PHYSICAL REVIEW B VOLUME 59, NUMBER 3 15 JANUARY 1999-I|

Asymptotic derivation of the glued-wetting-layer model and contact-angle condition
for Stranski-Krastanow islands
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We derive a generic mathematical model for Stranski-Krastanow island morphologies in strained solid films.
We show that a class of boundary-layer transition models for the material properties across the film/substrate
interface reduce to the “glued-wetting-layer” model in the limit of small transition-layer thickness. Our results
provide an explicit derivation of the zero-contact angle condition for Stranski-Krastanow islands with isotropic
properties. The glued-wetting-layer model is used to calculate a typical Stranski-Krastanow morphology and
these results are combined with a specific boundary-layer transition model to determine a detailed solution for
the wetting layer and the corner region. A consequence of our results is the equivalence of Stranski-Krastanow
morphologies calculated from boundary-layer models in the limit of vanishing boundary-layer thickness.
[S0163-18299)04604-4

[. INTRODUCTION solution for the SK morphology. Finally, we summarize our
work in Sec. IV.
In the growth of epitaxially-strained solid films the
Stranski-Krastanow(SK) morphology, consisting of “is-
lands” separated by a thin wetting layer, is a general feature I. EQUILIBRIUM MODEL

in many systems such as Gefdt is generally understood . , .
that islands form as a mechanism of stress relaxation, and Consider a Stranski-Krastanow morphology consisting of

there have been a number of theoretical treatments of SR misfitting film with islands separated by thin wetting layers
islands>-1° Some of the theoretical treatments have beeriS€€ Fig. 1 We restrict ourselves here to two-dimensional
based on atomistic calculationsee, for example, Refs. MOrphologies(equivalent to parallel ridges in three dimen-
2_4), and others on continuum theory. Of the theories usingon t0 keep the mathematical details as simple as possible.
a continuum description, many use an imposed shape for thaUl méthod could be extended to three-dimensional axisym-
island such as a rectandi@art of a pyramic-2or part of a metr!c island sha_pes with I|_tt|_e difficulty and to nonaxisym-
circle!® In addition to the imposed-morphology theories, metrlc_shapes with more d|ff|(_:ulty. We take the_ material to
there have also been determinations of the island shape aéj’ﬁ, a single component maFerlaI oran alloy of fixed compo-
free-boundary problem where the shape is not restricted igition so that there are no mteractl_ons between cqmpos_mon
any way'4~1° Some of these theories use boundary-layerand stress. We assume pIane. strain for the two-dimensional
models for the material properties near the film/substrat&'@sticity problem with isotropic elastic constants. We also
interfacd®~16 while others use a “glued-wetting-layer” consider the case of equal elastic constant's in the film an'd
model7-19 substrate, which is a reasonable approximation for systems in

In this paper we will consider a class of boundary-layerWhiCh the film and substrate are elastically similar such as

models and show that they all reduce to the glued-wettingS€/Si- Finally, we also assume isotropic surface energy,
layer model in the limit of zero boundary-layer thickness. ASwhlch means that the resulting island shapes do not contain
such, the glued-wetting-layer model is a generic model fofacets: . o _

determining the island shape. This model has been used re- The epitaxial film experiences a misfit straig at the
cently to determine the SK morpholod¥:'° An important film/substrate interfacg =0 due to the difference in lattice
result of our analysis is an explicit determination of the is-constants of the fim and substrate. As has been
land shape near the island edge, which shows that the contact

angle for the island must be zero. The zero contact angle for 2

the island is consistent with the theoretical results of island

Srolovitz?° which show that the wetting angle at the island 17 wetting layer

edge is not affected by the presence of stress. > 0 >§\ l
The rest of the paper is organized as follows. In Sec. Il we substrate

describe the equilibrium model for the SK morphology, .

which includes the possibility of boundary layer transitions -5 0 5 10 15

in the material properties across the film/substrate interface. o

In Sec. Il we determine the morphology in terms of solu-  FIG. 1. A typical Stranski-Krastanow morphology as calculated
tions for the island, wetting layer, and the connecting cornerusing the glued-wetting-layer modelThe island spacing is
We then assemble the results in the form of a composité/I=10 and the island volume ¥/1°=1.)
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established!?’a strained planar film is unstable to the for- y

mation of surface bumps. These nonplanar morphologies re-

sult in an overall reduction in the total energy of the system.

The length scale of the instability is set by the competing

influences of surface enerdgtabilizing and strain energy

(destabilizing. The nonplanar morphologies result in a non- K

uniform stress state for the film and substrate with the stress A
h

substrate

tensors given by™ and o, respectively.

Here we describe the equilibrium morphologies resulting
from this instability. If the film is relatively thick, then the ~ FIG. 2. Schematic of step discontinuity in properties across the
behavior is equivalent to that for a stressed, semi-infinitdilm/substrate interfacésolid lineg. On the left, the misfit strain is
solid. In such thick films, an initially planar surface is un- €o in the film and vanishes in the substrate. On the right, the surface

stable and evolves to form a cusped morphology with Sharﬁnergy isyg if the_film_covers the sqbstrate ang if the substrate
cracklike feature€®-32If the film is relatively thin and the 'S €xposed. Wetting is promoted #<ys. The dashed curves

film “wets” the substrate, then the equilibrium morphology represent a bounQary-Iayer model for the var.iz.ation in material prop-
consists of islands separated by thin wetting layers. We aS:_(r::‘(Ia:&across the interface as a smooth transition over a small length
sume that the dominant mechanism of mass transport is by '

surface diffusion on the surface of the film in response to a | in the il d identicall in th b )
chemical potential. Therefore, at equilibrium the morphology>tant valuee in the film and identically zero In the substrate;

corresponds to constant chemical potential along the surfacdd thg surface energy g if the film has finit_e thickness
of the film y=h(x). The conditions governing the equilib- and ys if the substrate is exposed. For a wetting layer to be

rium state can be found from a variational calculation thaf@vored. the surface energy of the film must be less than that

4 . .
minimizes the total energy of the system at constant volume2f the substraté. The change in the properties across the
interface is responsible for the establishment of the wetting

Since the total energy consists of the surface energy anff .
strain energy, the variational calculation gives layer on top of the substrate as exposing the substrate results
’ in a larger surface energy, and hence a larger total energy for
w=y(h)k+S(x,h)+n,y'(h) on y=h(x), (2.1 the system. N .
While the above sharp transitions have a clear physical

n-o=-n-o™ on y=h(x), (2.2 origin due to the abrupt change in materials across the inter-
face, it is difficult to implement these discontinuous proper-
V.-0=0 in y<h(x), (2.3 ties to obtain a numerically convergent scheme for determin-

ing the equilibrium morphology. To circumvent these

and numerical difficulties, Chiu and Gabused a boundary-layer
o—0 asy—— o, 2.4 model for the surface energy given by
In the above,o™=0— 0™, o°=0, u is the chemical po- y(h)= e+ (ys— ¥ — Yes) EXP — Y/ 5), 2.7

tential of the film surface, which is constant at equilibrium,

v(h) is the su.rface energy on t_he film sqrfa&els the cur-  whered is a transition-layer thickness, assumed to be small,
vature of the film surfaceg(x,h) is the strain-energy density and yg5 accounts for the interfacial energy of the film/
evaluated at the film surfaca,is the outward normal to the substrate interface. Whey» 8, y(h)~ yg, and the surface

film surface,ny is they component oh, and properties of the film are identical with the bulk properties
" and are not affected by the film/substrate interface. When
(V)= oY) 0 ) y=0, the effective surface energy corresponds to that of an

(y)= 0 ol’ 29 exposed substrate. By implementing this model numerically

to mimic the influence of the substrate as the film becomes
where a3(y) is the misfit stress associated with a planaryanishingly thin, Chiu and Gao were able to calculate island
film. In addition, the strain energy density on the surface ofmorphologies during film deposition.

the film S(x,h) is given by Kukta and Freunt?'® have also used a boundary-layer
(1= )(1+7) model in the calculation of SK morphologies, but with a

L7 V) m 2 _ boundary-layer variation in the misfit instead of the surface

SO = 2E (@3t Tt ayy)™ 0N y=h(x), energy. They suggested that the variation in the misfit could

(2.6 be represented as

wherev is Poisson’s ratio ané is Young's modulus. For a
planar filmS=S; (constant Equation(2.1) is in agreement
with the results presented in Chiu and G4o.

In Egs.(2.1) and (2.5 the surface energy(h) and the
misfit stresse™(y) have been allowed to be general func- whereeq is the misfit strain in the film. Thus, the misfit ég
tions of the film thickness and distance from the film/whenys>é above the interface and the misfit is zero when
substrate interface, respectively. For a sharp interface modg}|> & below the interface. As in the work of Chiu and Gao,
of the film/substrate interface, these functions have step dighis boundary-layer transition represents a smooth regular-
continuities at the interfacésee Fig. 2 the misfit is a con- ization of the step transition of a material propefttye mis-

1 1
e(y)=¢g ;arctamy/5)+§ , (2.8
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fit). Kukta and Freund employed this model for a particular A prototype boundary-layer function that fits the above
choice of smalls to calculate equilibrium island morpholo- classification is the inverse tangent model used by Kukta and
gies. Freund®®for the misfit, which corresponds to

The idea of the boundary-layer model is that the step tran-
sition in properties is regularized over a thin transition region
of width &. If one considers the transition region to be of
order of the lattice spacing, then the small-scale smooth . . . .
variation might be construed as a reasonable continuum apthich has the asymptotic behavior shown in E4j11) with
proximation to the small scale “smearing” of the interface P=1 and A=2/m. Note, however, that the exponential
over a few monolayers in thickness. Even so, the choice dftodel of Chiu and G&d does not satisfy the requirement
the boundary-layer thickness and functional form for thethatf——1 asy——c (and, therefore, gives unphysical re-
transition, while physically motivated, is somewhat arbitrarySults if y<<0). Also, the limiting value ag/— +« is ap-
unless information about the variation in properties forProached exponentially and not algebraically. Thus, our
atomic-scale film thicknesses is available. Ideally, one would@nalysis does not apply to the Chiu and Gao model, and it
chooses as being on the order of the lattice spacing andwould also not apply to a hyperbolic tangent model for the
much smaller than the morphology scale; the macroscopiHa”S't'O” Igyer with its exponential _behawor. Nonethele_ss,
results would be independent of the choice dfand the Our analysis does apply to a wide range of possible
functional form for the transition layer. bour]dafy-layer models, mclgdmg all models thlaF approach

The purpose of this paper is to show that there is a limitthe limiting value inversely with distance to any finite power.

ing “generic model” for a general class of boundary-layer
models whens—0. This limiting model is the “glued- 1. ASYMPTOTIC SOLUTIONS
wetting-layer” model used in Spencer and Tersgff® In

; e . We now consider Stranski-Krastanow solutions to the
this model, the effect of the step transition is retained by .. . o ; : . .
o - : equilibrium conditions which consist of islands and wetting
considering the limit of§—0 and the results are thus inde-

endent of the value of the boundarv-laver thickness Théayers. The general idea is that we will describe the island
P . . y-layer | ' _and wetting layers in separate pieces, and then connect the
model permits the calculation of equilibrium island shapes

which are independent of the atomic scale details of the we 'rzicrisc‘)rtohglbot amatshz Sgﬂnizllgflcmé gl\;ﬁzi:”é 5%%5“’?3
ting layer. Viewed in this way, we suggest that the glued-Strain eger }{gg(x h)], and wetting effectgn, y' (h)] Ko’f
wetting-layer model is a “generic” model for Stranski- 9 v 9 yY '

Krastanow islands. We also show that a zero contact ang@et?.e thTee terrgs, On% so_mle ?;e. relevahnt Ifor theﬂ;slan?hor
for the island edge is a generic feature for the morphology\t’\’e 'r.‘tg alyer. thl'nie € tlr? a,? |s't'mu|c argf;er A ar!” be
independent of the particular transition-layer model chosen, ansttion-iayer thickness, e transition-iayer etiects wiil be
: .~ jrrelevant and the morphology will be governed by the bal-
We con3|d_e ra general clz_iss of boundary-layer transﬂmngnce of surface-energy and strain-energy terms. In the wet-
depicted in Fig. 2 and described by ting layer, the film will be thin, and thus relatively flat, so
1 1 curvature will be negligible. The morphology will be deter-
_ = Lo mined by a balance of the strain energy and the wetting
Y =5 (et ys) 5 (ve = y9T(¥/0) 29 effects. To join the island and wetting-layer solutions, we
will need a description of the corner region, or contact angle,
and between the island and wetting layer. In this corner region all

three terms will be important. We will show that a necessary

f(yl )= %arctamylé), (2.12

1 condition to connect the island and wetting-layer solutions is
e(y)=5el1+1(y/9)], (2.10  that the island have a zero contact angle at its edge.
where f(y/8) is a general transition function with the fol- A. Island solutions

lowing properties(1) f(y/é) increases monotonically from  For the island, the local height of the fillnis much larger
—1 asy——« to +1 asy— +, so that the correct prop- than the transition-layer thickness Thus, sincen/ 5> 1, the
erties are recovered above and below the interface;(@nd boundary-layer transition foy(h) and ¢™(y) is not felt by
f(y/6) approaches the limiting value s~ + as an alge- the island. To leading order iA the resulting equations for
braic power, i.e., we can write an expansion of the form  the island shape are

f(y/8)~1—A(Sly)P+--- as (y/8)—+x=, (2.1 m=yex+S(x,h) on y=h(x), 3.1
whereA andp are positive constants. The above represents a n-o=-n-g"m on y=h(x), (3.2
general behavior far away from the interface and covers all _
behaviors with algebraic decalgut not exponential or loga- V.0=0 in y<h(x), (3.3

rithmic decay. We have chosen the same boundary-layer,
thickness and functional variation for the surface energy an

misfit variations as representing a reasonable assumption that

the atomic-scale variation of these quantities is due to the
same atomic-scale “smearing” of the interface. where

o0—0 asy— —o, (3.4
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0 _ U(p+1)
Oxx 0 _ (78 VF)AP
(1-v)(1+v) In terms of the unscaled film thickness, the wetting layer is
S(x.h) = ————(g+ ouxt 7yy)? on y=h(x),  given by
(36) ( )A 1(p+1)
Ys— Yr)AP
0 - L . . . — sp/(p+1)
and a3, is the bulk-misfit stress in the film. These equations h(x)=4¢ 2[S(X.0)— 1] (3.10

are identical to those describing the equilibrium of a semi-

infinite strained film?! for which the interactions with the For a given chemical potential for the fiIm,SQU,SSO.lgThe

%ﬁ'etting layer adjusts its thickness in response to the strain
energy according to Eq3.10. SinceS(x,0) is largest near
§he island and approaches a limiting valsgefar away from

an island, the wetting layer is thinnest near the island and
approaches its equilibrium value of

ticity solution to the full SK morphology, including the wet-
ting layer, is required. We postpone the calculation of thes
shapes until the full composite solution is formulated.

B. Wetting-layer solutions
Up+1)

: (3.1

In the wetting layer, the film is thifperhaps as thin as the
transition layer and relatively flat. We look for a scaling for
the wetting layer solutions of the form

(ys—ve)ApP
2(Sp—p)

ho= 8PP+

h(x)= 6"H(X), 3.7 far away from an island.
wheren is a scaling exponent to be determined. We substi- C. Corner solution

tute t'his scaling for the wetting-layer thickness into_the For the island, h=0(1). For the wetting layer,
chemical-potential balandEq(2.1)] and look for a domi- | — (5" <1. These solutions are connected by a comer so-
nant balance of terms in whicp, S, and y'(h) are all |,ion, which describes the island contact angle. In this local
O(1). From the asymptotic behavior of the transition func- region, all of the terms in Eq2.1) contribute. We describe

tion the wetting term isO(1) if n=p/(p+1). Note that ihe corner solution in local variables as
0<n<1 so the thickness of the wetting lay&(s") is al-

ways much larger than the thickness of the transition layer

0O(6). In effect, because of the derivative terpi(h), the X=Xo+ 8% (812
wetting term becomes important even when the film thick- d
ness is still much greater than the transition-layer thicknes"

An implication of the wetting-layer thickness being much h(x)= 6"R(£), (3.13

larger than the transition-layer thickness is that the effect of
the transition layer for the misfit is not present to leadingwherex, specifies a corner where island and wetting layer
order. Thus, with the same boundary-layer thickness aneheet. Without loss of generality, we shall assume that we are
transition functions used to model the variation in the surfacelescribing a corner at the left edge of the island, &o
energy and misfit, only the surface energy is important to the— —« corresponds to the wetting layer agd- + corre-
wetting layer. Because the transition layer in the surface ensponds to the island. The choice of scaling figx) is nec-
ergy enters as a derivative, it dominates the contributioressary to retain the transition-layer effect at leading order.
from the misfit-transition layer whefiis small. Therefore, it The choice ofg in the x scaling is made to include the cur-
is sufficient to include a boundary-layer treatment in the survature term atO(1), which requiresq=n/2. The leading-
face energy and not the misfit to generate the wetting layetger corer solutio(¢) is then described by a second-
This also suggests that the wetting-layer thickness found igyqger ordinary differential equation
the calculations of Kukta and Freuft® which use only a
boundary layer for the misfit, would be different if they in-
cluded a boundary-layer model for surface enef@uerall,
however, there would be little change in their calculated is-
land shapes.

Using the scaling for the wetting layer and the asymptoticThe corner solution must match to the wetting layer as
behavior Eq.(2.11), the equilibrium condition Eq(2.1) be- £, _ s and must match the island gs- + .

comes We solve Eq.(3.14 by multiplying by dh/dé and inte-
grating in ¢ to obtain

d%h 1 Ap
== YFd_gz‘*'S(Xo,O)"'E()’F_ YS)W- (3.14

Ap

H(X—)pﬂ'. (3.8

1
n=95(x,0)+ E(YF_YS) 1

2 1 A
5Ye|l 7z =[S(X0,00—plh—=5(yg—vs)== +C.
. . ) o . 2 dé 2 AP
Thus, given the stresses associated with a distribution of is- (3.15
lands we can determine the scaled thickness of the wetting :

layer as To match the wetting-layer solution we require
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dh + 4/ 2 for h<1 (3.29
-~ = —— Tor <l. .
d77 php

The branch labeled | corresponds to the corner solution at the
left edge of an island, which matches the wetting layer

(h=1) as »—— and the island asy— +%. Branch Il
describes the corner solution at the right edge of the island,
which matches the wetting layer gs— + and the island as
n— —oo. Branches Il and IV correspond to solutions in
which the film thickness vanishes and are not relevant to
matching the island.
Consider the corner solution corresponding to branch
I. This solution already matches the wetting layer as
FIG. 3. Phase plane of corner solutions. All solution branchesp— —o°. The behavior asy— +~ must match the island
terminate at the equilibrium point corresponding to the wettingsolution near the edge:
layer. Branches | and Il correspond to corner solutions for the left

o
=2t

Q.
=

edge and right edge of the island, respectively. M higandX)~ 1im hegrnef 7)- (3.295
X~>Xo 77*>+:>o
lim hyedX)~ 1M heopef §). (3.16  Thus, from integrating Eq3.23 in the limit of >1 (and
X—Xp f——

h>1) we have the corner solution behaving as
Thus, using the wetting-layer solutid®.10, we find that the

i ~ 1
corner solution must match R( )~ 5(77+B)2 as p—+o, (3.26
h(&)—h. as -, (3.17 whereB is a constant of integration. Thus, the island edge
where must behave as
a (ys—ye)Ap [HPHD h S(%0.0) — 1 2
=== 7 " (X)~ ——=———(X—Xg)* as Xx—Xg. (3.27
" 2S00~ 4] (.18 2 ’ ’
Substituting this into Eq(3.15 gives The above result means thh{x) —0 quadratically at the
island edge. It also means that the island will necessarily
. p+1 have a zero contact angle with
C=—h,——[S(X0,0) — u]. (3.19
P dh _
) i —=0 atanisland edge. (3.28
Using the above value fd€ we can graph the solutions to dx
the dlfferentlgl equation in .the phase plane. We introduce %he zero contact-angle condition is robust. In the limitsof
rescaling forh and ¢ according to —0 the details of the contact angle are independent of the
. o details of the transition region as evidenced by the indepen-
h(&)=h.h(7), (3.20  dence of Eqs(3.27) and (3.28 from the properties of the
where transition layer.
~ S(x0,0) — & - -D. Composite sol-ution | .
n=§ T (3.2 Having determined the behavior for the island, wetting
Unbe layer, and connecting corner, we can formulate the compos-
to obtain ite solution for the SK morphology. Viewed on an(1)
scale, the wetting layer and the corner solution appear to be
1/dn\? - 1 p+1 vanishingly small. Thus, to leading order, the morphology
2\dy =h+ ﬁ_ o (3.22  appears as an island with a wetting layer of zero thickness.

The conditions determining the morphology are:

The phase portrait of E43.22) is shown in Fig. 3. There are

four solution branches which terminate at the equilibrium #= ek +S(x,h) for h(x)>0 (on the islang

point h=1, dh/d»=0 (the wetting-layer solution The or
asymptotic behaviors for the branches are h(x)=0 otherwise (on the wetting layer
~ (3.29
dh = ~
E]’Vi@ for h>1, (3.23 n-o=-n-om on y=h(x), (3.30

and V-0=0 in y<h(x), (3.3)
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and 0.025 r
isl,land --------
ettting layer --—-
o—0 asy——x, (3.32 002 b w %or%er lllllllllllllll |
h composite —
where
0 0.015
am—{axx 0} 333 >
0 of ' 0.01 |
and
0.005 i
(1 - V) ( 1 + V) “\“‘ T
S(x,h)= T(ng+ Oxxt O'yy)z on y=h(x). 0 . LN, ) .
(3_34) 1.2 1.3 1.4 1.5 1.6 1.7 1.8

_Thus’_ Eq.(3.29 specifies th_at the SK mor_ph0|09y must sat- FIG. 4. Details of the island edgeight side. Shown are the
isfy eitherh=0 corresponding to the wetting layer or a con- qenarate solutions for the island and wetting layer together with the
dition of constant chemical potential on the island. Thisiocal solution for the corner region. The composite solutieee

piecewise boundary condition for the free boundary is augtext provides the uniformly valid solution for the entire surface.
mented by the edge conditions for the island from the corner

solutions: .
hcomposite: hisland+ hcorner_ hi:;land/corner for the |sland,
h(x)=0 atanisland edge, (3.39 (3.3
and and
dh h = Nwert Neorner— D for the wetting la
JR— i comp05|te wet corner wet/corner g yer ’
ax 0 atanisland edge, (3.36 (338

where the location of the island edges must be determined ashere higand/comer@Nd Nyeycomer are the terms matched be-
part of the solution to the free-boundary problem. Note thatween island and corner solutioh&g. (3.17)], and wetting
the above model corresponds to a constant chemical potetayer and corner solutiori&q. (3.27)], respectively. Figure 4
tial everywhere on the surface of the film, including the wet-shows the composite solution for the entire surface, which
ting layer. Once the solution to the above problem is deterdescribes the smooth transition from the island to the wetting
mined, the thickness of the wetting layer can be determinethyer.
by Eg. (3.10. The composite solution shown in Fig. 4 is essentially that
A typical SK morphology calculated with the glued- which would be found with a full calculation involving the
wetting-layer mode{(3.29—(3.36) is shown in Fig. 1. For the boundary-layer model. Thus, our results give two important
calculation, we consider a periodic array of islands withconclusions regarding the correspondence of boundary-layer
spacing L/I=10 where the characteristic length scdle models and the glued-wetting-layer modél) The glued-
= v /S, removes the dependence of the results on the misfivetting-layer model is the generic limiting model for a wide
and surface energy. In general, one can find solutions correlass of boundary-layer transition models in the limit of van-
sponding to different island spacings and different islandshing boundary-layer thickness. These results are indepen-
(two-dimensional volumes as in Ref. 19. The calculations dent of the transition-layer detail&) Since any boundary-
here are for an island volume/1%=1. layer transition model in this class will give equivalent
The glued-wetting-layer model constitutes an “outer” so- results in the limit of small boundary-layer thickness, our
lution: on the scale of the island, the wetting layer appears toesults can also be viewed as a validation of boundary-layer
have zero thickness. To determine the small-scale structumaodels in the calculation of SK morphologies. We have
of the wetting layer and the details of the island edge a speshown that in the limit of vanishing boundary-layer thickness
cific choice of a transition model&A,p) is required. For the macroscopic SK morphologies are equivalent.
purposes of illustration we use the inverse-tangent transition
model given by Eq(2.12 with §/1=0.001. We also choose
the surface energy of the substrate to be 50% larger than that
of the film: (ys— ve)/ ye=0.5. The wetting-layer solution is We have derived the equilibrium conditions for the
then found from our “outer” solution using Eq3.10. Us-  Stranski-Krastanow (SK) morphology for a class of
ing the value of the strain-energy density at the island edgboundary-layer transition models for the change in material
S(xg,0) from the outer solution we determine the solution forproperties across the interface in the limit of small boundary-
the corner by integrating Eq3.22 numerically. These re- layer thickness. We have found that these models reduce to
sults are shown for the right edge of an island in Fig. 4. Eaclihe “glued-wetting-layer” model of Spencer and Terstff,
piece (island, wetting layer, and corneis a locally valid  which consists of islands of constant chemical potential
solution. We construct a uniformly valid solution for the en- separated by wetting layers of vanishing thickness. A par-
tire problem by forming the composite solution ticular feature of this analysis is an explicit derivation of the

IV. SUMMARY
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zero contact angle condition for SK islands. The glueddence of SK morphologies calculated from boundary-layer
wetting-layer model enables relatively straightforward calcu-models in the limit of vanishing boundary-layer thickness.
lation of equilibrium SK island morphologies that is inde-
pendent of the atomic-scale physics which produces the
wetting layer. This “outer” solution for the morphology can

be combined with a specific transition layer model to deter-
mine the detailed microstructure of the wetting layer and the This research was supported by NSF Grant No. DMS-
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