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Two-dimensional magnetoplasma/Bernstein modes coupled with bulk
and surface optical phonons
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We analyze the interaction of two-dimensional~2D! magnetoplasmons, including 2D Bernstein modes, with
bulk and surface optical phonons. The system studied is a 2D sheet of nonlocal electron magnetoplasma
embedded in a semi-infinite semiconductor medium with optical phonons. We examine the longitudinal col-
lective mode spectrum as a function of distancez0 of the 2D sheet from the bounding surface of the semicon-
ductor. In particular, the 2D magnetoplasma/Bernstein modes couple preferentially to the bulk LO-phonon
deep in the medium (z0→`), whereas in the vicinity of the surface (z0→0) they couple preferentially to the
surface phonon. This study is carried out by explicitly inverting the spatially inhomogeneous dielectric func-
tion of the combined system of a planar quantum-well plasma and a semi-infinite semiconductor in a position
representation. The resulting closed-form inverse dielectric functionK(z1 ,z2) yields the oscillator strengths of
the various modes as its position-dependent residues at the frequency poles defining the modes.
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I. INTRODUCTION: INVERSE DIELECTRIC
FUNCTION

Advances in the fabrication of semiconductor nanostr
tures have focused considerable attention on collec
modes in confined geometries, and much theoretical and
perimental work has ensued. While many confined collec
modes have already been studied, there are, in fact, yet m
to be examined, particularly in the arena of confined coll
tive modes in mutual interaction with one another. In th
paper, we will investigate the interaction of two-dimension
~2D! Bernstein modes and the principal 2D magnetoplasm
with surface optical phonons as well as with bulk optic
i-
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phonons. Interest in this problem has been spurred by re
experimental observations,1 and the need to explore the lim
its of validity of earlier theoretical work2 which omitted
treatment of the surface phonons. The system under con
eration is depicted in Fig. 1, with a 2D sheet of magne
plasma embedded in a semi-infinite host medium bea
optical phonons, the 2D sheet being parallel to and at a
tancez0 from the bounding surface of the host material. T
magnetic field is perpendicular to both the interface and
plane of the 2D plasma sheet. The inverse dielectric func
for this geometrical arrangement was derived recently,3 and
it may be written in the form
K~z1 ,z2!5
1

h1~z1!
H d~z12z2!2d~z2!Gh2~z1!e2kuz1u2

4pa0
2D~kW ,v!

«D
@d~z22z0!2d~z2!Ge2kz0#

3@e2kuz12z0u2Gh2~z1!e2kuz1ue2kz0#J , ~1.1!
at-

l-
whereK(z1 ,z2) is the Fourier transform of the inverse d
electric functionK(z1 ,z2 ,rW12rW2 ,t12t2) in the lateral plane
rW12rW2→kW and in time t12t2→v with the appearance o
both kW andv suppressed. In Eq.~1.1!, u(z) is the Heaviside
unit step function, and

«D5«14pa0
2D~12Ge22kz0!, ~1.2!

h1~z!5«u~z!1«8u~2z!, ~1.3!
h2~z!5u~z!2u~2z!, ~1.4!

and the dynamic host medium dielectric function incorpor
ing optical phonons is

«[«~v!5«`

v22vL
2

v22vT
2

. ~1.5!

Here,vT andvL are the transverse- and longitudinal-optica
phonon frequencies, and«` is the high-frequency dielectric
2261 ©1999 The American Physical Society
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constant, while the adjoining medium dielectric constan
«8. Furthermore, the image strength factor associated w
the interface is

G[G~v!5
«82«~v!

«81«~v!
. ~1.6!

Equation~1.1! represents a generalization of the results
Ref. 3 in several respects:~a! The in-plane polarizability
4pa0

2D54pa0
2D(kW ,v) now includes nonlocal, as well as lo

cal, 2D structure and magnetic-field dependences, and~b! the
adjoining medium dielectric constant is«8 ~arbitrary! and is
not restricted to the vacuum value unity. Moreover,~c! « is
still local and is taken to describe optical phonons of the b
medium, as given by Eq.~1.5!, instead of a plasma back
ground of the host medium.

II. DISPERSION RELATION FOR COUPLED 2D
MAGNETOPLASMONS AND SURFACE/BULK

OPTICAL PHONONS

The longitudinal collective mode dispersion relatio
which emerges from Eq.~1.1! is given by

FIG. 1. Schematic of the 2D sheet at a distancez0 from the
interface atz50 of a semi-infinite medium.
s
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k

«D[«~v!14pa0
2D~12Ge22kz0!50, ~2.1!

which can alternatively be written as

«81«~v!

«82«~v!
5

4pa0
2De22kz0

«~v!14pa0
2D

. ~2.2!

Two geometric limits which are of special interest will b
discussed in detail in the following subsections, name
when the 2D sheet is deep in the medium,kz0→`, and
when it is close to the interface,kz0→0.

A. Local spectrum

1. 2D electron sheet deep in the medium

Herez0→` (kz0@1): In this case the dispersion relatio
~2.1! yields

«~v!14pa0
2D5«`

v22vL
2

v22vT
2

14pa0
2D50, ~2.3!

which is independent of the bounding surface due to
large separation of the 2D sheet from the interface. In
local limit,4,5 4pa0

2D52v2D
2 /@v22vc

2# ~here v2D
2

52pn2De2k/m, n2D is the 2D density, andvc is the cyclo-
tron frequency!, this dispersion relation couples the 2D pri
cipal longitudinal magnetoplasmon (v2→vc

21v2D
2 /e`)

with the bulk phonon (v25vL
2) through the quadratic rela

tion

e`

v22vL
2

v22vT
2

2
v2D

2

v22vc
2

50, ~2.4!

which yields the interacting local modesv6 as
e

d

v6
2 5

1

2
S vL

21vc
21

v2D
2

«`
D 6

1

2
AS vL

21vc
21

v2D
2

«`
D 2

24S vL
2vc

21
v2D

2 vT
2

«`
D . ~2.5!

Furthermore, we note that, deep in the medium, Eqs.~2.1! and~2.2! are also satisfied by«81«(v)50, representing a surfac
phonon,vs

25@«8vT
21«`vL

2#/@«81«`#, completely decoupled from the modes of the distant 2D sheet.

2. 2D electron sheet near interface

Herez0→0 (kz0!1): In this case the dispersion relation~2.2! takes the form

«S «81«

2
14pa0

2DD50. ~2.6!

The local mode arising from«50 is just the uncoupled bulk phonon,v25vL
2 . It is clear from the vanishing of the secon

factor of Eq.~2.6! that the 2D magnetoplasmon preferentially couples to the surface phonon atz050, through the quadratic
dispersion relation

«81«

2
14pa0

2D50, ~2.7!

which yields the interacting local modes as

v6
2 5

1

2
S vs

21vc
21

v2D
2

^«&
D 6

1

2
AS vs

21vc
21

v2D
2

^«&
D 2

24S vL
2vs

21
v2D

2 vT
2

^«&
D , ~2.8!
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where the constant̂«&, defined as the averagê«&5(«`

1«8)/2, is effective in screening the 2D plasmon at the
terface~whereas this screening role is played by«` deep in
the medium!.

B. Nonlocal spectrum

Admitting nonlocality to consideration introduces 2
Bernstein mode phenomenology into the dispersion rela
@Eq. ~2.2!# due to the occurrence of frequency poles of t
2D polarizability at multiples of the cyclotron frequency,5,6

4pa0
2D52

4e2mvc

k (
n51

`
nvcZ

~n!

v22@nvc#
2

, ~2.9!

whereZ(n) is given in Refs. 5 and 6 for all statistical regime
and magnetic-field strengths. In the illustrative calculatio
of the accompanying figures, we consider a nondegene
2D Landau-quantized plasma, for which (b5 1/kT and L2

5\k2/2mvc)

Z~n!5
2pn2d

m\vc
sinhS n\vcb

2 D
3expF2L2cothS \vcb

2 D G I nS L2

sinh\vcb/2D . ~2.10!

For our purposes, it suffices to consider just one Berns
mode in the vicinity of the frequency pole of the 2D pola
izability at 2vc , in addition to the principal 2D magneto
plasmon, so we retain only then51 and 2 terms of the sum
in Eq. ~2.9!, which is a good approximation for low wav
number,L2,sinh(\vcb/2),

4pa0
2D'2

v2D
2

v22vc
2

2
Vk

2

v22~2vc!
2

, ~2.11!

where5,6 Vk
2[2pe2s2Dk3/m2vc

2 and s2D

5(\vcn2D/2)coth(\vcb/2).

1. z0˜`

It follows that for the 2D electron sheet deep in the m
dium Eq.~2.4! is supplanted by

v22vL
2

v22vT
2

2
v2D

2 /«`

v22vc
2

2
Vk

2/«`

v22~2vc!
2

50. ~2.12!

This dispersion relation, which is cubic inv2, can be solved
exactly analytically, but it is cumbersome, and we theref
provide approximate solutions which correspond to
coupled modesv6 @Eq. ~2.5!# of the 2D principal-
longitudinal-magnetoplasmon/bulk-phonon type in weak
teraction with the Bernstein moden52. The mutual shifting
of these modes due to this weak interaction is readily de
mined by rewriting Eq.~2.12! in the form

~v22v1
2 !~v22v2

2 !5
~Vk

2/«`!~v22vT
2!~v22vc

2!

v22~2vc!
2

,

~2.13!
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from which we have the weakly coupled modesṽ6 deep in
the medium as~approximately!

ṽ6
2 'v6

2 1
~Vk

2/«`!~v6
2 2vT

2!~v6
2 2vc

2!

~v6
2 2v7

2 !@v6
2 2~2vc!

2#
, ~2.14!

and within this framework then52 Bernstein modeṽn52 is
given by

ṽn52
2 '~2vc!

21
~Vk

2/«`!@~2vc!
22vT

2#~3vc
2!

@~2vc!
22v1

2 #@~2vc!
22v2

2 #
. ~2.15!

Again, there is another mode deep in the medium, nam
the decoupled surface phonon atvs , as discussed after Eq
~2.5!, for a total of four modes. These approximations, whi
apply for z0→`, are not valid when then52 Bernstein
mode is in a parameter range of strong interaction withv1

or v2 .

2. z0˜0

In the case when the 2D electron sheet is near the in
face, the dispersion relation@Eq. ~2.7!# for the coupled
modesv6 @Eq. ~2.8!# is supplanted by

~v22v1
2 !~v22v2

2 !5
2Vk

2v2~v22vT
2!

~«81«`!@v22~2vc!
2#

. ~2.16!

In the parameter ranges of weak interaction between thn
52 Bernstein mode andv6 , we have approximate solution
ṽ6 for z0→0 as

ṽ6
2 5v6

2 1
2Vk

2

«81«`

v6
2 ~v6

2 2vT
2!

@v6
2 2~2vc!

2#~v6
2 2v7

2 !
, ~2.17!

and then52 Bernstein modeṽn52 is approximately

ṽn52
2 5~2vc!

21
2Vk

2

«81«`

4vc
2@~2vc!

22vT
2#

@~2vc!
22v1

2 #@~2vc!
22v2

2 #
.

~2.18!
The fourth mode atz0→0 is the decoupled bulk phonon a
vL , as discussed after Eq.~2.6!. Again, these results forz0
→0 are not valid for parameter ranges when then52 Bern-
stein mode is in strong interaction withv1 or v2 .

III. EXCITATION AMPLITUDES: OSCILLATOR
STRENGTHS

It is also important to provide information about the e
citation amplitudes of the coupled modes we have examin
These excitation amplitudes, or oscillator strengths, are gi
by the residues ofK(z1 , z2) at the frequency pole position
of the collective modes of the coupled system, and we de
mine them using Eqs.~1.1!, ~1.2!, etc., for the case when th
2D Bernstein modeṽn52 is weakly coupled toṽ6 as fol-
lows ~below,Resdenotes residue!.

~1! When the 2D sheet is deep in the medium,z0→`, we
have
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Res K~z1 , z2!v→ṽ6
5

~ṽ6
2 2vT

2!~ṽ6
2 2vc

2!@ṽ6
2 2~2vc!

2#

h1~z1!«`~2ṽ6!~ṽ6
2 2ṽ7

2 !~ṽ6
2 2ṽn52

2 !
S v2D

2

ṽ6
2 2vc

2
1

Vk
2

ṽ6
2 2~2vc!

2D d~z22z0!e2kuz12z0u ~3.1!

and

ResK~z1 ,z2!v→ṽn52
5

~ṽn52
2 2vT

2!~ṽn52
2 2vc

2!@ṽn52
2 2~2vc!

2#

h1~z1!«`~ṽn52
2 2ṽ1

2 !~ṽn52
2 2ṽ2

2 !~2ṽn52!
S v2D

2

ṽn52
2 2vc

2
1

Vk
2

ṽn52
2 2~2vc!

2D d~z22z0!e2kuz12z0u,

~3.2!

whereṽ6 ,ṽn52 are given by Eqs.~2.14! and ~2.15!, respectively.
~2! When the 2D sheet is near the interface,z0→0, we have

ResK~z1 ,z2!v→ṽ6
52

4pa0
2D

h1~z1!
@d~z22z0!2d~z2!G~ṽ6!#@12G~ṽ6!h2~z1!#e2kuz1u

3S @«81«~ṽ6!#~ṽ6
2 2vT

2!~ṽ6
2 2vc

2!@ṽ6
2 2~2vc!

2#

~«81«`!«~v6!~ṽ6
2 2ṽ7

2 !~2ṽ6!~ṽ6
2 2ṽn52

2 !
D ~3.3!

and

ResK~z1 , z2!v→ṽn52
52

4pa0
2D

h1~z1!
@d~z22z0!2d~z2!G~ṽn52!#@12G~ṽn52!h2~z1!#e2kuz1u

3S @«81«~ṽn52!#~ṽn52
2 2vT

2!~ṽn52
2 2vc

2!@ṽn52
2 2~2vc!

2#

~«81«`!«~vn52!~ṽn52
2 2ṽ1

2 !~ṽn52
2 2ṽ2

2 !~2ṽn52!
D , ~3.4!
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where ṽ6 ,ṽn52 are given in this case by Eqs.~2.17! and
~2.18!, respectively, in the parameter ranges of weak inter
tion of the modes.

In Eqs. ~3.1!–~3.4!, we have focused on the residues
the collective modes which involve coupling of the 2D pri
cipal magnetoplasmon and phonon modes with the Berns
moden52. Terms involvingd(z2) reflect the fact that the
surface modes can only be excited by an impressed
impinging directly on the interface,~in the local limit con-
sidered for the host medium! and terms involvingd(z2
2z0) require impressed fields to impinge directly on the 2
electron sheet to excite 2D magnetoplasmons. The fac
e2kuz12z0u ande2kuz1u describe the effective electrostatic p
tential atz1 in accordance with the Poisson equation.

IV. CONCLUSIONS: z0-GEOMETRY
DEPENDENCE OF THE COMBINED
INTERACTING MODE SPECTRUM

The results above indicate that the 2D magnetoplas
mode andn52 Bernstein mode couple preferentially to th
bulk phononvL when the 2D plasma sheet is deep in t
medium (kz0@1), but when it is near the bounding surfa
(kz0!1) the 2D electron magnetoplasma oscillations cou
preferentially to the surface phononvs . To gain an appre-
ciation of how the longitudinal coupled modes hybridize a
behave over the entirez0 range, and to examine paramet
regimes in which then52 Bernstein mode interacts strong
with v1 or v2 , we analyze thez0-dependent longitudina
dispersion relation of Eq.~2.2! numerically. Generally
speaking, such regimes of strong interaction of the Berns
c-

f

in

ld

rs

a

e
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mode occur whenVk is comparable to the other character
tic frequencies of the system, such asv2D and vL , and/or
there is a ‘‘crossover’’ of 2vc with the other characteristic
frequencies~which would occur in the absence of such inte
actions!.

The dispersion relation for arbitraryz0 given by Eqs.~2.1!
or ~2.2!, taken jointly with Eq. ~2.11! for the nonlocal
Landau-quantized 2D polarizability at low wave number,
quartic in v2. This yields four nonlocal collective mode
shown in Figs. 2 and 3. In Fig. 2, we chosez0520 Å and
B512 T for a GaAs-based quantum well, exhibiting the d
persion of the four mode frequenciesv/vL as a function of
wave numberk/A2pn2D for a nondegenerate 2D Landau
quantized plasma of densityn2D51012/cm2. It is clear that
there is considerable interaction among the nonlo
v1 , v2 , andn52 Bernstein modes, with mutual repulsio
of the modes in their wave-number variation. The fou
‘‘phonon’’ mode ~almost independent of wave number! is
limited to the decoupled surface phononvs as z0 becomes
large. In Fig. 3, the four mode frequenciesv/vL are plotted
as functions ofz0 ~Å! for k/A2pn2D50.2 andB512 T. In
these calculations, we took the Al composition asxc50.3,
and used7 «8513.1823.12xc , «`510.8922.73xc , and the
electron effective mass m/m050.0665(12xc)
10.15xc , vL5(36.2526.55xc11.79xc

2) meV, and vT

5(33.2920.64xc21.16xc
2) meV. Again, we have the nonlo

cal v1 andv2 modes, with thev1 mode having a greate
variation with z0 than does thev2 mode. Then52 Bern-
stein mode is seen to be almost independent ofz0 , and the
fourth ‘‘phonon’’ mode limits to the decoupled bulk-phono
frequencyvL as z0→0, while approaching the decouple
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surface-phonon frequencyvs as z0→`. Sincevs
25(e8vT

2

1e`vL
2)/(e81e`) differs only slightly fromvL

2 for GaAs/
Al xGa12xAs , this ‘‘phonon’’ mode is almost flat, varying b
about 20% asz0 ranges over 100 Å. Correspondingly, th
coupling of the Bernstein mode to the surface phonon is h
to distinguish from its coupling to the bulk phonon in th
case of GaAs/AlxGa12xAs .

To explore the lack of variation of the Bernstein mode
a function ofz0 , we have considered changing the adjac
medium so thate8 differs greatly frome, choosing an idea
metale8→2`. In this case our analysis of Eq.~2.1! yields
three eigenmodes, which are plotted as functions
k/A2pn2D in Fig. 4 for fixedz0520 Å andB512 T. The
plot of the three modes as functions ofz0 in Fig. 5 for fixed
k/A2pn2D50.2 shows an increased variation ofv2 with z0 ,
and somewhat less variation ofv1 . ~The parameters used i
the numerical calculations for Figs. 4 and 5 are the sam

FIG. 2. Plot of the eigenmode frequencies, in units of the lo

gitudinal bulk-phonon frequencyvL , as functions ofk/ k̄ where k̄
5(2pn2D)1/2, for z0520 Å andB512 T. The GaAs parameter
used in the calculation are given in the text, as is«8 for the adjacent
medium.

FIG. 3. Plot of the eigenmode frequencies, in units of the lo
gitudinal bulk-phonon frequencyvL , as functions of the distanc

z0 of the 2D sheet from the interface atz50 for k/ k̄50.2 andB
512 T. All other parameters are the same as in Fig. 2.
rd

s
t

f

as

those used for Figs. 2 and 3, except that«8→2`.) The
Bernstein mode of Fig. 5 shows greater variation withz0 in
this case than was seen above. It is of particular interes
note that the ‘‘phonon’’ mode, which varied fromvL to vs
above, is now absent. As indicated above, in the present
of an adjacent ideal metal,

1

G
5

e81e~v!

e82e~v!
→1, ~4.1!

the dispersion relation of Eqs.~2.1! and ~2.2! is cubic, not
quartic, inv2, having only the three roots shown in Figs.
and 5. Physically, the impossibility of a fourth mode is u
derscored by Eq.~4.1!, which clearly rules out the existenc
of a surface mode corresponding toe81e(v)→0.

In summary, the geometry dependence of the coupled
lective mode spectrum arising from 2D magnetoplasm
Bernstein modes in interaction with surface and bu
phonons has been examined here. We have also shown
the coupled modes are accompanied by a position-geom
dependence of their relative excitation amplitudes~oscillator
strengths!, as described in Sec. III above. These explicit a
detailed results show that the 2D magnetoplasma/Berns
modes couple preferentially to the bulk LO phonon wh

-

-

FIG. 4. Same as in Fig. 2, except that«852`.

FIG. 5. Same as in Fig. 3 except that«852`.
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z0→`, deep in the medium, whereas, in the vicinity of t
interface,z0→0, they couple preferentially to the surfac
phonon. One may expect a greater variation of then52
Bernstein mode as a function ofz0 for materials of relatively
low mass, which puts 2vc directly in the region of interac-
it

E

.

tion with v6 , and which also have a larger difference b
tweenvT andvL than that of GaAs/AlxGa12xAs ~so that the
surface phonon differs more substantially from the bulk ph
non in its coupling with the Bernstein mode!. One such pos-
sible material choice is a HgTe-based quantum well.
y

s.
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