
smaller than the factors used by Liu and Allen, due to thecating that our model is favoring the phase too much. The
different procedures for calculating the hybridization. Figureupper critical point in the calculation appears at 550 K, in
3(c) shows the volume dependence of the averaged hybricaccordance with the experimental value of 6D K. A
ization strength, defined as slight curvature towards the temperature axis has been re-
ported in some experimentshough not all, and is also seen

10252 e , in the theoretical curve, but has not been included in the
A=mg > 8F_BJB [V.(e)|°ds, (25 experimental phase boundary. We have extended both curves

to the lowest temperature reached in our calculati®sK),

where B defines the bottom of the conduction bands. Thisbut do not intend to indicate the presence of a lower critical
guantity indeed varies close to linearly with volume. In sum-

mary, we have used th@xperimentally fittegl information I I
obtained by Liu and Allen to obtain the barevel positions 600
and the average hybridization strengths, whereas no other
adjustable parameters enter in the calculation.

In Fig. 4 the pressure-volume isotherms obtained from the o 400
KVC calculation are shown. The dotted lines indicate the —
positions of the phase transition, as found by requiring the
Gibbs free energy to be minimized. Calculations were per- 200
formed at temperatures ranging from 50 K to 600 K, in steps
of 50 K. The volumes of ther andy phases lie in the ranges
180-185 a.u. and 205-210 a.u., respectively, at the transi- 0 ' ' '
tion pressure. At room temperatu{®@00 K) the volumes are 0 10 20

R . P (kbar)
182 a.u. and 205 a.u. In comparison, the experimeatal
volumes at this temperature are around 185-190%du.,  FIG. 5. Theoretical and experimentaiT phase transition line
while the y volume at the transition pressure has been foundor the a-y transition. The solid curve shows the experimental line,
to be~215 a.u®’ Thus, the errors in the description of these while the dashed curve shows theoretical results.
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0 In approach B it is given as the difference between the SIC-
LDA total energies with and withoutstate hybridization in
the conduction bandgsurves(d) and(c) in Fig. 1]. It is seen
that thef!-f? hybridization energy is about twice as large in
approach B as in approach A. Since approach B leads to the
correct description of the phase transition we are led to con-
clude that thef1-f2 contribution to the total energy is inad-
equately described by the extended NCA, even when includ-
ing vertex corrections.

Although the present model provides good quantitative
results, it should be recognized that it contains several un-

160 2(')0 gf;o clear points. To interpret the calculation in impurity-model

V (au.) language we must imagine that the NCA calculation de-
. 1 S scribes fluctuations between th&configuration and a set of
FIG. 6. Comparison of*-f* hybridization energy as calculated giates that we cafi* states, but which are in reality mixtures

with the Anderson impurity model in the NC@lashed lingand by

e _ of f1 and higher configurations. If that is the case, it is not
the SIC-LDA methodsolid ling). See text for explanation.

clear how the hybridization between such states should be
calculated. This may be less important, since we end up res-
point at this value. The existence of such a péaitnegative  caling the hybridization strength according to experimental
pressure and a temperature below 40nas predicted by the fits. However, these fits were done using calculations within
KVC calculation of Allen and Liu. Alloying experiments, the Gunnarsson-Schbammer formalism, and, more impor-
which mimic negative pressures by expanding the Ce latticetantly, they were done using the same hybridization function
have provided some support for this findiffgFrom the for all configurational interactions. As we have seen, it is
curves in Fig. 4 it seems dubious that such a point wouldikely that thef!-f2? hybridization needs to be rescaled, and
appear in the present calculation, but its existence cannot lene could then question the fits of Liu and Allen.
excluded since our numerical calculations become unreliable A point where the impurity-model picture is clearly at
at very low temperatures. The critical volume is calculated tosariance with SIC-LDA and LDA is the question of the
beV.=192 a.u., approximately 5% smaller than the experi-f-occupation number. In the SIC-LDA calculation the occu-
mental value of 202 a.t?. In connection with the phase pation of the £ orbital is around 1.3 electrons in both the
boundary it should be noted that the product of transitionand they phase, while the impurity model always predicts an
pressure and volume change is typically on the order obccupation around 1, or lower, even when fief? hybrid-
pAv~0.1-1 mRy, which means that the position of theization function is rescaled by a factor of 2. One can argue
phase boundary is quite sensitive to changes in, e.g., thiat the occupation number of the Kohn-Sham orbitals in
shape of the SIC-LDA total energy curve on this energyDFT is not necessarily physically relevant. On the other
scale. In fact, the difference between theory and experimeritand, the total charge distribution should be a physical quan-
seen in Fig. 5 could easily be caused by errors of the kindity (if we believe in the SIC-LDA, and the 4 orbital is
usually found in LDA calculations for weakly correlated ma- spatially well separated from the rest of the valence orbitals.
terials. The transition volumes are a more “robust” quantity = To make progress from this somewhat unsatisfactory situ-
to calculate, and it is therefore reassuring to see that thegtion, one would probably need a better understanding of the
come out with only small to moderate errors. hybridization function. First of all, one should seek a method

In total, the model presented here for ey transition in ~ for  estimating configuration-dependent  hybridization
Ce has comparable, or better, agreement with experimentatrengths as advocated by Gunnarsson and Jepsen, and sec-
results than any other calculation put forward so far. In parond, due to the sensitivity of the calculation to the hybrid-
ticular, the tendency of models based purely on DFT to proization strength near the Fermi level, lattice effe@ts., the
duce too large volume collapses and critical-point temperaeffect of DMFT self-consistengyand possibly effects of cor-
tures(e.g., 23% at room temperature ahg=1300 Kinthe relations among the Cd electrons not captured by LDA
calculation of Svan¥®) has been cured by inclusion of may be important. Finally, the total-energy calculations with-
impurity-model-based®-f! hybridization energies. The vol- out inclusion off hybridization could be improved by using,
ume collapse at room temperature is predicted to be 11.3% i&.0, the GGA(Ref. 23 instead of the LDA.
the present work, and 8.8% in the calculation of Allen and
Liu, while the experimental value is 14.8%n the work of
Allen and Liu, thea and y volumes both appear too high,
while in the work of Svane, the volume is predicted quite We have investigated two possible ways of describing the
accurately at the transition pressure, while theolume is  @-y transition in Ce by a combination of parameter-free
severely underestimated. In the present work, both volumeBFT electronic structure calculations and Anderson
are predicted with fair accuracy. impurity-model calculations. In the first approach the hybrid-

To investigate the difference between the two types ofzation between thé electrons and the surrounding electron
calculations discussed here we show in Fig. 6fthé2 con-  gas is described entirely by the impurity model, treating the
tribution toF (T=0 K,v). In approach A, this quantity is 4f multiplet as a singly occupied core state in the DFT cal-
calculated as the difference in free energy of the Andersorulation, and including all possible statés practice re-
impurity model using the extended NCA and the strict NCA. stricted tof®, f!, andf? state$ in the many-body treatment

V. CONCLUSIONS
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of the impurity model. In the second approach the couplingAnderson impurity model is best understood as an effective
betweenf! and higher configurations is described by DFT in mapping. A better understanding of the hybridization func-
the SIC-LDA, while only the coupling betweeff and f!  tion entering the impurity model, as well as a better way of
configurations is treated by means of the impurity modeldescribing the unhybridized case by DFT, will be needed for
The first method seems incapable of describing the transitiof full understanding of the phenomenon. Finally, the effects
with parameters chosen according to present knowledge®f the lattice need to be addressed.

whereas the second method gives a fairly accurate quantita-

tive account for the phase.dlagrgm, but is more difficult to ACKNOWLEDGMENTS
interpret because th&t configuration as represented by the
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