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Molecular-dynamics study of melting on the shock Hugoniot of Al

Ji-Wook Jeong, In-Ho Lee, and K. J. Chang
Department of Physics, Korea Advanced Institute of Science and Technology, Taejon 305-701, Korea

~Received 5 March 1998!

We investigate the Hugoniot melting point of Al using a molecular-dynamics approach based on an
embedded-atom method. We calculate the Gibbs free energies of the crystalline and liquid phases as a function
of pressure and temperature using the coupling-constant integration method and obtain the melting curve up to
1.6 Mbar, in good agreement with experiments. We also examine the melting properties near zero pressure.
The Hugoniot equation of states~EOS! up to 1.8 Mbar is obtained from the Rankine-Hugoniot relation and the
isotherms determined for different temperatures. Comparing the melting curve with the Hugoniot EOS’s for the
solid and liquid phases, the Hugoniot melting is found to begin at 1.2 Mbar and to end at 1.4 Mbar, consistent
with shock-wave data.@S0163-1829~99!02301-2#
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I. INTRODUCTION

Recently, molecular-dynamics~MD! simulations have
made it possible to observe directly the dynamical aspec
solid-liquid phase transitions with increasing temperature1,2

Similar studies were also performed for solid-solid pha
transitions under compression.3 With use of the thermody-
namic integration method,1 which considers a thermody
namically reversible path connecting the real system of
terest to a reference system, the temperature and pre
dependences of the Gibbs free energy for each phase ca
calculated from MD simulations. This integration techniqu
which avoids the harmonic-crystal approximation and
calculations of the phonon spectrum, has been success
used to calculate the melting points of Si, Na, and Al.2,4,5For
Al, Mei and Davenport reformulated the embedded-at
method~EAM! to study the dynamics of melting and free
ing with MD simulations.2 Their calculations, which were
limited to the melting properties near zero pressure, s
gested the melting point of 800 K, about 130 K below t
measured value. On the other hand, Moriarty and co-work
calculated directly the melting curve of Al under pressu
from the Gibbs free energies of the solid and liquid phas6

Since their theoretical approach does not rely on MD sim
lations, it required a lattice-dynamics model for the phon
free energy of the solid and a variational fluid theory with
suitable choice of the reference system for the free energ
the liquid. Shock-compression data for Al exhibited t
Hugoniot curve which is very different from the isotherm
equation of state. To explain theoretically the Hugoniot me
ing of Al, Moriarty and co-workers extended their gener
ized pseudopotential theory to the very high-pressure reg
and predicted very successfully the melting pressures on
shock Hugoniot.6

In this paper, we perform molecular-dynamics simu
tions to study the dynamics of melting for Al under pressu
using the embedded-atom method. To carry out isob
molecular-dynamics simulations, we employ a variable-c
shape molecular dynamics that is invariant with respec
simulation cell choice.7 We examine the melting propertie
near zero pressure and estimate the melting point to be
K, consistent with previous calculations2 but about 130 K
PRB 590163-1829/99/59~1!/329~5!/$15.00
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below the experimental data of 933 K. We extend MD sim
lations to the pressure regime 1.6 Mbar to determine
melting curve and find the pressure variation of the melt
point to be well reproduced. Finally, we examine the so
and liquid Hugoniots, and find the melting to begin at 1
Mbar and to end at 1.4 Mbar, in good agreement with p
vious theoretical calculations and shock-Hugoniot da6

Thus, the EAM potential used here is accurate enough
describe both the static and dynamical properties at very h
pressures and temperatures, with high computational
ciency.

In Sec. II we describe theoretical methods used for
calculations of the Gibbs free energies for the solid and
uid phases and details of molecular-dynamics simulations
Sec. III the results of the melting points under pressure
the Hugoniot equation of state are presented and discuss
are made. We summarize the results in Sec. IV.

II. THEORETICAL METHOD

The internal energy of Al is calculated using th
embedded-atom method~EAM!, which has been successfu
in describing the structural properties of various transit
metals.8,9 In previous work,2 the cutoff distance used in ca
culating the embedding functionF(r) was set to ber c
51.95r 0 , which lies between the third and fourth neighbo
of the fcc crystal at zero pressure. For compressed ph
under pressure, since the nearest-neighbor distance is s
ened, the number of neighboring shells depends on pres
In our calculations, we employ the same cutoff distancer c
51.95r 0 and find that this choice ofr c ensures a prope
description of the binding energy in the fcc environme
regardless of the number of neighboring shells in the in
action range.

The Gibbs free energyG(T,P) at temperatureT and pres-
sureP is calculated using the coupling-constant integrat
method.10 In the solid phase of Al, we need to know
G(T0 ,P) at a reference temperatureT0 and choose the Ein
stein solid with the potentialWs as the reference system
Then, from standard thermodynamic relations,G(T,P) for
the solid phase is expressed as
329 ©1999 The American Physical Society
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G~T,P!52TE
T0

T ^UEAM1PV&P,T8
T82 dT823NkBT ln

T0

TD

1
T

T0 F E0

1K dEs~l!

dl L
l,V0 ,T0

dl1PV0G , ~1!

whereUEAM is the EAM potential,̂ dEs(l)/dl&l is the en-
semble average ofdEs(l)/dl with Es(l) defined as
lUEAM1(12l)Ws for the coupling constantl (0<l
<1), andTD is the Debye temperature of Al (5428 K).

To calculate the Gibbs free energy of the liquid phase,
intermediate reference system with only repulsive inter
tions Wl was introduced to avoid the possible liquid-g
phase transition.1 This reference system is obtained by tur
ing off gradually the attractive part ofUEAM at constant vol-
umeV05V(T0 ,P), followed by a reversible volume expan
sion process to infinite volume atT0 . Using the coupling-
constant integration method, the Gibbs free energy of liq
Al is given by

G~T,P!52TE
T0

T ^UEAM1PV~T8,P!&P,T8
T82 dT8

1
T

T0 F E0

1K dEl~l!

dl L
l,V0 ,T0

dl1PV0G
1NkBTE

0

r0 dr

r K P

rkBT0
21L

r,T0

2NkBTH lnS V0

N D1
3

2
ln

mkBT0

2p\2 11J , ~2!

whereEl(l) is expressed aslUEAM1(12l)Wl .
In our simulations, we use a Nose´ thermostat11 to control

the temperature of the ions, which provides the canon
trajectories for the ionic motions. In isobaric molecula
dynamics simulations, there have been proposed severa
variant forms of variable cell shape dynamics.7,12–14Here we
use the variable-cell-shape technique that employs an inv
ant Lagrangian under modular transformations and eli
nates the dynamical effects associated with volu
fluctuations.7 This simulation method has been useful f
studying solid-solid phase transitions under pressure, wh
require extensive changes in computational cell shape.
equations of motion for the atomic positions, thermostat,
cell edges are integrated simultaneously using the fifth-o
predictor-corrector algorithm, with a time step of 84 a.u
(52.032 fs). For each simulation run, we first equilibrate t
system for a period of 4000 time steps (.8 ps) and use
additional 6000 time steps (.12 ps) to calculate the statist
cal average for a particular thermodynamic state atP andT.
For the solid phase at zero pressure, we start from a sim
cubic simulation cell containing 256 atoms with period
boundary conditions, initially arranged in a fcc lattice atT0 .
We use the output configuration of each run as a star
system for the next run, and varyT0 from 300 to 5000 K as
the external pressure increases from 0 to 1.6 Mbar, so
the melting point for each pressure lies in the integrat
range. For a given pressure, we calculate the statistical a
age of the enthalpy (UEAM1PV) in Eq. ~1! by taking a time
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average of molecular-dynamics simulations at tempera
T. For temperatures betweenT0 andT (5T011000 K), we
choose an interval of 50 K and fit the averaged enthalpie
a second-order polynomial to perform the integration.
calculate thel integrations in Eqs.~1! and ~2!, we vary
gradually the coupling parameterl by 0.1 from 0 to 1 and
use a polynomial for fitting. Testing polynomials from
fourth-order to ninth-order, we find similar results.

For the liquid phase, we start from a completely melt
configuration at very high temperature to avoid the sup
heated state in the simulation of isobaric heating. The sta
tical averages of the liquid enthalpy andUEAM2Wl in Eq.
~2!, which are obtained from MD simulations of isobar
cooling with T051100 K at zero pressure, are fitted
second- and ninth-order polynomials, respectively, which
the same as those used for the solid phase. As the pres
increases to 1.6 kbar, we increase graduallyT0 up to 5500 K.
The average ofP/(rkBT0) in the volume expansion proces
is calculated through constant-volume MD simulation
which use a constant matrixh formed by $aW ,bW ,cW% in the
Lagrangian formulation, whereaW , bW , andcW represent the cel
edges. In this case, we choose 10r points between 0 andr0
and use a seventh-order polynomial for fitting, as compa
to a fourth-order polynomial in previous work.2 Here we
point out that as pressure increases, the potentialWl sug-
gested by Mei and Davenport2 becomes more repulsive an
gives larger fluctuation errors in MD simulations. Thus, it
difficult to determine accurate melting temperatures at h
pressures. Using the potential parameter (d→d/6) in Wl ,2

which represents weaker repulsive interactions, we are
to reduce fluctuation errors and obtain the melting tempe
tures for pressures 0–1.6 Mbar, which are numerically sta
for polynomials up to seventh order.

We perform MD simulations for a wide range of temper
ture and pressure and make the isothermal equations of
for various temperatures. If two of the three variables (P, V,
andT) are fixed in theP-V-T diagram, we know the othe
variable and thereby determine the Hugoniot EOS which
isfies the Rankine-Hugoniot relation. The solid Hugon
curve is obtained for pressures up to 1.5 Mbar, while for
liquid phase the pressure is increased to 1.8 Mbar. Fina
we are able to predict where the Hugoniot melting occurs,
comparing the melting curve with the Hugoniot EOS f
each phase.

III. RESULTS AND DISCUSSION

Our calculated isothermal equations of state at 0 and
K are plotted up to 1.5 Mbar and compared with experime
tal data in Fig. 1. Since the parameters in the EAM poten
used here are determined to reproduce the measured v
for the cohesive energy, equilibrium lattice constant, a
elastic constants at normal pressure, we expect that the e
tion of state at zero temperature is in better agreement w
the measured one, as compared to finite-temperature
therms. In fact, we find that our equation of state at z
temperature well reproduce the experimental isotherm15

while the calculated isothermal curve at room temperatur
slightly underestimated by about 3%, particularly, in the
gion of high pressures. For pressures up to 0.3 Mbar, the
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isothermal curves at 0 and 300 K are found to be simila
each other.

We calculate the Gibbs free energies for a wide range
temperature and pressure. At zero pressure, the Gibbs
energy of solid Al at T05300 K is calculated to be
23.40 eV/atom, as compared to the measured value
23.43 eV/atom,16 whereas for the liquid phase the Gibb
free energy is found to be23.87 eV/atom atT051100 K.
By finding the equal Gibbs free energies of the solid a
liquid phases, we estimate the melting temperature (Tm) to
be 802 K, in good agreement with the previous EA
results.2 However, both the calculated values are smaller
about 130 K than the experimentally measured value of
K. In Table I, various thermodynamic quantities at the me
ing point are summarized and compared with other calc
tions and experiments. The calculated volume of the s
phase is 121.4 a.u., as compared to the experimentally m
sured value of 120.5 a.u. For the liquid phase, the volum
found to be expanded by 7.1 a.u., while the measured v
is 6.5 a.u. In Fig. 2, the calculated entropies of the solid a
liquid phases are drawn as a function of temperature at
pressure and compared with experiments.16 Since the volume
is expanded during phase transition, the liquid phase
softer phonon modes so that the entropy is enhanced. Fo
solid phase, since our calculated crystal volume is sligh

FIG. 1. Isothermal equations of state for Al at 300 K. Fille
squares represent experimental data~Ref. 15! and the dotted and
solid lines denote the EAM calculations at 0 and 300 K, resp
tively.
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larger than the measured value, the phonon modes see
be softened, leading to the increase of entropy. In fact,
find that the entropies of the solid phase are overestimate
about 15% and thereby the increase of entropy atTm is
smaller by about 19%. From the change of entropy, the la
heat of transformation is estimated to be about 0.08 eV/at
consistent with previous calculational results,2,6 while these
calculated values are slightly smaller than the measu
value of about 0.11 eV/atom. Nevertheless, overall the te
perature variations of entropy for both the solid and liqu
phases are in good agreement with experiments. Base
the melting properties near zero pressure, we estimate
initial slope of the melting temperature with respect to pr
sure, i.e,dPm /dTm50.15 kbar/K, which is obtained from
the thermodynamic relation known as the Clausiu
Clapeyron equation,dPm /dTm5DSm /DVm . Here we point
out that the discrepancy between our calculation and the
perimental values (dPm /dTm50.19– 0.20 kbar/K) is re-
flected by the accumulated errors inDSm andDVm .

We continue to calculate the Gibbs free energies of
solid and liquid phases so as to construct the melting cu
We perform MD simulations for nine different pressures b
tween 0 and 1.6 Mbar, keeping the same ninth- and seve

-
FIG. 2. Calculated entropies of the solid and liquid phases

Al at zero pressure. Filled squares represent experimental data~Ref.
16!.
lized

0

TABLE I. The melting properties of Al at zero pressure are compared with other EAM and genera
pseudopotential theory~GPT! calculations and experiments. HereGm , Tm , DSm , DVm , andL denote the
Gibbs free energy, melting point, entropy change, volume change, and latent heat atTm . The volume of the
solid phase is given byVs .

Gm

~eV/atom!
Tm

~K!
DSm

(kB)
Vs

~a.u.!
DVm

~a.u! DVm /Vs

L
~eV/atom!

dPm /dTm

~kbar/K!

Present EAM 23.64 802 1.12 121.4 7.1 0.058 0.08 0.15
Other EAMa 23.65 800 1.17 0.08
GPTb 1050 0.92 122.2 4.2 0.034 0.08 0.20
Expt.b 23.73 933 1.34–1.39 120.5 6.5 0.054 0.11 0.19–0.2

aReference 2.
bReference 6.
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order polynomials for thel andr integrations, respectively
in Eqs.~1! and~2!. From the equal-free energy condition, w
obtain the melting curve and find the initial pressure var
tion of the melting temperaturedPm /dTm50.17 kbar/K to
be in good agreement with both the calculational results fr
the Clausius-Clapeyron equation and experiments,6,17 as
shown in Fig. 3. In previous calculations,6 which employ
limited information on the structural properties at zero pr
sure, although the melting point was estimated to be hig
by about 120 K, the variation ofPm with temperature agree
well with our calculations. Thus, it is encouraging to empl
the EAM potential for determining the melting curve fo
highly compressed phases. To find the melting curve in
high-pressure region, we choose four different pressures,
0.4, 0.8, 1.2, and 1.6 Mbar. Combining with the calculatio
results for low pressures below 0.06 Mbar, a parabolic fitt
gives the melting curve which is in good agreement w
previous theoretical calculations,6 as illustrated in Fig. 4.

It is known that the Rankine-Hugoniot relation gives
proper description of nonequilibrium processes such as
plosion and shock compression, while diamond-anvil ce
for static high-pressure data. To obtain the theoretical sh
Hugoniot, we assume that the nonequilibrium conditions
shock-wave experiments are not very far from thermo
namic equilibrium, so that a particular thermodynamic st
is simulated by the molecular-dynamics technique. We p
form MD simulations to calculate the isotherm for each pr
sure, where the pressure ranges from 0 to 1.8 Mbar.
Hugoniot data up to 0.9 Mbar are given in detail and co
pared with shock compression data in Table II. The atom
densities during the Hugoniot process are found to be la
by about 3% than the measured values.18 We note that the
temperature determined from the Rankine-Hugoniot rela
rises to as high as 3200 K at 0.9 Mbar, while experimenta
it was suggested to be about 2800 K.19 The shock-wave ve-
locity for each dynamic pressure is found to vary linea
with the particle velocity, which was also observed
shock-wave experiments.18 Considering the thermodynami

FIG. 3. Calculated melting curve of Al is compared with expe
ments~Ref. 17! and previous theoretical calculations~Ref. 6!. Small
line segments on the cross points represent the slopesdPm /dTm

determined from the Clausius-Clapeyron equation.
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equilibrium assumption and the simplicity of the EAM po
tential, the overall agreement with experiments is encour
ing. To determine the melting pressures on the shock Hu
niot, we combine the melting curve and the two Hugon
data for the solid and liquid phases, as shown in Fig. 4.
find that the melting begins at about 1.2 Mbar and ends at
Mbar, which are in the range of experimental measureme
1.25–1.5 Mbar. Our results for the Hugoniot melting al
agree well with other theoretical calculations,6 which pre-
dicted the pressure range 1.2–1.55 Mbar. In the Hugo
melting region~see Fig. 4!, we note that the liquid Hugonio
is lower by about 0.1 Mbar than that from shock-wave e
periments, while the solid Hugoniot is nearly the same w
the experimental curve. The discrepancy between the th

FIG. 4. The solid and liquid Hugoniots of Al are plotted to
gether with the melting curve. The solid and dot-dashed lines r
resent our EAM calculations and previous theoretical results~Ref.
6!, respectively. Small line segments on the cross points repre
the slopesdPm /dTm determined from the Clausius-Clapeyro
equation.

TABLE II. The calculated Hugoniot data for Al. HerePH , TH ,
rH , andvmassdenote the pressure, temperature, mass density,
mass velocity after shock-wave passage. The shock velocit
given byvshock.

PH

~Mbar!
TH

~K!
rH

~g/cc!
vshock

~km/s!
vmass

~km/s!

Calc. 0.3 795 3.42 7.12 1.59
0.6 1853 3.89 8.44 2.68
0.9 3239 4.22 9.57 3.54

Expt.a 0.306 3.40 7.45 1.52
0.406 3.54 7.96 1.89
0.603 3.80 8.81 2.52
0.763 3.98 9.41 2.99
0.990 4.19 10.17 3.59

aReference 18.
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retical and experimental liquid Hugoniots may be attribu
to the fact that the structural information on the liquid state
not included in usual fitting procedures. Nevertheless, a g
eral trend for the solid and liquid Hugoniots agrees well w
experiments.

IV. CONCLUSIONS

We have performed molecular-dynamics simulations
calculate the melting curve of Al up to 1.6 Mbar using t
EAM potential, which is determined from the equal-free e
ergies between the solid and liquid phases. The calcul
melting properties and the melting curve are in reasona
good agreement with experiments and previous theore
an

ys
d
s
n-

o

-
ed
ly
al

calculations. From molecular-dynamics simulations and
Rankine-Hugoniot relation, we have also calculated the s
and liquid Hugoniots of Al and find good agreements w
previous studies. Based on the results for the melting cu
and the Hugoniot curves, we find that melting on the sho
Hugoniot begins at about 1.2 Mbar and ends at about
Mbar. Our calculational results lead us to conclude that
EAM potential used here is accurate enough to describe b
the static and dynamic properties, with high computatio
efficiency.
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