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Pauli blocking effects in quantum wells
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~Received 22 April 1998; revised manuscript received 9 July 1998!

We derive generalized analytical expressions of changes in the oscillator strength of ana-dimensional
exciton (2<a<3) due to Pauli blocking mechanisms in quantum wells. The effect of dimensionality, tem-
perature, and density of charge carriers on the exciton binding energy are studied in the light of known
experimental results in GaAs/AlxGa12xAs and ZnSe/CdxZn12xSe quantum wells. Our results show that Pauli
blocking effects reach minimum levels at critical well widths depending on the material composition. The
quantitative study ofa provides an improvement on works which employ exact two-dimensional exciton
models.@S0163-1829~99!10803-8#
-
e
s
t
e
-
a

m

a

th
v
t

la
l

m

n-
si
. A
x

re
a

s
-

a
h

ng

th
er
ys
-

fe

al
ck-
t to
ion
li
of
of

he

ex-
the
al

ve
due
al
ex-

III,
e of
his

e is
-
e to
ro-
uc-

illa-
ue
hat

uli

ed
I. INTRODUCTION

Experimental works1–5 performed using modulation
doped quasi-two-dimensional structures have shown that
citons in the lowest band levels can exist simultaneou
with free carriers up to sheet carrier densities of abou
31011 cm22. The exciton oscillator strength decreas
gradually ~exciton bleaching! as the carrier density is in
creased from zero. At a high enough carrier density,
abrupt transition from excitonic to free-electron-hole reco
bination occurs.1 Such excitonic nonlinearities originate from
a combination of many-body-related effects6,7 like Pauli
blocking mechanisms, short-range exchange interaction,
long-range Coulomb interaction among charge carriers~Cou-
lomb screening!.

So far, the well-known theories7 of Pauli blocking mecha-
nisms in quantum wells have been developed within
strictly two-dimensional limit, even though experiments ha
been performed in quantum wells with widths comparable
the size of excitons. While the theories were able to exp
some experimental results,2,8 they contradict other theoretica
calculations9 and experimental work done on II-VI quantu
wells.5

It is well known that the relative motion of the electro
hole pair which constitutes an exciton can never be con
ered exactly two or three dimensional in quantum wells
more appropriate approach to such systems is to treat e
tons as intermediate between an exact two- and th
dimensional system by utilizing the concept of a fraction
dimensional space.10 The problem of Wannier-Mott exciton
placed in strongly anisotropic media~semiconductor quan
tum wells, wires, and superlattices! was first popularized by
He ~Ref. 11! and Lefebvre, Christol, and Mathieu12 who used
a metric space with a noninteger dimension to obtain ex
solutions for the excitonic energies and wave functions. T
advantage of using such an approach is that only a si
parameter, known as the degree of dimensionality~denoted
by a), is needed to incorporate the effect of change in
widths of the well or barrier regions on the strength of int
action.a increases from 1 in an exact one-dimensional s
tem ~e.g., ideal quantum wires! to 3 in an exact three
dimensional system~e.g., bulk crystals!.

In this paper, we present a systematic study of the ef
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of a continuous transition from an exact two-dimension
system to an exact three-dimensional system on Pauli blo
ing mechanisms in confined systems. We do not attemp
investigate many-body effects like band-gap renormalizat
and band filling,13 but focus only on a single effect—Pau
blocking effects in quantum wells. We utilize the concept
fractional dimensionality to analyze the qualitative effects
Pauli blocking mechanisms for any arbitrary value of t
dimension of a confined excitonic system (2<a<3). The
fractional dimensional approach is expected to interpret
perimental results correctly and to clarify aspects of
theory of excitonic optical nonlinearities in low-dimension
heterostructures.

This paper is organized as follows. In Sec. II, we deri
generalized analytical expressions of saturation densities
to Pauli blocking mechanisms in fractional dimension
space. We also analyze the separate contributions of an
citon gas and an electron-hole plasma in Sec. II. In Sec.
we study the dimensionality and temperature dependenc
Pauli blocking effects. We present the conclusion of t
work in Sec. IV.

II. PAULI BLOCKING IN FRACTIONAL
DIMENSIONAL SPACE

As soon as an exciton is generated, a Fermi spher
formed which reduces thek space available for single
particle states. Since the single-particle states contribut
the bound electron-hole state, the Fermi sphere forming p
cess, also known as Pauli blocking, directly causes a red
tion of the exciton oscillator strength denoted by (f a) in an
a dimensional space. Thus a decrease in the exciton osc
tor strength due to Pauli’s exclusion principle is mainly d
to the reduction in the number of single-particle states t
contribute to the exciton state.

The change in the exciton oscillator strength due to Pa
blocking effect in ana-dimensional space is expressed as7

D f a

f a
52

N

Ns
a

52(
k

@ f e~k!1 f h~k!#
U1s~k!

U1s~k50!
, ~1!

whereN is the density of electron-hole pairs andNs
a is the

a-dimensional total saturation density, which is determin
3027 ©1999 The American Physical Society
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3028 PRB 59A. THILAGAM
using the forms assumed forf e(k) and f h(k), the respective
electron and hole distribution functions.U1s(k) in Eq. ~1!
denotes the Fourier transform of electron-hole relative m
tion orbital wave function,U1s(r ), andN is the exciton den-
sity. Equation~1! is interpreted as the fractional change th
occurs in the exciton oscillator strength,f a , due to effects
arising from the presence of neighboring bound and unbo
electron-hole pairs. Note that we have generalized Eq.~1! by
introducing a noninteger dimensiona, so that it reduces to
well-established forms for botha52 and 3.

The forms for f e(k) and f h(k) for charge carriers in a
nondegenerate plasma at equilibrium are expressed by
Boltzmann distribution

f i~k!5
N\2p

mikBT
expS 2\2k2

2mikBTD , ~2!

wheremi ,i 5e(h) is the electron~hole! effective mass, and
T is the temperature. On the other hand, the distribut
function for a system of correlated electron-hole pairs~exci-
ton gas! is expressed as7

f e~k!5 f h~k!5
N

2
uU1s~k!u2, ~3!

whereU1s(k) is the Fourier transform of the electron-ho
relative motion orbital wave functionU1s(r ), and N is the
exciton density. Equation~3! means that the creation of
single exciton is associated with the occupation probab
uU1s(k)u2 in fermion space. The factor12 appears as result o
sharing between spin-up and -down particles.

In order to obtain an accurate form of the wave functi
for the electron-hole relative motion, a Schro¨dinger equation
incorporating all the known many-body effects has to
solved. However, this is not a trivial procedure and an ex
solution is therefore not available. In order to simplify ca
culations, we use the form ofU1s(r ) for an isolated exciton
in an a-dimensional space14 to evaluateU1s(k):

U1s~r !5F~a!expF2
2

a21

r

a
B
G , ~4!

wherea
B

is the three-dimensional Bohr radius of the excito

andF(a) is

F~a!5F 2a11p~12a!/2

GFa21

2 G~a21!a11

1

a
B

aG 1/2

. ~5!

Using the relation15,16

E
aD

dre22pur uce22p iq•r5

GFa11

2 G
p~a11!/2

c

~c21q2!~a11!/2
~6!

and the hydrogenic form of the wave functionU1s in
a-dimensional space given in Eqs.~4! and~5!, U1s(k) in an
a-dimensional space is evaluated as
-

t
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U1s~k!5~4p!~a/4!2~1/4!~a21!~a/2!1~1/2!

3AGFa21

2 G aB
a/2

S 11Fa21

2
kaBG2D ~a11!/2 . ~7!

Equation~7! yields the expected forms in the exact thre
and two-dimensional limits.7

In deriving Eq.~7!, we have made use of the spatial int
gral relation ina-dimensional space:11

E
aD

dr5
2p~a21!/2

GFa21

2 G E0

`

r a21drE
0

p

du sina22u. ~8!

A. Exciton gas

Pauli blocking due to an exciton gas is determined us
Eq. ~1! and the form off i(k) given by Eqs.~3! and ~7! as:

D f a

f a
52NG~a!

23a22~a21!

Ap
Va~a

B
!, ~9!

whereVa(a
B
) is the volume of ana-dimensional sphere10

with radiusa
B
:

Va~a
B
!5

pa/2

GF11
a

2G a
B

a , ~10!

andG(a) is given by

G~a!5

GFa21

2 GGF11
a

2GGFa2GGFa1
3

2G
GF3

2
~a11!G . ~11!

The inverse of thea-dimensional saturation density co
responding to the exciton gas,Ng

a , is obtained, using Eqs
~1! and ~9!, as

FIG. 1. Total saturation densityNs
a @Eq. ~15!# as a function of

the well width in GaAs/AlxGa12xAs quantum wells.
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1

Ng
a

5G~a!
23a22~a21!

Ap
Va~a

B
!. ~12!

Thus 1/Ng
25 32

7 pa
B

2 , which is the same as in an earlie
calculation7 obtained for the exact two-dimensional excito
model. Equation~12! means that ana-dimensional volume
La51/Ng

a is formed as a blocking space around the new
created exciton. Any extra exciton cannot be formed wit
this space. It should be noted that the dimensionless vol
@La /Va(a

B
)# of the Pauli blocking space increases with d

mensionality. This means that the possibility of a newly c
ated exciton sustaining more excitons is highest when
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dimensionalitya of a confined exciton is at its minimum. I
also explains why excitonic optical spectra is significan
stronger in quantum wells than in bulk crystals as the exci
oscillator strength is increased by the contributions o
larger number of electron-hole states at a lower dimensio

B. Electron-hole plasma

An analytical expression for the dimensionless volum
@La /Va(a

B
)#5@1/Nc

aVa(a
B
)#, of Pauli-blocked space du

to free electron and holes is evaluated using Eqs.~1!, ~2!, and
~7! as
La

Va~a
B
!

5 (
i 5e,h

g i2
2a21GF11

a

2Gp~32a!/2H GFa2G
2GFa11

2 G FFa2 ,
1

2
;g i G2Ag iFFa11

2
,
3

2
;g i GJ ~13!

whereg i52\2/mikB
Ta

B

2 with i 5e or h, andf@a,b;c# denotes a confluent hypergeometric function.17

In deriving Eq.~13!, we have made use of the integral relation17

E
0

`xcexp~2ax2!

~11bx2!
c
2 11

dx5
Ap

b
c11

2
H GF11c

2 G
2GF c

2
11G FF11c

2
,
1

2
;
a

bG2
1

Ab
FFc12

2
,
3

2
;
a

bGJ . ~14!
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Equations~12! and ~13! are then used to evaluate the to
saturation density,Ns

a for a given value ofa:

1

Ns
a

5
1

Nc
a

1
1

Ng
a

. ~15!

It is important to note that the temperature dependenc
Pauli blocking effects in Eq.~13! is due to the form of the
Fermi function in Eq.~2!. Experimental results18 of the car-
rier effects on the excitonic absorption in quantum we
have demonstrated that phase-space-filling effects dep
more on temperature through the Fermi function than
screening or other many-body effects. In this sense,
mechanism of Pauli blocking by an electron-hole plasma
distinguished by its dependence on temperature. Further
cussion of this important aspect is given in Sec. III. Unlike
Eq. ~2!, the distribution of exciton gas in Eq.~3! is indepen-
dent of temperature. This is because the excitonic wave fu
tion remains unaffected by temperature although it chan
with the well width, as confirmed by absorptio
measurements19 of excitonic resonances in the temperatu
range 8–300 K of quantum-well systems.

III. EFFECT OF CARRIER DENSITY
ON DIMENSIONALITY a

A. Low carrier densities

At zero or very low carrier densities, reliable values of t
dimensionalitya of an exciton in a quantum well of a know
l

of

nd
n
e

is
is-

c-
es

well width is obtained by comparing experimental valu
with a well-known expression of the exciton bindin
energy,12

Eb5
Ry

S n1
a23

2 D 2 , ~16!

where Ry is the exciton Rydberg, andn51,2, . . . is the
principal quantum number state. The ideal confinemen
which a52 is never reached due to the spreading of elect
and hole wave functions into the barrier regions in quant
wells. This spreading effect becomes increasingly signific
at critical well widths.20,21 Using Eqs.~15! and ~16! and ex-
perimental exciton binding energies22 in GaAs/AlxGa12xAs
quantum wells, we have plotted the total saturation den
Ns

a as a function of the well width for various aluminum
concentration in GaAs/AlxGa12xAs quantum wells in Fig. 1.
Pauli blocking effects reach minimum levels at critical we
widths, depending on the material composition. This is d
to the gradual decrease of critical well widths as well asa
with the aluminum concentration, i.e., with the depth of t
quantum well.

B. High carrier densities

It is generally difficult to obtain an accurate relation b
tween a and the exciton binding energy when the carr
density becomes high. However, by studying the effect of
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3030 PRB 59A. THILAGAM
increasing carrier density on the exciton binding energy,
can estimate the change ofa with the carrier density. In
order to do this, we use the approximation18 that the pertur-
bation on an exciton by free carriers is small enough so
the excitonic wave function of the form given in Eq.~4! is
still valid. The effects of the surrounding charge carriers
incorporated in the exciton Bohr radiusaB , which changes
with the carrier densityN. The wave equation for an excito
surrounded by charge carriers is described by an effect
mass Schrodinger equation

F2
\2

2mr a21

]

]r
r a21

]

]r
2EGU1s~r !5~12h!

e2

er
U1s~r !,

~17!

wherem is the reduced mass of the exciton and the corr
tion term,h in an a-dimensional space is derived as

h~r !U1s~r !5E
0

k
F
dkS k

2p D a21

U1s~k!J~a22!/2~kr !,

~18!

where kF
252pN. For long-range screening at whichaBkF

!1,h(r ) in Eq. ~18! is evaluated for smallr, using Eq.~7!,
as

h'S~a!~a
B
k

F
!2, ~19!

whereS(a)' 1
8 for 2<a<3.

Using Eqs.~17!–~19!, the change in exciton binding en
ergy due to the presence of surrounding charge carrier
obtained as

Eb~N!

Eb~0!
5S 12

N

2Ns
aD 2

, ~20!

whereNs
a for a givena is given in Eq.~15!. Using Eq.~20!,

the effect of an increasing density of charge carriers ona is
determined as

Da5S a21

2Ns
a

N
21D . ~21!

The above equation shows that the change in dimension
Da vanishes when the charge densityN is reduced to zero
but gradually increases asN is increased. This is attributed t
the enlargement in excitonic Bohr radius withN, so that the
degree of exciton confinement, as measured bya, is in-
creased. Whilea is almost unchanged at low densities, d
termination ofa at largerN values becomes complicated du
to the rapidly vanishing exciton binding energy broug
about by many-body-related effects.6

The effect of increasing the density of charge carriers,N,
on the oscillator strengthf a , is determined using

f a~N!

f a~0!
5

1

11
N

Ns
a

. ~22!

In Fig. 2, the decrease ofNs
a with a in CdSe quantum wells
e

at

e

e-

-
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ity

-

t

at 10 K is plotted, using23,24 me* 50.13,mh* 50.45, and«
59.3 and Eqs.~12!, ~13!, and~15!. The normalized oscillator
strength@ f a(N)/ f a(0)# @Eq. ~22!#, as a function of shee
carrier density,N is compared in Fig. 3 with experimenta
data25 in ZnSe/Cd0.1Zn0.9Se quantum wells of width 30 Å
For the purpose of comparison, we have assumedVa(aB)
.paB

2 . The dimensionality parametera for excitons in
30-Å CdSe well materials is calculated12 as a532exp
(2Lw/2aB)'2.4. From Fig. 2, we obtainNc

2.4;2.17
31011 cm22,Ng

2.4;1.7531011 cm22, and Ns
2.4;0.97

31011cm22. While the theoretical fit agrees well with th
experimental data at lower carrier densities, the noticea
difference at higher carrier densities is possibly due to
creasing importance of effects like band-gap shrinkage
exchange interactions.

In Fig. 4, we compare theoretical results calculated us
Eq. ~20! with experimental data25 of the normalized binding
energy@Eb(N)/Eb(0)# @Eq. ~20!# as a function of sheet car
rier density N. The experiment25 was performed on
ZnSe/Cd0.1Zn0.9Se quantum wells of width 30 Å at 10 K

FIG. 2. Total saturation density,Ns
a as a function ofa in

ZnSe/CdxZn12xSe quantum wells at 10 K.

FIG. 3. Dots denote experimental values~Ref. 25! of the nor-
malized oscillator strength@ f a(N)/ f a(0)# as a function of shee
carrier density,N(cm22), in ZnSe/Cd0.1Zn0.9Se quantum wells of
width 30 Å . Solid lines ata52.4 and 2.8 are obtained using E
~22!.
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While Eq. ~20! remains valid up to carrier densities;1
31011 cm22, it is no longer applicable at larger densitie
due to the assumptions used in its derivation and under
mated values ofa @Eq. ~21!#. Nevertheless, it is interesting t
note the gradual decrease in critical carrier densities at w
the exciton becomes unbound, with an increase ina.

IV. TEMPERATURE DEPENDENCE OF PAULI
BLOCKING EFFECTS

In Fig. 5, we plot the individual dimensionless volum
La /@Va(a

B
)#, @Eqs. ~12! and ~13!#, as functions of dimen-

sionality,a at 20 and 200 K in GaAs/Al0.3Ga0.7As quantum
wells. We have usedme50.067mo andmh50.15mo , where
mo is the free-electron mass. At low temperatur
(;20 K) and dimensionality range (a<2.32), Pauli block-
ing effects due to an uncorrelated electron-hole plasma
larger than effects due to an exciton gas. This trend is

FIG. 4. Diamond-shaped points denote experimental data~Ref.
25! of the normalized binding energy@Eb(N)/Eb(0)# @Eq. ~20!# as
a function of sheet carrier density,N(cm22) in ZnSe/Cd0.1Zn0.9Se
quantum wells of width 30 Å at 10 K. Solid (a52.4), dotted (a
52.6), and dashed-dotted (a52.8) lines are obtained using Eq
~20!.

FIG. 5. Dimensionless volume,La /@Va(aB)# @Eqs. ~12! and
~13!# as a function of dimensionality,a at 20 and 200 K in
GaAs/Al0.3Ga0.7As quantum wells.
ti-

h

s

re
e-

versed at higher temperatures and largera due to changes in
the overlap of excitonic wave functions.

In Fig. 6, Eqs.~12!, ~13!, ~15!, and~20! substituted with
the values ofa52.44 for well widths of 100 Å anda
52.85 for well widths of 300 Å obtained from Fig. 1, ar
used to compare our theoretical results with experime
data.18 The experiment setup18 was designed to investigat
the change in heavy-hole binding energies with tempera
in n-type modulation-doped GaAs/Al0.3Ga0.7As multiple
quantum wells of well widths of 100 Å and an electro
density of 1.531011 cm22. The figure shows the good
agreement with experimental results at well widths of 100
with a smaller change in binding energies at larger w
widths. Since heavy-hole~HH! excitons have smaller bind
ing energies than light-hole~LH! excitons,aHH is greater
thanaLH at a fixed well width. This means that HH exciton
quench faster than LH excitons, as reported by experime
observations18 of carrier effects on excitonic absorption i
GaAs/AlxGa12xAs quantum wells.

It is to be noted that II-VI materials with high excito
binding energies, such as those of ZnSe/Cd0.1Zn0.9Se and
ZnTe/CdxZn12xTe quantum wells, display quenching cha
acteristics different from excitons with smaller binding ene
gies, for instance in GaAs/AlxGa12xAs quantum wells. Due
to the comparable exciton binding and thermal energy (kTL)
in ZnTe/CdxZn12xTe and related II-VI materials, Pau
blocking effects due to highly confined excitons@Eqs. ~12!
and ~13!# become more important than those due to a c
electron-hole plasma. Conversely, in materials where e
tons have lower binding energies, Pauli blocking effects
dominated by uncorrelated electron-hole pairs. Thus the
interplay between Pauli blocking effects due to neutral ex
tons and electron-hole plasma depends on the exciton dim
sionalitya and thermal kinetics of the material system und
study. Such an approach would resolve some of the disag
ment between earlier theoretical works,7 employing an exact
two-dimensional exciton model, and experimental results3,5

It is to be noted that studies26,27 of the temperature varia

FIG. 6. Dots denote experimental values~Ref. 18! of the change
in exciton binding energies with temperature in ann-type
modulation-doped GaAs/Al0.3Ga0.7As quantum well of width, 100
Å and an electron density of 1.531011 cm22. Lines at well
widths 100 and 300 Å are obtained using Eqs.~12!, ~13!, ~15!, and
~20!.
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3032 PRB 59A. THILAGAM
tion of excitonic transition energies indicate the strong te
perature dependence of the band gap of the constituent
terial in the well region. Furthermore, an analysis28 of the
exciton resonance spectra points to the vital role of locali
excitons at lower temperatures~below 80 K! and that of free
excitons at high temperatures. These factors therefore h
to be included in order to make a further quantitative ana
sis of excitonic optical spectra obtained via experiments.

V. CONCLUSION

We have derived generalized analytical expressi
which describe changes in the oscillator strength of
th

hs
s

an

ld

d

B

-
a-

d

ve
-

s
n

a-dimensional exciton (2<a<3) due to Pauli blocking
mechanisms in quantum wells. Our results, which agree w
with experimental data for carrier densities<131011 cm22,
show that the quenching characteristics of excitons are c
cally dependent on their dimensionality and the thermal
netics of carriers in the material system under study. Th
factors are critical in resolving disagreements between th
retical works which employ strictly two-dimensional excito
models and experimental results of exciton absorption sp
tra in quantum wells. It is expected that our results will be
importance in a quantitative understanding of Pauli block
processes in low-dimensional systems.
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