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Elastic soft mode and charge ordering of Yb4As3
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The elastic constant ofC44 in Yb4As3 relating to the transverse ultrasonic mode shows a pronounced
softening around the structural phase transition point atTc5292 K associated with the charge ordering of Yb31

and Yb21 states. The group theoretical analysis leads to the charge fluctuation mode withG5 symmetry coupled
to the elastic strain«yz ,«zx ,«xy of the softC44 mode. In a framework of the Landau phenomenological theory
for the phase transition, the order parameterQyz5Qzx5QxyÞ0 belowTc gives rise to the linear chain of Yb31

ions among the body diagonal@111# direction as well as the trigonal distortion of«yz5«zx5«xyÞ0. Further-
more, this theory explains experimental observations of the elastic softeningC445C44

0 (T2Tc
0)/(T2Q) above

Tc , the structural change from cubic phase ofTd
6 to trigonal phase ofC3v

6 , and the first-order nature of the
transition.@S0163-1829~99!00301-X#
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I. INTRODUCTION

Rare-earth pnictide of Yb4As3 attracts considerable atten
tion from its low-temperature behavior bearing resembla
to the heavy fermion system.1,2 Even though it has extremel
low carrier concentration, 0.1% hole per molecular un
Yb4As3 exhibits a large specific-heat coefficientC/T5200
mJ/mol K2, and aT2 dependence of low-temperature res
tivity. A large magnetic susceptibility at low temperatures
similar to the Pauli paramagnetism. The Wilson ratio
magnetic susceptibility to the specific heat in Yb4As3 is close
to the order of unity at low temperatures. No long-ran
magnetic order has been reported down to 45 mK
Yb4As3.

3 It was thought that these low-temperature prop
ties of Yb4As3 are caused by the usual dense Kondo effe
However, extremely low carrier in Yb4As3 is not adequate to
screen the spin freedom of the localized4f electron by the
Kondo scenario.

Yb4As3 crystallizes to the anti-Th3P4 structure with the
space group symmetry ofTd

6.4 Two molecules of Yb4As3 are
contained in the unit cell defined by the basic vect
1/2(2a,a,a), 1/2(a,2a,a), 1/2(a,a,2a) of the Bravais
lattice of the body-centered cubicGc

v . The magnetic
susceptibility,1 Mössbauer spectroscopy3 and perturbed an
gular correlation of127Yb ions5 indicate that Yb31 ions with
the 4f 13 configuration and Yb21 ions with the closed 4f 14

shell coexist in the ratio of 1 to 3. This mixed valence state
consistent with charge neutrality of Yb31~Yb21!3~As32!3.
The structural phase transition from cubic phase with
space groupTd

6 to the trigonal phase withC3v
6 occurs atTc

5292 K.1,6 The absence of the superlattice in the x-ray m
surement below structural transition point shows the volu
of the unit cell to be conserved in the charge ordering aro
Tc5292 K. The tiny deviation from the orthogonal axes
PRB 590163-1829/99/59~1!/269~8!/$15.00
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the cubic phase to an angle ofa590.8° in the trigonal phase
means the spontaneous elastic strain of«yz5«zx5«xyÞ0 be-
low Tc .4,7 The abrupt change of the anglea at the structural
transition point indicates the first-order nature of the ph
change atTc5292 K.

The hole orbit 4f 13 in the trivalent Yb31 ion has the
ground state of the magnetic multiplet withJ57/2, L53,
S51/2, while the closed shell 4f 14 in divalent Yb21 is char-
acterized by the nonmagnetic ground state ofJ50, L50, S
50. Under applied external magnetic field, therefore, o
can detect an induced magnetic moment of Yb31 ions even
in the paramagnetic state. Recently Kohgiet al. performed a
skillful experiment by the polarized neutron scattering und
magnetic fields and detected the induced magnetic mom
of Yb31 ions aligned along the@111# direction parallel to the
uniaxial external stress field in the charge-ordered phase
low Tc .8 Furthermore, the neutron experiments observed
one-dimensional excitation of the Yb31 linear chain with the
antiferro-Heisenberg exchange interaction. Recently Fu
and co-workers9–11 proposed a one-dimensional band Jah
Teller model for the linear chain of Yb31 ions, which ex-
plains the heavy-Fermion behavior of large specific hea
Yb4As3 at low temperatures. The charge freedom of thef
holes of Yb31 ions in the sea of Yb21 ions with the Coulomb
interaction leads to the charge ordering of Yb4As3. The spin
freedom of 4f 13 in the Yb31 ion gives rise to the one
dimensional magnetism at low temperatures. The interp
of charge and spin freedoms is the central issue for the
usual properties in Yb4As3. The optical12,13 and cyclotron
resonance14 measurements have been done to elucidate
origin of the low carrier in Yb4As3. The energy-band calcu
lation of Yb4As3 shows the valence instability and the4f
hole near the Fermi level indicating the low-carrier behav
of the system.15–17 The influence of the hole carrier to th
269 ©1999 The American Physical Society
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270 PRB 59GOTO, NEMOTO, OCHIAI, AND SUZUKI
charge order and one-dimensional magnetism in Yb4As3 is
still an open problem.

In the present paper we have performed the ultraso
measurement to examine the elastic properties in Yb4As3.
The experimental procedure is presented in Sec. II and
result of the ultrasonic measurements in Sec. III. We
scribe the Landau phenomenological theory to explain
charge ordering in Yb4As3 in Sec. IV. In Sec. V we discus
the character of charge fluctuation mode and the charge
dering in Yb4As3.

II. EXPERIMENT

The single crystal of Yb4As3 was grown in a W crucible
sealed by an electron-beam technique. Because the pha
Yb4As3 melts incongruently, the single phase of Yb4As3 was
grown inside the W crucible with temperature gradient b
high-frequency electrical furnace. The crystallographic o
entation of Yb4As3 was determined by the x-ray photograp
The sample with rectangular shape of 23334 mm3 for the
ultrasonic measurement was prepared by an electrical s
cutter. In order to observe the ultrasonic pulse echoes wit
exponential decay, we polished carefully the surfaces
samples to be parallel. The LiNbO3 transducers for the gen
eration and detection of the sound waves with the frequ
cies 10–50 MHz were bonded on the surfaces of the sam
The sound-wave velocityv was detected by an ultrason
apparatus based on the phase-comparison method. In th
timation of the elastic constantC5rn2, we used the mas
densityr58.98 g/cm3 from the lattice constanta58.788 Å
of the present sample of Yb4As3.

III. RESULTS

We show the temperature dependence of the elastic
stantsCi j of Yb4As3 in Fig. 1. The elastic constant ofC44,
which was measured by the transverse mode propaga
along the@100# axis with the polarization vector parallel t
the @001# axis, shows a pronounced softening below 400
down to the phase transition pointTc5292 K.18 The ultra-
sonic echo signal disappears abruptly belowTc due to the
strong increase of the ultrasonic attenuation associated
the elastic domain. An increase of the elastic constantC44 is
observed in lowering temperature in the ordered phase.
elastic softening ofC44 in Fig. 1 suggests that the elast
strain«yz ,«zx ,«xy with G5 symmetry of theC44 mode plays
the main role for the charge ordering in Yb4As3. We present
a mechanism of the charge ordering in Sec. IV. On the o
hand, the transverse (C112C12)/2 mode propagating alon
the @110# axis with the polarization parallel to@11̄0# shows
only a steplike anomaly atTc . This result means that th
(C112C12)/2 mode characterized by the elastic strain of«u

5(2«zz2«xx2«
yy

)/A3 or «v5«xx2«yy with G3 symmetry

does not contribute for the charge ordering in Yb4As3.
The elastic constantC11 corresponding to the longitudina

ultrasonic mode propagating along the@100# axis also exhib-
its a discontinuity atTc . Furthermore, the bulk modulusCB
(C1112C12)/3 associated with the volume strain«B5«xx
1«yy1«zz with G1 symmetry shows a small step atTc and
increases slightly in lowering temperature. The bulk modu
CB of Yb4As3 in Fig. 1 was calculated by the experiment
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results ofC11 and (C112C12)/2. This normal behavior ofCB
in Yb4As3 is considerable contrast to the softening ofCB in
the intermediate-valence compound SmB6.

19 The softening
of CB in SmB6 means the Sm21 ions changes easily into
Sm31 ions with relatively small ionic radius as the volume o
the crystal shrinks with the external hydrostatic pressure
the present case of Yb4As3, however, the absence of th
softening ofCB implies that the coexistence ratio of Yb31

and Yb21 ions is conserved to be 1 to 3 even at the char
ordering pointTc5292 K. In the Landau theory in the nex
section, therefore, we include the bilinear coupling of t
charge fluctuation mode withG5 symmetry to the elasticC44
mode in the free-energy density, but the coupling of t
charge fluctuation mode ofG1 to the volume strain«B is
excluded.

The low-temperature behavior of the elastic constants
Yb4As3 is shown in insets of Fig. 1 in expanded scales. T
shallow minimums around 40 K are found commonly in th
elastic constants ofC11, (C112C12)/2, andC44. The bulk
modulusCB , however, exhibits monotonous increase at lo
temperatures. The 4f 13 state in Yb31 ions has both spin and

FIG. 1. Temperature dependence of the elastic constants in
mixed-valence compound Yb4As3. The elastic softening of the
transverseC44 mode has been found around the structural ph
transition pointTc5292 K from cubic phaseTd

6 to trigonal phase
C3v

6 associated with the charge ordering. Insets show lo
temperature anomalies of the elastic constants in the ordered p
with the trigonal lattice in Yb4As3.



ld

or
th
n
so
he

er

th
f

o
n
io

rd
rd
rs

an
th
th
g
e-
th

n
ow
o
a

s-

o

rr
he

in

is
an

ons
ed

ffi-

oup
on
en-
n-

uc-

l
he
en-

PRB 59 271ELASTIC SOFT MODE AND CHARGE ORDERING OF Yb4As3
orbital degrees of freedom. The crystalline electric fie
~CEF! with trigonal symmetry belowTc splits the ground-
state multiplet ofJ57/2 into four Kramers doublets.8 The
quadrupolar moments of the CEF state in Yb4As3 may
couple to the elastic strains of the (C112C12)/2 and C44
modes. The low-temperature anomalies in Fig. 1, theref
may be explained by the quadrupolar susceptibility for
CEF state ofJ57/2 of Yb31 due to the quadrupolar-strai
interaction. In the present paper we focus the elastic
modeC44 due to the charge ordering. The coupling of t
quadrupolar moment of the 4f -hole state 4f 13 in the linear
chain of Yb31 ions along the@111# direction to the elastic
strain remains an unresolved problem in ultrasonic exp
ments of Yb4As3.

IV. ANALYSIS

As presented in the previous section, the softening of
elastic constantC44 in Yb4As3 is the most striking feature o
the structural phase transition associated with the charge
dering. Various physical quantities like the elastic consta
in Sec. III show the discontinuous change at the transit
point Tc5292 K. This means the phase transition of Yb4As3
is first order. The Landau theory is based on the second-o
transition associated with the continuous change of the o
parameter at the transition point. Even though there is a fi
order nature of the charge ordering in Yb4As3, it is of great
significant to employ the Landau theory for the phase tr
sition where the group-subgroup relation is expected. In
section we make the group-theoretical analysis to project
charge-fluctuation mode, which freezes at the char
ordering pointTc . Furthermore, we construct the Gibbs fre
energy density described by the order parameter of
charge ordering.

In Fig. 2, we show a conventional unit cell of Yb4As3

with the anti-Th3P4 structure of the space groupTd
6(I 4̄3d). It

should be noted that the conventional unit cell in Fig. 2 co
sisting of 16 Yb atoms and 12 As atoms is chosen to foll
the conventional crystallographic axes. Therefore, the v
ume of the conventional unit cell in Fig. 2 is twice as large
the unit cell of the Bravais latticeGc

v .The nonsymmorphic
space groupTd

6 has 24 symmetry operators$Rub%, where
both rotationR and nonprimitive translationb are included.
We refer to the definite presentation of the operators$Rub%
for the space groupTd

6 that can be found inInternational
Tables for Crystallography.20 In the present analysis we a
sume that Yb31 and Yb21 ions coexist in the ratio of 1 to 3
and exhibit thermal fluctuation around the mean valence
2.251. This conjecture of the charge neutrality in Yb4As3
seems to be reasonable because of the extremely low ca
concentration of 0.1% per unit molecule. The effect of t
relative displacement of Yb31and Yb21 ions with respect to
As32 ions is omitted. The lack of the inversion symmetry
the present compound Yb4As3 with the space groupTd

6 leads
to the piezoelectric character of the crystal. The relative d
placement of Yb ions with respect to As ions could play
important role for the dielectric properties of Yb4As3.

We introduce the charge densityr i ( i 51,2 . . . ,8) as a
function of the position vector for theith site of the Yb ion in
Fig. 2 as
s
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Yb1: r15r1~u,u,u!,

Yb2: r25r2~u,2u,2u11/2!,

Yb3: r35r3~2u11/2,u,2u!,

Yb4: r45r4~2u,2u11/2,u!,

Yb5: r55r5~u11/4,u11/4,u11/4!, ~1!

Yb6: r65r6~2u11/4,u11/4,2u13/4!,

Yb7: r75r7~u11/4,2u13/4,2u11/4!,

Yb8: r85r8~2u13/4,2u11/4,u11/4!.

bc

In the present compound of Yb4As3, the parameter in the
charge density of Eq.~1! is u50.069 in unit of the lattice
parameter.4 Because of the body-centered~bc! symmetry of
the present crystal, there are two equivalent sites for Yb i
in the conventional unit cell of Fig. 2, which are connect
with the pure translation operator of$Eu1/2 1/2 1/2% each
other. In the group-theoretical analysis, therefore, it is su
cient to consider charge densityr i ( i 51,2, . . . ,8) for 8 Yb
sites in Fig. 2. When 24 symmetry operators of space gr
Td

6 act on r i ( i 51,2, . . . ,8), one gets the representati
matrix with 838 elements. The character for the charge d
sity of r i ( i 51,2, . . . ,8) obtained by the trace for represe
tation matrix is decomposed into a direct sum of the irred
ible representationsG1(1D)% G2(1D)% G4(3D)% G5(3D).
Consequently there are charge-fluctuation modes withG5

FIG. 2. Conventional unit cell of Yb4As3 with the anti-Th3P4

structure of space groupTd
6. The unit cell involves four chemica

formulas of Yb4As3. Because of the body-centered symmetry of t
crystal, there are eight Yb sites with the crystallographic indep
dence.
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TABLE I. The bases of the charge-fluctuation modes in the high-temperature phase with space grTd
6

in Yb4As3. The triplet state of the charge-fluctuation moderG5,yz ,rG5,zx ,rG5,xy couples to the elastic strain
«yz ,«zx ,«xy of the soft elasticC44 mode. The coupling of the full symmetry moderG1 to the volume strain
«B5«xx1«yy1«zz does not play an important role in the charge ordering in Yb4As3.

Symmetry Charge-fluctuation mode Elastic strain

G1 rG15r11r21r31r41r51r61r71r8 «B5«xx1«yy1«zz

G2 rG25r11r21r31r42r52r62r72r8

G3 «u5(2«zz2«xx2«yy)/A3
«v5«xx2«yy

G4 rG4,x5r11r22r32r42r51r62r71r8

rG4,y5r12r21r32r42r52r61r71r8

rG4,z5r12r22r31r42r51r61r72r8

G5 rG5,yz5r11r22r32r41r52r61r72r8 «yz

rG5,zx5r12r21r32r41r51r62r72r8 «zx

rG5,xy5r12r22r31r41r52r62r71r8 «xy
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symmetry, which will couple to the elastic strain
«yz ,«zy ,«xy of the soft elasticC44 mode. The lack ofG3
representation in the charge-fluctuation modes is in ag
ment with the absence of the elastic softening aroundTc in
the (C112C12)/2 mode associated with the«v5«xx2«yy
strain of G3 symmetry. There is a charge-fluctuation mo
with full symmetry ofG1 . However, the absence of the ela
tic softening in the bulk modulusCB in Fig. 1 associated
with the strain«B5«xx1«yy1«zz of G1 implies that the
charge fluctuation ofG1 is stable even aroundTc .

The projection operator21 derives the bases of the irredu
ible representations consisting of linear combination of
charge densityr i ( i 51,2, . . . ,8) for the Yb sties. The base
of the irreducible representations are listed in Table I. T
basis ofrG15r11r21r31r41r51r61r71r8 means the
thermal distribution of the4f holes associated with two Yb31

ions to the 8 Yb sites in Fig. 1 with equal weight. This mo
of rG1 corresponds to a uniform charge distribution with t
mean valence 2.251. Other bases ofrG2 , rG4 , andrG5 with
the symmetry-breaking character in Table I indicate
charge-fluctuation modes with anisotropic charge distri
tions.
e-

e

e

e
-

In the Landau theory for the phase transition, the Gib
free energy is explained by the function of the atom or el
tron densityr5r(x,y,z).22 Herex,y,z mean the coordinate
of the atom or electron. In the present case the funct
r(x,y,z) means the charge density for the4f hole of 4f 13 in
Yb31 in the sea of Yb21 ions in crystal. The modulation o
charge density involving the charge ordering is written asr
5r01Dr. Herer0 is the charge-density part that is invar
ant across the phase transition point. Thereforer0 is ex-
panded by the basis with full symmetryG1 of space groupTd

6

in the high-temperature phase aboveTc . The second term
Dr is due to the symmetry-breaking part, which changes
the charge-ordering pointTc . This means thatDr50 in the
high-symmetry phase aboveTc and DrÞ0 in the low-
symmetry phase belowTc .

In the present case of Yb4As3, Dr is expanded by the
charge-fluctuation moderG5,yz ,rG5,zx ,rG5,xy with G5 sym-
metry in Fig. 3. This mode is quenched at the char
ordering pointTc .

Dr5SgQgrG5,g5QyzrG5,yz1QzxrG5,zx1QxyrG5,xy .
~2!
e

FIG. 3. The charge fluctuation mode ofrG5,yz ,rG5,zx ,rG5,xy with G5 symmetry is quenched at the charge-ordering pointTc5292 K in

Yb4As3. The valence of 2.51 in figure means that the 4f 13 hole of Yb31 ion thermally populates on the Yb site with half-weight. Th
valence of 2.01 in the figure indicates the Yb21 ion on the site.
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PRB 59 273ELASTIC SOFT MODE AND CHARGE ORDERING OF Yb4As3
Here the coefficientsQyx ,Qzx ,Qxy in Eq. ~2! are the order
parameter to describe the charge ordering of Yb4As3. The
order parameterQyz ,Qzx ,Qxy should be zero in the high
temperature phase aboveTc . In principle we can expec
three possibilities for the ordered phase:~i! QyzÞ0, Qzx
5Qxy50, ~ii ! Qyz5QzxÞ0, Qxy50, ~iii ! Qyz5Qzx5Qxy
Þ0. It is of great interest to consider the last case of~iii !,
which leads to the ordered phase with the space-group s
metryC3v

6 of the trigonal lattice. The space groupC3v
6 is the

subgroup ofTd
6 in the high-temperature phase. The pres

analysis confirms the trigonal lattice with the space gro
C3v

6 below Tc in Yb4As3 by the electron-microscop
experiment.1

When the body-diagonal@111# direction is chosen to be
unique axis of the trigonal lattice ofC3v

6 in the low-
temperature phase, one can find the charge densityDrorder,
which appears in the charge-ordered phase far belowTc . At
low temperatures one can expect the order parameterQi j
( i , j 5x,y,z,iÞ j ) in Eq. ~2! to be unity.

Drorder5rG5,yz1rG5,zx1rG5,xy

53r12r22r32r413r52r62r72r8 . ~3!

The six symmetry operators of the space groupC3v
6 keep the

charge densityDrorder of Eq. ~3! invariant. This means tha
the charge-fluctuation mode ofrG5,yz1rG5,zx1rG5,xy in Fig.
4 is the active representation of space groupTd

6 for the tran-
sition of theC3v

6 phase.
In the high-temperature phase aboveTc , the chargee due

to the4f hole of the Yb31 ion is thermally distributed in the
sea of Yb21 ions. In the case of the charge-fluctuation mo
rG5,yz ,rG5,zx ,rG5,xy in Fig. 3, the charge distribution is no
uniform, but locates the peculiar Yb sites with half-weight
chargee/2. The charge fluctuation moderG5,yz in Fig. 3, for
example, leads to the intermediate valence of 2.51 for the
sites of Yb1, Yb2, Yb5, Yb7, while the absence of the4f
hole means the valence of 2.01 for the sites of Yb3, Yb4,
Yb6, Yb8. It should be noted that when we measure
distance from the Yb1 site, Yb2, Yb3, Yb4 sites are loca
at the first nearest neighbor, Yb5 corresponds to the sec
nearest neighbor, and Yb6, Yb7, Yb8 locate at the third ne
est neighbor. It is expected that the4f hole of the Yb31 ion
in Yb4As3 localizes well on the Yb site. In the ordered pha
therefore, the charge distribution of half-weight with th
chargee/2 is expected to be unstable, and only the localiz
state of the 4f hole with unit chargee is available at low
temperatures. This simple principle promises that the
types of the ordered phases corresponding to~i! QyzÞ0,
Qzx5Qxy50 and~ii ! Qyz5QzxÞ0, Qxy50 are not stable a
low temperatures. The ordered phase for~iii ! Qyz5Qzx
5QxyÞ0 seems to be stable because the charge orde
with unit chargee is available. As one can see in Fig. 4, th
charge densityDrorder of Eq. ~3! corresponds to the linea
alignment of the4f hole with unit chargee along the body-
diagonal direction@111#. This arrangement of the charg
densityDrorder is actually realized in the ordered phase b
low Tc5292 K in Yb4As3.

The structural change from the high-temperature cu
phase ofTd

6 to the low-temperature trigonal phase ofC3v
6 is

accompanied by the charge ordering in Yb4As3. The elastic
m-
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softening of the transverseC44 mode around the charge
ordering point has been found in the present ultrasonic
periment. In order to describe the lattice instability due to
charge ordering, it is useful to consider the free-energy d
sity F expanded by the power series of the order param
Qyz ,Qzx ,Qxy as well as the elastic strain«yz ,«zx ,«xy of the
C44 mode.23

F5F01 1
2 a~Qyz

2 1Qzx
2 1Qxy

2 !1 1
3 bQyzQzxQxy

1 1
4 g@Qyz

4 1Qzx
4 1Qxy

4 2 3
5 ~Qyz

2 1Qzx
2 1Qxy

2 !2#

1d~Qyz«yz1Qzx«zx1Qxy«xy!1 1
2 C44

0 ~«yz
2 1«zx

2 1«xy
2 !.

~4!

HereF0 is a part free from the phase transition. Because
inversion symmetry does not exist in the space groupTd

6 of
the high-temperature phase in Yb4As3, the bases of
$yz,zx,xy% as well as$x,y,z% belong to the same irreducibl
representationG5 . In the free-energy density of Eq.~4! in the
present case, therefore, the third-order power

( 1
3 )bQyzQzxQxy is also an invaraint term in addition to od

powers of order parameter and elastic strain. This third-or
term in the cubic crystal without inversion symmetry giv
rise to the first-order phase transition.

The order parametersQyz ,Qzx ,Qxy due to the charge-
fluctuation mode in Fig. 3 are characterized by the wa
vector q50 at the Brillouin zone centerG point. Therefore
the bilinear coupling ofQyz ,Qzx ,Qxy to the elastic strain
with q50 in Eq.~4! is available. The charge ordering will b
realized at the Brillouin zone centerG point. This argument
is consistent with the x-ray measurement, where the su
lattice is not observed belowTc5292 K in Yb4As3. In the
higher-order term, the order parameters may couple quad
cally to the elastic strain in principle. This quadratic coupli

FIG. 4. The charge-ordered structure ofDrorder5rG5,yz1rG5,zx

1rG5,xy in the low-temperature phase ofC3v
6 in Yb4As3. The 4f

hole of the Yb31 ion aligns along the body-diagonal@111# direc-
tion.
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gives rise to a jump at the transition point but does not
plain the elastic softening inC44 of Yb4As3. Therefore we
consider only the bilinear coupling term in Eq.~4!.

We assume that the coefficienta of the second-orde
power in Eq.~4! passes through zero at a characteristic te
peratureQ asa5a0(T2Q). In the present case the charg
fluctuation moderG5,yz ,rG5,zx ,rG5,xy in Fig. 3 gives rise to
the Coulomb interaction among unit cells at different sites
is expected that the quadrupolar interaction in the low
order plays a main role in providing the temperatureQ in the
coefficienta. The fourth-order term in Eq.~4! is necessarily
positive because of the stability of the system. The bilin
coupling of the order parameter to the elastic strain in Eq.~4!
gives rise to the structural phase transition associated
the charge ordering. The elastic constantC44

0 in the elastic
energy term in Eq.~4! means the stiffness in the absence
the coupling of the elastic strain to the charge-fluctuat
moderG5,yz ,rG5,zx ,rG5,xy .

By use to the stability condition]F/]Qi j 50 (i , j
5x,y,z, iÞ j ), one gets the renormalized elastic energy
the high-temperature phase as

F̃5F01
1

2S C44
0 2

d2

a D ~«yz
2 1«zx

2 1«xy
2 !. ~5!

The second derivative of the renormalized free-energy eq
tion ~5! with respect to the elastic strain provides the elas
constantC44 in the high-temperature phase.

C445
]2F̃

]« i j
2

5C44
0 S T2Tc

0

T2Q D ~ i , j 5x,y,z,iÞ j !. ~6!

Here the critical temperatureTc
0 corresponding to the elasti

instability point for the second-order transition is written
Tc

05Q1(d2/a0C44
0 ). In the present case of Yb4As3, how-

ever, the third-order term in Eq.~4! gives rise to the first-
order transition atTc , which is higher thanTc

0.
In Fig. 5 we show the elastic softening of the transve

C44 mode in the high-temperature phase of Yb4As3. The

FIG. 5. The elastic softening of the transverseC44 mode in the
high-temperature phase of space groupTd

6 in Yb4As3. The bilinear
coupling term of the charge-fluctuation moderG5,yz ,rG5,zx ,rG5,xy in
Fig. 3 to the elastic strains«yz ,«zx ,«xy of theC44 mode leads to the
elastic soft mode ofC445C44

0 (T2Tc
0)/(T2Q) for T.Tc . The

solid line in the figure is a fit with the parametersTc
05247 K, Q

5234 K, andC44
0 52.2331011 ergs/cm3.
-

-

It
st

r

th

f
n

a-
c

e

solid line in Fig. 5 is a fit by the formula of the elasti
constant of Eq.~6! with parametersTc

05247 K, Q5234 K,
and C44

0 52.2331011 ergs/cm3. The experimental observa
tion of the transition pointTc5292 K in the present crysta
of Yb4As3 is considerably higher than the critical temper
ture of Tc

05247 K. This result implies the first-order phas
transition of the charge ordering in Yb4As3. The difference
betweenTc

05247 K andQ5234 K is the coupling energy
d2/a0C44

0 513 K between the charge-fluctuation mode a
the elastic strain of theC44 mode.

The temperature dependence of the order parameter
low Tc is also explained by the free-energy density of E
~4!. Concerning the trigonal distortion belowTc , we take
Qyz5Qzx5Qxy5Q in Eq. ~4!.

F̃5F01
3

2S a2
d2

C44
0 D Q21

1

3
bQ32

3

5
gQ4. ~7!

The stability condition requires a positive value of th
fourth-order term (g,0) in Eq.~7!. The minimum condition
of the free-energy density of Eq.~7! leads to the equation fo
the order parameter written as

3a0~T2Tc
0!Q1bQ22 12

5 gQ350. ~8!

The solution of Q50 means the high-temperature pha
aboveTc . In the case of the second-order transition forb
50 in Eq. ~8!, the temperature dependence of the order
rameter belowTc is written asQ5Q0@(Tc

02T)/Tc
0#1/2. Here

the amplitude is defined asQ05(25/4)1/2(a0Tc
0/g)1/2. The

continuous change of the order parameter is presente
case~2! in Fig. 6. The first-order transition accompanied
the discontinuous change of the order parameter is show
case~1! in Fig. 6, where the parameters ofA5(25a0/4g)
50.20 andB5(25b/12g)521.74 are assumed.

FIG. 6. The temperature dependence of the order param
Q(T) for the charge ordering belowTc . Case~2! indicates the
second-order transition withb50 in the free energy. Case~1!
means the first-order transition with the parameters ofA5
(25a0/4g)50.20 andB5(25b/12g)521.74. The temperature
dependence of the trigonal angle indicated by the x-ray meas
ment in Ref. 7 is reproduced by the present calculation withd5
21.563109 ergs/cm3 in Eq. ~9!.
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The stability condition for the free-energy density of E
~4!, ]F/]« i j 50 (i , j 5x,y,z, iÞ j ), provides the spontane
ous strain proportional to the order parameter belowTc ,

« i j 52
d

C44
0

Qi j ~ i , j 5x,y,z, iÞ j !. ~9!

The anglea590°12u in the trigonal phase distorted from
the orthogonal axes in the cubic phase is related to the s
taneous elastic strain proportional to the order parameter
low Tc .

« i j 5sinu ~ i , j 5x,y,z, iÞ j !. ~10!

The x-ray measurement of Yb4As3 showed a discontinuou
change of the angle froma590° to a590.74° (u50.37°)
at Tc5292 K.7 According to Eq.~10!, one gets the sponta
neous strain«yz5«zx5«xy56.4631023 at Tc leading to the
trigonal distortion with the principal axis along@111#. We
have already calculated case~1! in Fig. 6 corresponding to
the discontinuous change of the order parameter atTc . In
taking the coupling parameterd521.563109 ergs/cm3 in
Eq. ~9!, the temperature dependence of the order param
of case~1! in Fig. 6 reproduces successfully the trigon
distortion belowTc in Yb4As3 by the x-ray measurement7

The negative sign of the coupling constantd leads to the
linear chain of Yb31 ions along the@111# direction being
shrunk belowTc . This is consistent with the ionic radii o
Yb31 ion to be smaller than that of the Yb21 ion.

V. CONCLUDING REMARKS

In the present paper we show the elastic softening of
transverseC44 mode around the charge-ordering point
Yb4As3. We introduce the bilinear coupling mechanism
the elastic strain«yz ,«zx ,«xy of the C44 mode withG5 sym-
metry to the charge-fluctuation mode withG5 symmetry. We
employ the group-theoretical analysis to pick up the char
fluctuation mode of Yb31 ions in the sea of Yb21 ions in the
high-temperature cubic phase with the space groupTd

6. The
charge-fluctuation modes are decomposed into irreduc
representationsG1 , G2 , G4 , andG5 . The bilinear coupling
between the charge-fluctuation moderG5,yz ,rG5,zx ,rG5,xy
and the elastic strain«yz ,«zx ,«xy gives rise to the structura
phase transition from the cubic phase ofTd

6 to the trigonal
phase of C3v

6 . This mechanism of structural change r
sembles to the cooperative Jahn-Teller effect in 3d or 4f elec-
tronic system of triplet ground stateG5 with the degeneracy
of the quadrupolar moment. The triplet ground stateG5 of
the charge fluctuation mode in Fig. 3 splits into the sing
stateDrorder in Fig. 4 and the excited doublets in the trigon
phase belowTc . It is expected that the charge ordering
the triplet G5 mode atTc5292 K in Yb4As3 releases the
entropy of DS5R ln 359.13 ~J/mol K!. The specific
measurement24 of Yb4As3, however, showedDS50.3 ~J/
mol K! aroundTc5292 K, which is a considerably smalle
amount thanR ln 3 for the triplet ground state. It is possib
that the short-range-order effect above the transition poinTc
reduces the entropy aroundTc . Furthermore, precise mea
surement of the specific heat is required to detect the la
heat associated with the first-order phase transition
.
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Yb4As3. It is expected that other charge-fluctuation modes
G1 , G2 , andG4 are excited states in Yb4As3. The observa-
tion of the excited stateG1 , G2 , and G4 in Yb4As3 is an
important problem of spectroscopic measurements by op
methods.

The charge orderDrorder in Fig. 4 indicates clearly the
linear chain alignment of Yb31 ions along the body-diagona
@111# direction. This result based on the Landau theory
consistent with one-dimensional character of the magn
excitation of Yb31 ions at low temperatures in Yb4As3 ob-
served by the neutron experiment.8 The Yb31 ions inDrorder
in Fig. 4 locates at the second nearest neighbor. As
pointed out by Lorenz,25 the Madelung energy due to Cou
lomb interactions among the Yb31 ions becomes minimum
for the case that the Yb31 ions locate at the third-neares
neighbor sites. It should be noted that the charge-fluctua
mode ofDrLornez53r12r22r32r42r513r62r72r8 in
the Lorenz model consist ofG4 representation, but does no
containG5 representation. The Lorenz model, therefore, do
not explain the structural phase transition from cubicTd

6 to
trigonal C3v

6 associated with the charge ordering in Yb4As3.
At the present stage it is not clear why the system favors
charge orderingDrorder with Yb31 alignment of the second
nearest neighbor. It might be possible that the mixing eff
between the4f state in Yb31 ions andp state in As leads to
energy gain for the linear alignmentDrorder in Fig. 4. The
theory based on the band Jahn-Teller model succeede
explaining the elastic softening ofC44 and the trigonal dis-
tortion below Tc .10 This means that the band Jahn-Tell
model includes essentially the Coulomb interaction ass
ated with the charge-fluctuation mode withG5 symmetry dis-
cussed in the present paper.

In the present analysis we assumed the coexistence
of Yb31 and Yb21 ions to be 1 to 3 for the charge neutralit
This assumption is reasonable in Yb4As3 because of the ex
tremely low carrier concentration of 0.1% in the molecu
unit. The carrier increases considerably in the substitu
system of Yb4~As12xSbx)3 .26 The screen effect by the car
rier to the charge ordering in Yb4~As12xSbx)3 is an interest-
ing subject for ultrasonic experiments. Actually the cros
over from the charge order of the linear alignment of Yb31

ions to the glass behavior reflecting the random distribut
of Yb31 ions have been observed by the ultrasonic meas
ments. The results will be published elsewhere. In the s
stitution compound of Yb4~As12xPx)3 , the carrier diminishes
and semiconducting behavior appears at low temperatur27

The systematic investigation of the charge ordering
Yb4~As12xPx)3 without the carrier is quite interesting whe
used to examine a screen effect to charge ordering of
system.
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