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Tunneling of heavy holes in semiconductor microstructures

A. M. Malik, M. J. Godfrey, and P. Dawson
Department of Physics, University of Manchester Institute of Science and Technology, P.O. Box 88, Manchester M60 1QD

United Kingdom
~Received 14 September 1998!

We use a six-band effective-mass theory to calculate the rate of tunneling of heavy holes in two kinds of
GaAs/AlAs semiconductor microstructure: a multiple-quantum-well system with alternating wide and narrow
quantum wells and, for comparison, a double-barrier structure. Our results take account of valence-band
mixing induced by confinement of the carriers and for the two structures considered are obtained from
effective-mass generalizations of, respectively, Bardeen’s transfer-Hamiltonian method and Gamow’s method
for resonant states. After correcting for uncertainties in the band-structure parameters, we find good agreement
with time-resolved photoluminescence experiments on the multiple-quantum-well structure.
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I. INTRODUCTION

The fabrication of semiconductor quantum-well structu
provides opportunities not only to create a range of no
device structures, but also to study fundamental phys
phenomena such as quantum-mechanical tunneling. F
direct measurements of tunneling rates can be made for
ticular systems, e.g., by time-resolved photoluminesce
measurements1 and by excitation-correlation methods.2 A
notable result of such experiments is that the tunneling
heavy holes proceeds much faster than would be expecte
the basis of the combined effects of their relatively lar
effective mass and high potential barriers. The reason for
was given some time ago:3 quantum confinement leads t
mixing of light- and heavy-hole states, so that penetration
heavy holes into the classically forbidden region is, crud
speaking, determined by the mass of thelight hole.

In this paper we calculate heavy-hole tunneling rates
their dependence on temperature and barrier width in
kinds of system, illustrated in Fig. 1. In the double-barr
system of Fig. 1~a!, carriers in the GaAs well region ca
tunnel through the AlAs barriers into states of bulk GaA
Figure 1~b! shows part of a GaAs/AlAs mixed type-I an
type-II multiple-quantum-well structure in which wide wel
alternate with narrow wells. Carriers can be generated o
cally in the narrow quantum wells, and the electrons trans
rapidly to the wide wells by scattering via theX state in the
barrier region.1 The much slower rate of the transfer of hol
can be determined by measuring the decay of the photolu
nescence from the wide quantum well, where the holes
combine after tunneling. Hole transfer rates obtained by
method vary exponentially with the barrier width, so that w
may be confident that the method of transfer is tunneling

It might at first be supposed that tunneling would proce
at similar rates in double-barrier and multiple-quantum-w
systems, provided that the barrier widths and heights w
the same in each case. This, however, would ignore the
played by the final state in tunneling. For systems wh
interfaces are not rough and in the absence of other scatte
mechanisms, a hole may tunnel only if a final state is av
able with the same energy and wave vector as the in
PRB 590163-1829/99/59~4!/2861~6!/$15.00
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state. As a result, there may be relatively few states fr
which holes can tunnel, and this can lead to a strong te
perature dependence of the tunnelling rate via the ther
occupation probability of the initial state.

Because of the results’ expected sensitivity to the prec
shape of the hole subbands, it is important to use an accu
model for the valence band. For this reason, rather than
the simple four-band model chosen by Yu, Jackson,
McGill,3 we use a six-component effective-mass theory, d
cussed briefly in Sec. II below. Rates for tunneling out o
double-barrier system are calculated in Sec. III using
effective-mass generalization of Gamow’s theory4 of reso-
nant states. In Sec. IV we calculate transfer rates for ho
tunneling between quantum wells; this requires an extens
of Bardeen’s transfer-Hamiltonian method5 to the six-band
effective-mass theory. Our results are compared with exp
ment in Sec. V.

II. EFFECTIVE-MASS THEORY

We use Foreman’s six-band effective-mass theory ba
on zone-center heavy-hole, light-hole, and spin-orbit split-
states.6 In effective-mass theory the time-dependent Sch¨-
dinger equation takes the form

i\
]F

]t
5ĤF, ~1!

whereF is a six-component column vector of envelope fun
tions. The 636 matrix Hamiltonian has the general Herm
ian form

Ĥ5
]

]z
A

]

]z
1

]

]z
B2B†

]

]z
1C, ~2!

where the matricesA, B, andC depend on positionz along
the growth direction~via the material-dependent band p
rameters!, andB andC also depend on the wave vectork in
the plane of the quantum well;A and C are Hermitian ma-
trices, butB is not equal toB† in general. The perturbative
method of Burt7 provides a definite ordering of differentia
operators with respect to the band parameters of the ma
2861 ©1999 The American Physical Society
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2862 PRB 59A. M. MALIK, M. J. GODFREY, AND P. DAWSON
als of the microstructure and, hence, the precise form of
matrix B. Integration of Schro¨dinger’s equation across a
interface then gives the boundary conditions on the w
function and its derivatives, namely, continuity of the vecto
F and A]F/]z1BF. Although the approximations leadin
to these boundary conditions have been questioned,8 exten-
sive calculations by Meney, Gonul, and O’Reilly9 show un-
equivocally that Burt’s boundary conditions should be p
ferred to the symmetrized conditions used, e.g., by Eppe
Schuurmans, and Colak.10

It is easy to show from Schro¨dinger’s equation and the
corresponding equation forF† that the probability density
r5F†F satisfies a continuity equation

]r

]t
1

]J

]z
50;

the method of derivation follows precisely the usual deriv
tion of the particle current in quantum mechanics.11 The cur-
rent density of holes,J, is given by

J5
i

\ H F†A
]F

]z
2

]F†

]z
AF1F†~B2B†!FJ ; ~3!

it is, of course, continuous at any interface by virtue of t
boundary conditions onF and]F/]z. This expression for the
current will be used below to calculate the rate of tunnel
out of a double-barrier system.

In our numerical work we use mainly the band paramet
quoted in Ref. 12, but for consistency with Burt’s metho7

~which uses the same basis of periodic functions in e
material! we assume a constant value of the Kane13 matrix
element,P59.90 eV Å, appropriate to GaAs. Generally, w
consider tunneling of holes with energies close toEv(GaAs),
the valence-band edge of the well material, and we h
adjusted the AlAs Luttinger parameters to allow for this
follows. An expression such as

g1,expt5g1,res12mP2/~3\2Eg!,

derived fromk•p perturbation theory, is used to separate
experimentally determined Luttinger parameterg1,expt into a
part due to the nearest conduction-band states at theG point
and a residual contributiong1,res from the more remote
bands. The values ofg~AlAs! used in our effective-mas
Hamiltonian are then obtained by replacingEg5Ec(AlAs)
2Ev(AlAs), the AlAs zone-center band gap, byEc(AlAs)
2Ev(GaAs). For both materials we have taken account
the temperature variation of the Luttinger parameters via
decrease of the band gaps with increasing temperature
this, we takeP and the residual Luttinger parameters to
independent of temperature, but in practice the correction
a relatively small effect on our tunneling results. Uncertain
in the ratio of conduction- to valence-band offsets might
expected to have a significant effect on the results; we h
assumed the value 67:33, independent of temperature.

We note what we consider to be a significant limitation
the applicability of the expression~3! for the current. To treat
a narrower quantum well or a material with a small ba
gap, it might appear convenient to use a more accu
energy-dependentsix-band effective-mass Hamiltonian, suc
as the one developed by Eppenga, Schuurmans, and Co10
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But away from the valence-band edge, the probability d
sity r is not simplyF†F, based on the valence-band env
lope functions, but should include a contributionFc

†Fc due to
statesFc admixed from the conduction band. This stat
dependent contribution tor is of relative orderDE/Eg ,
whereDE is the confinement energy, and can be expecte
be important whenever the energy-dependent effective-m
theory provides a significant correction to the valence s
band structure. Fortunately, the ratioDE/Eg never exceeds
7% in our applications; so any state-dependent correction
the density and current are expected to be small. Never
less, rather than use an energy-dependent theory in conj
tion with Eq. ~3!, we note that the general methods of th
paper apply equally well to calculations based on an ene
independent 14-band Hamiltonian.

III. DOUBLE BARRIER: RESONANT DECAY

The structures considered theoretically in this paper
illustrated in Fig. 1. We assume idealized, planar interfa
between different materials and neglect coupling to impu
ties, phonons, and other carriers, so that the holes tu
through barriers without change of energy or in-plane wa
vector.

A hole confined in a GaAs quantum well by two thic
AlAs barriers can persist for a relatively long time in a qu
sistationary state before it tunnels to the outer GaAs reg
A state of this kind shows up as a resonance in scatterin
as an approximately Lorentzian peak in the transmiss
probability as a function of the energy of a hole incident
the structure. This fact has been used by Yu, Jackson,
McGill,3 who estimate carrier tunneling rates out of
double-barrier structure by measuring the widths of
peaks in the calculated transmission coefficient. Such an
proach is impractical, however, for the wide-barrier syste
considered here: the widths of the resonances are too sm

Instead, we calculate the lifetime of the resonance
adapting to effective-mass theory a well-known techniq
due to Gamow.4,14 The method is accurate only to first ord
in the tunneling probability, but this is sufficient for system
with wide barriers. We regard the normalized bound state
the isolated quantum well as a first approximation to
resonant state. At the interface with an outer GaAs reg

FIG. 1. Schematic diagram showing conduction- and valen
band edges for two GaAs/AlAs microstructures:~a! a double-
barrier structure and~b! one period of a multiple-quantum-we
structure in which wide and narrow wells alternate, separated
barriers of widthb.
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the wave function is exponentially small and can be matc
to outgoing plane waves,15 which correspond physically to
escape of the hole from the double-barrier structure. To
isfy the boundary conditions at the interfaces, we must a
introduceincreasingexponentials within the barrier region
In general, there may be six of these, exp@kiz#, but their co-
efficients are small, at most of order exp@2kminb# ~b is the
barrier thickness!, the least rapidly decreasing contribution
the bound state wave function. Any correction to the wa
function inside the well region is therefore even smaller,
order exp@22kminb#, and may be neglected without inconsi
tency.

The outgoing current densityJ, given by Eq.~3!, may be
calculated at any point near the interface of the AlAs bar
region with the outer GaAs region. For a bound state n
malized in unit area of the quantum well, the probability p
unit time of escape from the structure will be given by 2J,
the factor of 2 taking account of the two possible directio
of tunneling out of the well. Our approach automatically i
cludes the current due to holes in all outgoing valence-b
channels, as in the multichannel scattering theory prese
by Morifuji and Hamaguchi.16 In our calculations the carrier
emerge in both heavy- and light-hole states.

The tunneling rate calculated in this way is a function
the in-plane wave vectork5(kx ,ky) and the subband inde
and must be averaged over the distribution of holes. T
tunneling timet is then defined as the inverse tunneling ra

1/t52^J&;

it determines the decay of the population of trapped ho
whose number will varies as exp@2t/t#, providedt is large
compared with the time for the holes to reach thermal eq
librium within the well and that the carrier density is sma
enough for Boltzmann statistics to apply.

Results calculated in this way are shown in Fig. 2; th
have been corrected by the method discussed later in Se
At low temperatures the tunneling time varies with tempe
ture roughly as 1/T, a fact due to the valence-band mixing3

as we now explain. At sufficiently low temperatures on
heavy holes are present in the quantum well, and these
mostly have small energies, of orderkBT. It might be imag-
ined that the tunneling rate would be dominated by its va
for k50, but at the zone center the heavy-hole band is in
not coupled to the light-hole and spin-orbit split-off states,
that the tunneling rate is anomalously small: the rate
decay of the zone-center heavy-hole wave function in
barrier is greater than that of the light hole,khh.k lh , leading
to exp@22khhb#!exp@22klhb# for a wide barrier. To lowest
order the effects of band mixing appear in the Hamilton
~2! via B and B†, which are proportional tok. Regarding
these terms as a perturbation to the zone-center heavy
confined state shows the light-hole amplitude to be prop
tional to k and the corresponding contribution to the heav
hole tunneling rate to vary ask2 exp@22klhb#. After thermal
averaging the contribution to the tunneling rate is roug
proportional toT exp@22klhb# at low temperature, and i
forms the major part of the tunneling rate, except at unatta
ably low temperatures, where pure heavy-hole tunne
should be dominant. This general conclusion is confirmed
d
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our detailed calculations. At higher temperaturesT
.20 K), the tunneling rate levels off rapidly, an effect du
mainly to saturation of the light-hole contribution to th
wave function ask increases.

IV. DOUBLE WELL: BARDEEN FORMALISM

To calculate the rate of tunneling between two quant
wells, we use the transfer-Hamiltonian method introduced
Bardeen.5 Although this may also be used to calculate t
rate of tunneling out of a double-barrier structure,17 the
wave-function matching technique described in Sec. III
considerably simpler in that case. Like the wave-functi
matching technique, Bardeen’s method is accurate only
lowest order in the tunneling probability.

We consider tunneling of holes out of the narrow, le
hand well of Fig. 1~b!. Following Bardeen, we expand th
wave function in terms of confined states of the left- a
right-hand wells,FL andFR ~with energiesEL andER), each
calculated as if the other well were absent. After forming t
time-dependent superposition

F~r ,t !5cL~ t !FL~r !e2 iELt/\1(
R

cR~ t !FR~r !e2 iERt/\

and using the initial conditionscL(0)51 andcR(0)50 cor-
responding to a hole initially in the left-hand well, the rate
transition W(L→R) from a particular stateL to any final
stateR is found by the normal methods of time-depende
perturbation theory,11 giving

FIG. 2. Experimentally determined tunneling timest at 10 K for
the multiple-quantum-well structure of Fig. 1~b! with barrier widths
b572 Å @1#, 80 Å @s#, 90 Å @3#, and 109 Å@* #. Results for this
system~with the same barrier widths! calculated by the Bardeen
method of Sec. IV~solid lines! and results for the double-barrie
system of Fig. 1~a! calculated by the wave-function-matchin
method of Sec. III~dashed lines!. All results have been corrected b
the method explained in Sec. V. The experimental value ofa is
0.113 Å21. Calculated values are 0.272 Å21 for the multiple-
quantum-well and 0.260 Å21 for the double-barrier structures. Th
calculated values differ from one another because they corresp
to tunneling by holes with different values of the in-plane wa
vector.
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W~L→R!.
2p

\
uMRLu2d~EL2ER!. ~4!

In Eq. ~4! the tunneling matrix element is given by

MRL5E
z.z0

FR
†~Ĥ2EL!FLd3r

5E
z.z0

@FR
†ĤFL2~ĤFR!†FL#d3r .

The integration can be restricted to the region right of a pl
z5z0 within the barrier: FL solves Schro¨dinger’s equation
throughout the left-hand well and the barrier region, so t
the integrand is zero forz<z0 . Use of the conditionEL
5ER implied by thed function in Eq.~4! allows us to re-
placeELFR

† by (ĤFR)† in the second line.

If we now use the expression~2! for Ĥ and integrate by
parts with respect toz, we obtain

MRL5E
z5z0

H ]FR
†

]z
AFL2FR

†A
]FL

]z
1FR

†~B†2B!FLJ dx dy,

which differs from Bardeen’s result only in the use of
effective-mass expression for the matrix element of the c
rent operator. For systems with ideal planar interfaces,
wave functions contain plane-wave factors exp@i(kxx1kyy)#,
and the integrations with respect tox andy lead to ad func-
tion expressing conservation of the wave vector. We w
the final result in the formMRL5Mrl d(kR ,kL), wherer and
l label the quantum well subbands andd(kR ,kL) denotes the
Kronecker delta.

For the case of the optically excited mixed type-I a
type-II microstructures, the holes recombine quickly~;1 ns!
after tunneling so that the final states may be assumed t
empty. After averaging with respect to the thermal distrib
tion of holes, the tunneling rate per particle is

1

t
52(

k
l ,r

2p

\
uMrl u2f „El~k!…

3d„El~k!2Er~k!…Y (
k,l

f „El~k!…, ~5!

where the summations run over the in-plane wave vectok
and the two quantum-well subband indicesl and r, which
must include the Kramers-degenerate pairs of states. A
Sec. III the factor of 2 allows for the escape of holes to eit
the left or the right. In Eq.~5!, f (E) denotes the Fermi-Dirac
distribution function, which in general depends on the d
sity of carriers via the chemical potential. At the relative
low densities relevant to our experiments,f (E) reduces to
the Boltzmann distribution, so that the result for the tunn
ing rate is independent of density.

Because of the constraints of energy and wave-ve
conservation contained in Eq.~5!, tunneling can occur only
when energy subbands of the two quantum wells inters
one another. This situation arises for 25- and 68-Å wells
e

t

r-
e

e

be
-

in
r

-

l-

or

ct
s

shown in Fig. 3. Figure 4 shows the closed curve of int
section in the (kx ,ky) plane. The wave-vector summation
Eq. ~5! reduces to a line integral,

(
k

d„El~k!2Er~k!…→
S

~2p!2 R dki

u]~El2Er !/]k'u
, ~6!

wheredki denotes the element of arc length along the c
tour, ]/]k' the derivative normal to the contour, andS the
area of the quantum well in the plane perpendicular toz.

The two conservation laws lead to a much stronger te
perature dependence of the tunneling results than in
double-barrier case, where there were always final st
available, regardless of the initial state of the hole. In
present case, only heavy holes with energy in the neighb
hood of D513 meV above the subband minimum of th

FIG. 3. Valence subbands for 25- and 68-Å GaAs/AlAs sing
quantum wells~dashed and solid lines, respectively!. Holes in the
first subband of the narrow well may tunnel to states of the th
subband of the wide well at points where the subbands intersect
energies are measured from the valence-band edge of GaAs.

FIG. 4. Contour of integration for the Bardeen calculation
Sec. IV. It is the curve of intersection of the first valence subband
the 25-Å well with the third valence subband of the 68-Å well.
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25-Å well can tunnel elastically to the 68-Å well. At low
temperature this leads to the characteristic behaviot
}T exp@D/kBT# for the tunneling time. Inevitably, our result
can be expected to be sensitive to the errors of order a
meV that are typical of any effective-mass calculation o
subband structure. An error of 1 meV would alter the resu
by about a factor of 3 at 10 K and by less at higher tempe
tures. This should be borne in mind when making comp
sons with experiment.

V. COMPARISON WITH EXPERIMENT

Tunneling calculations are remarkably sensitive to
precise values of the band parameters of the barrier mate
much more so than calculations of the subband structure
which they depend. In both theory and experiment, the t
neling time varies with barrier width ast(b)5t0 exp@ab#.
But the calculated value ofa, acalc.2k lh , is a function of
the valence-band parameters and the energy of the tunn
holes, and errors in these lead to errors inacalc. After expo-
nentiation, the discrepancy between theoretically and exp
mentally determined tunneling times can be several order
magnitude: it is essential to make some correction for t
We have chosen to multiply all of our calculated results
exp@(aexpt2acalc)b#, where aexpt is obtained by a least
squares fit to the experimental data at 10 K and is theonly
fitted parameter. Note, however, that the overall magnit
of the results~rather than their variation with barrier width!
is not a fitted parameter, so that it is meaningful to comp
tunneling times calculated by different methods. This ove
magnitude, determined by the factort0 , is relatively insen-
sitive to the experimental uncertainty in the material para
eters, but does depend on the effective-mass model u
including the choice of boundary conditions.

The comparison with experiment is made in Fig. 2.
shows clearly that tunneling between quantum wells i
much slower process at low temperature than tunneling
of a double-barrier structure with the same widths of bar
and initial well. This was expected from the constraints
energy and wave-vector conservation, as described ab
Our numerical results for tunneling between quantum w
agree reasonably well with experiment, which gives us c
fidence that the tunneling process is correctly describ
Note that a discrepancy of even one order of magnitude
the tunneling rate could be accounted for by an error o
meV in the calculated alignment of subbands in the t
wells, so that the level of agreement we obtain is actua
slightly fortuitous. On the other hand, results calculated
the double-barrier system disagree with the experimental
ues from the multiple-quantum-well system by more th
four orders of magnitude at low temperature. This fact m
provide reassurance on the validity of the method used
correct our results for comparison with experiment and a
shows that the Bardeen method applied to tunneling in th
structures is a much better starting point for discussing
periments than the somewhat simpler theory for the dou
barrier structure.

Theoretical results for the multiple-quantum-well syste
have previously been reported in Ref. 1. They were obtai
by extrapolation of results for the double-barrier structu
w
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calculated by Yu, Jackson, and McGill.3 The extrapolated
results fail to show the observed dependence on ba
width, so that the agreement with experiment now appe
fortuitous. We find that if the extrapolated results are c
rected in the manner discussed above, they agree~within a
factor of about 2! with our new results for the double-barrie
structure, calculated by the method described in Sec. III.

Finally, we suggest that our general conclusions would
unaltered by inclusion of the coupling of light- and heav
hole states that results from the microscopic structure of
GaAs/AlAs interface. Pseudopotential18 and tight-binding19

calculations have shown that this mixing occurs even at
center of the two-dimensional~2D! Brillouin zone, and the
effect has recently been brought within the framework
effective-mass theory.20 The resulting additive,d-function
terms in the Hamiltonian21 affect only the boundary condi
tions on the effective-mass wave function, so that the form
ism developed in Secs. III and IV remains unchanged.

First, we note that the mixing terms should have only
small effect on our results for tunneling between wells
different widths, because the states between which holes
tunnel have large in-plane wave vectors and so are alre
subject to a large mixing due to thek•p interaction. On the
other hand, the effect on our results for the double-bar
structure may be much greater, as in our simple model
heavy holes acquire some light-hole character only thro
thermal excitation away fromk50. The magnitude of the
band-mixing terms proposed in Ref. 20 is somewhat unc
tain, but any additional band mixing will tend to reduce t
tunneling time for heavy holes near the zone center, and
will further increase the large discrepancy between
double-barrier calculation and experiment illustrated in F
2. We therefore expect the introduction of interface terms
strengthen our earlier conclusion that tunneling in t
multiple-quantum-well structure cannot be modeled by
theory of tunneling through a barrier into bulk GaAs.

VI. SUMMARY

We have shown how to use Gamow’s theory to calcul
the lifetime of a heavy hole confined in a double-barr
structure; our results, which neglect important band-mix
effects due to the interface, vary approximately as 1/T at low
temperature. Our method is direct and starts from
effective-mass wave function for a hole in an isolated qu
tum well; in particular, it does not require the calculation
a transmission probability over a range of energies, a met
previously used,3 though like that method it does allow fo
emission of the hole into both light- and heavy-hole fin
states.

By adapting Bardeen’s transfer-Hamiltonian method,
have calculated the rate at which holes tunnel between q
tum wells of different widths. In this case our results a
highly sensitive to the shape of the valence subbands in b
wells, t varying asT exp@D/kBT# at low temperature for our
particular choice of well widths. The resulting temperatu
dependence of the tunneling rate may provide a way of
tinguishing experimentally between different proposed tu
neling mechanisms, e.g., elastic versus inelastic tunnel
though we have not investigated this possibility here.
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The methods used in this work can readily be extende
effective-mass models based on more than six bands and
to include band-mixing effects due to the interfaces. T
former may be needed to describe tunneling in structu
with narrower quantum wells or those using materials w
smaller band gaps. Nevertheless, when introducing m
complex models with a greater number of experimenta
determined band-structure parameters, it should be kep
mind that uncertainty in these affects the decay rate of
C.
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wave function in the barrier; this sensitivity is magnified
the calculated tunneling rate itself, especially if the barri
are wide.
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