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Tight-binding scheme for impurity states in semiconductors
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A tight-binding approach is presented for the calculation of impurity states in semiconductors. The model
provides a valid description of acceptors and donors for shallow as well as deep levels, but is expected to be
most useful for intermediate levels in which conventional treatments break down. The impurity state is calcu-
lated for large supercells containing up to 64 000 atoms, and a finite-size analysis allows extrapolation to the
bulk limit. Using this theory, we find very good agreement with experimental results for Ge, Si, and C
acceptors in AlxGa12xAs alloys.@S0163-1829~99!04804-3#
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The usefulness of semiconducting devices depends
large measure on the ability to exploit the electronic prop
ties which result from the introduction of impurities into th
host material. Substitutional impurities in which the valen
of the core differs by 1 from the valence of the substitu
atom constitute a very important class of these systems.
such impurities, the perturbation potential can be divid
into two parts: a long-range screened-Coulomb interac
and a short-range potential within the central cell. Roug
speaking, impurities can be classified as either shallow
deep, depending on whether their binding is dominated
the long-range or the short-range potential, respectiv
Shallow levels typically occur near the band edges and
spatially extended over thousands of unit cells. Deep lev
on the other hand, typically lie deep within the band gap a
are strongly localized in the vicinity of the defect. Both typ
of impurities are of great importance in determining sem
conducting transport properties.

Formally, the problem of shallow impurities was solve
as early as the 1950’s,1,2 with the advent of the so-calle
effective mass theory~EMT!. The EMT rests on several ap
proximations:~i! It is assumed that the perturbation potent
is smooth on the atomic scale, so that the discrete lattice
be regarded as a continuum.~ii ! It is assumed that the impu
rity eigenstate can be constructed from Bloch states der
from at most a few energy bands.~iii ! It is further assumed
that the impurity eigenstate is highly localized ink space, so
that only Bloch states near the givenk enter the expansion
As a result, in EMT, the entire electronic structure of the h
material is characterized by only a few parameters relate
the band curvatures near thek point in consideration.

In the case of deep levels, the above assumptions b
down. The binding of the impurity by the short-range pote
tial leads to a strong localization in real space, which in tu
implies a broad delocalization ink space. Consequently, th
impurity state cannot be realistically constructed from Blo
states in the vicinity of a singlek point, and therefore the
meaning of effective mass is lost. Successful treatments
deep levels typically involve the use of small supercells w
an ab initio approach.3 However, such methods are comp
tationally expensive and their usefulness is restricted to
tems with short-range potentials. As a result, conventio
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approaches to deep levels break down for systems in w
the impurity wave functions are even moderately delocaliz
in real space.

Up to now, no computationally feasible approach exi
for intermediatelevels, i.e., impurities for which shallow a
well as deep theories break down. In this paper we prese
method that provides a valid description for impurities ran
ing from the shallow to the deep limits.4 As a test for the
theory, we consider Ge, Si, and C acceptors in AlxGa12xAs
alloys, whose binding energies have been measu
experimentally5 for 0,x,0.4. The Ge impurity in particular
provides a rigorous testing ground for theory because ax
50 ~pure GaAs! the binding energy is relatively shallow
(;40 meV), but increases rapidly with a strong upwa
curvature ~bowing! to a relatively deep 120 meV byx
50.4.

Our model consists of a single impurity placed in a ve
large cubic supercell containing 8L3 atoms arranged in the
zinc-blende structure, whereL is the length of the superce
side in units of the conventional lattice parameter. In t
work we consider supercells ranging up toL520 ~64 000
atoms!, subject to periodic boundary conditions. Generat
a crystal by imposing periodicity on the wave function for
supercell containingN primitive cells is equivalent to sam
pling at N points in the Brillouin zone. Therefore, the larg
supercells considered in this work correspond to sampling
a very fine mesh ink space.

In order to treat such large systems of atoms and hav
good basis for describing the highly-localized deep leve
the electronic structure is calculated within the tight-bindi
formalism. For the orbital states, we use thesp3s* basis set
first proposed by Vogl.6 We include the spin-orbit interaction
in our tight-binding Hamiltonian,7,8 which therefore doubles
the number basis states to 10 per site. Our Hamiltonian c
tains terms for the unperturbed lattice as well as for the
purity, and can be written

H5(
i j
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mn

hmn
i j cim
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U~r i !cim
† cim , ~1!
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where the roman letters denote site indices and the g
letters label the spin orbitals. Here,hmn

i j define the hopping
and on-site energies of the electrons andl i defines the
strength of the spin-orbit interaction on sitei. We take the
hmn

i j for pure GaAs and AlAs from the recently propos
spin-orbit based parametrization8 due to Boykin, and inter-
polate for AlxGa12xAs using the virtual crystal approxima
tion ~VCA!. In Boykin’s parametrization for GaAs, howeve
the heavy-hole masses are too large, yielding masse
0.874 along~111! and 0.443 along~100!, whereas the experi
mental values9 are 0.750 and 0.340, respectively. Becau
the binding energy in EMT is proportional to the effectiv
mass, the heavy-hole masses are expected to be particu
important to treat properly. In order to obtain improve
agreement with the experimental masses, we scale the G
hopping parametersVx,x andVx,y from Ref. 7 by115%. The
resulting heavy-hole masses are 0.734 and 0.375 along~111!
and ~100!, respectively. Such a scaling also leads to an
proved agreement with experiment for the light-hole mas
along ~111! and ~100!. For AlAs, experimental data is un
available for the valence-band masses and the theoretica
ues vary widely,10,11 so that no such scaling is performed.

The perturbation potential is given byU(r i). Away from
the impurity, the potential is described by an isotrop
q-dependent screening

U~r i !5
e2

e0r i
1A

e2

r i
e2ar i1~12A!

e2

r i
e2br i2

e2

e0r i
e2gr i,

~2!

where the screening parameters A,a, b, and g are taken
from Bernholc.12 For the dielectric constants, we usee0
512.56 for GaAs ande0510.10 for AlAs. We stress her
the long-range nature of the potential, which decays asr
far from the impurity. Precisely at the impurity site (r i
50), Eq.~2! is undefined and we takeU(0)[U0 , whereU0
is a term which contains all central cell effects. We estima
U0 from ab initio calculations by computing the averag
potential felt by an electron within a sphere of radiusR cen-
tered about the impurity, withR taken as half the
bondlength.13 However, this choice ofR is somewhat arbi-
trary, and therefore theab initio results can only serve as
guide. The approach we follow here is to regardU0 as an
adjustable parameter the value of which is chosen to y
the correct binding energy for pure GaAs. Nevertheless,
show below that the values ofU0 used in this work are
consistent with theab initio estimates. Once chosen for
given impurity, this value ofU0 is fixed for allx. In this way,
any variation in the acceptor binding energy with respect tx
is attributed to the electronic response of the host mate
and not to central cell effects. This is in accordance with
ab initio calculations that showU0 changes little from GaAs
to AlAs.13

The acceptor binding energy for a given supercell size
determined as follows: First, the energyEv at the top of the
valence band is calculated for the case of a perfect cry
@i.e.,U(r i)50 for all i #. This energy is easily found with th
aid of Bloch’s theorem. The presence of the impurity brea
translational symmetry and introduces states in the
above Ev . The highest energyẼv of these states yield
the ground-state acceptor energy via the simple rela
ek
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Ea5Ẽv2Ev . The primary task therefore is the calculatio
of this eigenstate. We determine this state by minimizing
expectation value of̂ Cu(H2Ere f)

2uC&, where Ere f is a
reference energy suitably chosen nearẼv .14 With such an
algorithm, the calculation time scaleslinearly with the num-
ber of states, making the solution feasible even for extrem
large supercells.

In order to investigate extrapolation to the bulk limit, w
calculate the acceptor energy for supercell sizes ranging
to L520 ~64 000 atoms!. The wave function of a localized
bound state is expected to decay with an exponential tail,
we therefore propose a finite-size fit of the form

EL5Ea1Ẽe2aL, ~3!

whereEL is the acceptor energy for the supercell of sizeL,
and Ea is the acceptor energy in the bulk limit. A plot o
ln(EL2Ea) versusL should therefore yield a straight line o
slope2a. In Fig. 1~a! we see that Eq.~3! indeed provides an
almost perfect fit to the calculated data for GaAs in the sc
ing regimeL>8. In order to determine the acceptor ener
in the bulk limit, therefore, it suffices to calculate the acce
tor energyEL for three relatively small supercells of sizesL,
L21, andL22, so that the three unknowns in Eq.~3! can be
solved. To investigate the practical benefit of such an
trapolation scheme, we have performed the above calc

FIG. 1. Finite-size analysis.~a! ln(EL2Ea) versus supercell size
L for Ge, Si, and C impurities in GaAs.EL is the acceptor energy
~meV! calculated for finite supercells, andEa is the acceptor energy
~meV! in the bulk limit. The excellent fit forL>8 indicates the
onset of the scaling regime, and corresponds to the size bey
which the wave function is dominated by the exponential tail.~b!
Acceptor binding energy in GaAs as a function of the supercell s
required to obtain convergence within 3 meV of the bulk limit, bo
with and without the extrapolation scheme proposed here. The s
lines are guide-to-the-eye fits through the calculated points. Us
the extrapolation, the same accuracy can be obtained with
smaller sizes compared to the direct calculation.
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tions for acceptors in GaAs withU0 varying from 0.70 eV to
6.0 eV. This results in acceptor energies ranging fr
;27 meV up to over 400 meV. We determine the value
L required to obtain convergence within 3 meV of the bu
limit. The calculation is performed in two ways: first usin
the extrapolation scheme with sizesL, L21, andL22, and
second using a single supercell of sizeL. The results are
plotted in Fig. 1~b!, and show that the extrapolation schem
in all cases provides the same level of accuracy at far sm
system sizes. Such a finite-size analysis enables us to a
rately extrapolate to the bulk limit, even with the use
moderate-size supercells. It is interesting to note that the
trapolated and direct convergence curves seem to satura
sizes ofL55 andL57, respectively. This saturation point
expected to depend on the material in question. For insta
in semiconductors with extremely large effective mass
one would expect the same convergence for smaller size

In Fig. 2 we plot the calculated binding energies~solid
lines! for Ge, Si, and C acceptors extrapolated to theL→`
limit. The values ofU0 which yielded the experimental bind
ing energies for pure GaAs wereU052.89, 2.53, and 0.70
eV for Ge, Si, and C, respectively. These values are con
tent in both magnitude and trend with ourab initio
estimates13 of 4.0 eV for Ge and 1.0 eV for C. In Fig. 2 w
also plot the experimental binding energies5,15,16 ~dashed
lines! for Ge, Si, and C acceptors in the region 0,x,0.4,
obtained in photoluminescence experiments. The calcul
results are in very good agreement with experiment for
three impurites, and in particular reproduce the upw
‘‘bowing’’ trend found in going from C to Si to Ge. Inter
estingly, in all three cases the theoretical curve has a la
slope atx50. A more realistic treatment of the disorder b
yond the VCA could possibly account for this discrepan
Our results indicate that the acceptor binding energy for
in AlAs should be;0.42 eV. In the inset of Fig. 2 we
reproduce on an enlarged scale the calculated and ex
mental binding energies for Ge impurities, along with resu
calculated by Baldereschi, Maschke, and Meloni10 using
EMT ~broken line!. The EMT results were obtained by sca

FIG. 2. Calculated acceptor energiesEa for Ge, Si, and C im-
purities ~solid lines! in Al xGa12xAs. Experimental results are
shown for comparison~dashed lines!. Inset: Calculated~solid line!
and experimental~dashed line! Ge binding energies, together wit
results calculated using EMT~broken line! ~Ref. 10!.
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FIG. 3. Probability of finding electron outside a sphere of rad
R centered about a Ge impurity in GaAs and AlAs. The value at
origin shows a less than 2% chance of finding the electron on
Ge site for a GaAs host, and more than a 30% chance for an A
host.

FIG. 4. k-space distribution and valence-band structure for
impurities in GaAs and AlAs.~a! Probability of finding electron
outside a sphere of radiusk for Ge impurities in GaAs.~b! Energy
dispersion along~111! for light ~lh!, heavy~hh!, and split-off holes
~soh! in GaAs. Thek•p dispersion relevant in EMT for the lh an
hh is given by the dashed lines.~c! Probability of finding electron
outside a sphere of radiusk for Ge impurities in AlAs. The prob-
ability is broadly distributed over the entire Brillouin zone, indica
ing a breakdown of the effective mass assumptions.~d! Energy
dispersion along~111! for valence band in AlAs, with thek•p
dispersion shown for comparison.
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ing thek•p matrix elements in order to reproduce the expe
mental binding energies for GaAs. As can be seen from
inset, the calculated results in this work are in significan
better agreement with experiment than the EMT results.
argue that this is a consequence of the breakdown of
effective mass approximation.

In order to investigate this possibility, we first consid
the real-space distribution of the Ge acceptor wave funct
In Fig. 3 we plot the probability of finding the electron ou
side a sphere of radiusR centered about the impurity. Th
value at the origin gives the probability ofnot finding the
electron on the Ge site: in other words, there is less tha
2% possibility of finding the electron on the impurity atom
a GaAs host, but more than a 30% chance in an AlAs h
We also see that for Ge in GaAs there is a 60% probability
finding the electron within 25 Å of the Ge atom, whereas
AlAs the 60% probability is obtained already at 2.5 Å. In t
tail region, Fig. 3 shows that the impurity wave function
GaAs is essentially completely contained within 80 Å, wh
for AlAs the containment radius is merely 20 Å. Such
sharp localization for the Ge impurity in AlAs strongly su
gests a breakdown of the effective mass approximation.

This breakdown, however, becomes more transpa
when viewed fromk space. In Fig. 4 we plot for GaAs an
AlAs the probability of finding the Ge impurity with wave
vector outside a sphere of radiusk. We also plot on the sam
scale the tight-binding energy dispersion~solid lines! from G
to L for the valence band, together with thek•p dispersion
.
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~dashed lines! calculated within the Luttinger-Kohn model17

of EMT. Figure 4~a! shows that for GaAs, the wave functio
is concentrated largely nearG, in the region where the effec
tive mass approximation is quite good@Fig. 4~b!#. For AlAs,
however, the wave function is broadly distributed ink space
@Fig. 4~c!#, with greater than a 50% probability of finding th
electron withk.p/a. For such largek, Fig. 4~d! shows the
large discrepancy which exists between the true disper
and thek•p dispersion, thereby indicating the breakdown
the effective mass approximation.

In conclusion, we have presented a tight-binding appro
for the calculation of impurity states in semiconductors th
utilizes an extrapolation scheme to obtain the bulk limit. Th
method gives good descriptions of shallow as well as d
levels, but is expected to be most useful for intermedi
levels in which conventional approaches break down. T
method is as simple to apply for donors as for acceptors,
includes spin orbit and mixing with all Bloch states in
natural manner. Although the virtual crystal approximati
was employed, the approach can be generalized to inc
environmental disorder.18 Finally the extrapolation schem
proposed in this work should prove useful to other~e.g.,ab
initio! supercell methods.
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