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Vortex lattice effects on low-energy excitations ind-wave ands-wave superconductors

Masanori Ichioka, Akiko Hasegawa, and Kazushige Machida
Department of Physics, Okayama University, Okayama 700-8530, Japan

~Received 7 October 1998!

Generic features of the low-energy excitations in the vortex lattice state are examined by comparatively
studying the self-consistent solutions of the quasiclassical Eilenberger theory both fordx22y2-wave ands-wave
pairings. This low-energy physics associated with a vortex core, nodal structure, and quasiparticle transfer
between vortices governs physical properties of the vortex such as the field dependences of the zero-energy
density of states, the internal field distribution, and the shrinkage of the core radius. Eminent differences
between two pairings are highlighted to help analyze experimental data.@S0163-1829~99!00102-2#
e
th

ex
b

a

x

te
.e
c-
l
id

l. I
ta
th
bu
a
n

o
pi
g
l-
s

ve
da
ly

n
it
t

m-
or
a-
ec-
e
ure
n be
the
nd

tex
he
on
ef-
udy

u-

e
d to

ied
s

ura-
of

he
ate

n-

e
s

ial
the

of
the
Much attention has been focused on a vortex structur
high-Tc superconductors. Many researchers try to detect
dx22y2-wave nature of the superconductivity in the vort
structure. The point is how the vortex structure is affected
the anisotropy of the energy gap in thedx22y2-wave pairing,
particularly by its nodal structure. Volovik1 theoretically
suggested that the zero-energy density of states~DOS! N(0)
depends on a magnetic fieldH as N(0)}AH in the
dx22y2-wave pairing andN(0)}H in the s-wave pairing.
While a AH-like behavior was observed in specific-he
experiments,2,3 it is uncertain whether it is exactlyAH or
not. Deviations fromN(0)}H were also reported ins-wave
superconductors.4,5 Low-energy excitations in the vorte
state can be divided conceptually into~1! those from the
continuum states associated with the nodal structure,~2! the
core excitations from the bound states localized in a vor
core, and~3! the quasiparticle transfer between vortices, i
vortex lattice effect. While Volovik’s calculation takes a
count of only item~1!, which is valid near the lower critica
field Hc1, the other two are also indispensable when cons
ering the low-energy physics of the vortex state in genera
order to help establish the general features of the mixed s
both in dx22y2- ands-wave cases, one needs to calculate
vortex structure by taking into account these three contri
tions on an equal footing. Through these efforts we may g
a more valid and vivid picture of the vortex for whole regio
of Hc1,H,Hc2 (Hc2 is the upper critical field!.

Experimentally several important means to probe the v
tex structure are now available such as muon s
resonance6,7 (mSR! and small-angle neutron scatterin
~SANS! through the field distribution or by scanning tunne
ing microscopy8,9 ~STM! through the local density of state
~LDOS! in various superconductors, including high-Tc su-
perconductors. These data are often analyzed within con
tional phenomenological theories such as Ginzburg-Lan
~GL! theory or London theory. The GL theory is, strict
speaking, valid only near the transition temperatureTc . As
for the London theory, which is applied nearHc1, the cutoff
procedure of the core radius is too rough an approximatio
estimate the contribution of the vortex core. In this sense
highly needed to develop a microscopic theory in order
correctly analyze valuable experimental data. WhileN(0)
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was also studied by the Brandtet al. theory,5,10 it can be
applied nearHc2 since the pair potential atHc2 is used in the
calculation.

The main purpose of this paper is to comparatively exa
ine low-energy excitations in the vortex lattice both f
dx22y2- ands-wave cases in order to extract the generic fe
tures of the low-energy physics of the mixed state in conn
tion with items ~1!–~3! mentioned above. Specifically w
investigate various aspects of the vortex lattice struct
based on the quasiclassical Eilenberger theory, which ca
applied in most regions of the mixed state. We calculate
spatial variation of the order parameter, magnetic field, a
LDOS in thedx22y2- and s-wave pairings, focusing on the
difference between the two pairings. As for the single vor
case, the fourfold symmetric vortex core structure of t
dx22y2-wave pairing was shown in Ref. 11. In this paper
the vortex lattice case, we can automatically include the
fect of the quasiparticle transfer between vortices and st
the field dependence of the vortex structure, such asN(0),
the core radius, or form factors of the internal field distrib
tion.

Our calculation is performed in the clean limit after th
method of Refs. 12 and 13. The Fermi surface is assume
be cylindrical, which is appropriate to high-Tc superconduct-
ors. In our calculation, where the magnetic field is appl
along thec axis ~or z axis!, the shape of the vortex lattice i
fixed to be a square lattice tilted by 45° from thea axis.
Some theoretical calculations suggested that this config
tion of the vortex lattice has lower free energy than that
the conventional 60° triangular lattice in wide region of t
higher-field and lower-temperature side in the mixed st
for the dx22y2-wave pairing.10,14,15The STM experiment on
YBa2Cu3O7-d ~YBCO! also suggested this vortex lattice co
figuration in thedx22y2-wave case.9 We calculate the vortex
lattice structure of thes-wave pairing by using the sam
square lattice to clarify the effect of low-lying excitation
associated with the gap anisotropy.

First, we obtain the pair potential and vector potent
self-consistently by solving the Eilenberger equation in
Matsubara frequencyvn5(2n11)pT. We consider the
quasiclassical Green’s functionsg( ivn ,u,r ), f ( ivn ,u,r ),
and f †( ivn ,u,r ), wherer is the center-of-mass coordinate
a Cooper pair. The direction of the relative momentum of
184 ©1999 The American Physical Society
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Cooper pair,k̂5k/uku, is denoted by an angleu measured
from thea axis in theab plane. The Eilenberger equation
given by

Fvn1
i

2
vF•S ¹

i
1

2p

f0

A~r !D G f ~ ivn ,u,r !

5D~u,r !g~ ivn ,u,r !,
~1!

Fvn2
i

2
vF•S ¹

i
2

2p

f0

A~r !D G f †~ ivn ,u,r !

5D* ~u,r !g~ ivn ,u,r !,

where g( ivn ,u,r )5@12 f ( ivn ,u,r ) f †( ivn ,u,r )#1/2,
Reg( ivn ,u,r ).0, andvF5vFk̂ is the Fermi velocity. The
vector potential is written asA(r )5 1

2 H3r1a(r ) in the
symmetric gauge, whereH5(0,0,H) is an external field and
a(r ) is related to the internal fieldh(r )5@0,0,h(r )# ash(r )
5¹3a(r ). As for the pair potentialD(u,r )5D(r )f(u), we
set f(u)5A2cos2u for the dx22y2-wave pairing andf(u)
51 for thes-wave pairing. The self-consistent conditions f
D(r ) anda(r ) are given as

D~u,r !5N02pT (
vn.0

E
0

2pdu8

2p
V~u8,u! f ~ ivn ,u8,r !,

~2!

¹3¹3a~r !52
p

k2
2pT (

vn.0
E

0

2p du

2p

k̂

i
g~vn ,u,r !, ~3!

where N0 is the density of states at the Fermi surfac
V(u8,u)5V̄f(u8)f(u) the pairing interaction, k
5@7z(3)/72#1/2(D0 /Tc)kBCS with Rieman’s zeta function
z(3). And kBCS is the GL parameter in the BCS theory,D0
the uniform gap atT50. We set the energy cutoffvc
520Tc . In the following, energies and lengths are measu
in units of D0 and j05vF /D05pjBCS (jBCS is the BCS
coherence length!, respectively.

By solving Eq.~1! in the so-called explosion method12,13

underD(r ) anda(r ) of the vortex lattice case, we evalua
the quasiclassical Green’s functions at 40340 discretized
points in a unit cell of the vortex lattice. We obtain newD(r )
anda(r ) from Eqs.~2! and~3!, and use them at the next ste
calculation of Eq.~1!. This iteration procedure is repeate
until a sufficiently self-consistent solution is obtained. W
use the material parameters appropriate to YBCO,
jBCS516Å andkBCS5100. Then,Hc2566.7 T in thes-wave
pairing and 93.2 T in thedx22y2-wave pairing for T/Tc
50.5.16 To study the field dependence, the calculations
D(r ) and a(r ) are done for various fields at fixed temper
ture T/Tc50.5. The spatial variation of current and intern
fields is calculated froma(r ).

Next, we calculate the LDOS for energyE as N(E,r )
5N0*0

2p(du/2p)Reg( ivn→E1 ih,u,r ). Typically, we
chooseh50.03. To obtaing( ivn→E1 ih,u,r ), we solve
Eq. ~1! for h2 iE instead ofvn using the self-consistently
obtainedD(r ) anda(r ). The zero-energy DOS,N(0), is the
,

d

.,

f

l

spatial average ofN(E50,r ). We confirm that the following
results are not changed qualitatively for smallerh.

We start by discussing the spatial structure of the ze
energy LDOSN(E50,r ), which may be directly observed
by the STM experiments. In thes-wave pairing at lower
fields, N(E50,r ) is localized circularly in a small region
around each vortex core, as in the single vortex case. S
the intervortex distance decreases with increasingH, the
vortex lattice effect appears inN(E50,r ) at higher fields, as
reported in Ref. 12. There,N(E50,r ) is suppressed along
the lines connecting two nearest-neighbor vortex centers

These features are contrasted with those of
dx22y2-wave pairing. In the single vortex case, as shown
Fig. 8~d! of Ref. 11,N(E50,r ) consists of the vortex core
contribution and four eminent tails extended from the vor
center along lines of the node direction (u5p/4 and its
equivalent directions!. Strictly speaking, this low-energy
state is not a bound state as the tails extend toward infi
points.17 These tails arisen from the nodal structure of t
dx22y2-wave pairing can be seen in our calculation of t
vortex lattice case at low field@Fig. 1~a! for H
50.021Hc2]. It is noted, however, that each tail slightl
splits into two ridges between vortices. This split is due
the vortex lattice effect, i.e., the suppression along the
between nearest-neighbor vortex centers. The vortex la
effect appears even from the lower fields in thedx22y2-wave
pairing. It means that the quasiparticle transfer between v
tices is large in thedx22y2-wave case due to the tail structu
of N(E50,r ). The split is enhanced on raising the field,
shown in Fig. 1~b! for H50.54Hc2. Therefore, the tail struc-

FIG. 1. Spatial variation of the LDOS forE50 in the
dx22y2-wave pairing. Contour plot ofN(E50,r )/N0 is presented.
~a! At low field H/Hc25 0.021. The region 14j0314j0 is shown.
To clearly show the ridge structure, the contour lines are den
plotted for small value of LDOS.~b! At high field H/Hc250.54.
The region 2.8j032.8j0 is shown. Thea axis andb axis are along
the horizontal and vertical directions. There is a vortex cente
each white area.
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ture along the node directions inN(E50,r ) is smeared by
the vortex lattice effect at higher field, where the tails exte
toward rather different directions. This may be a possi
reason why we do not clearly detect the four tails of the no
direction around a vortex in the STM experiment on YBCO9

Let us analyze the field dependence ofN(0) in view of
the above structure of low-energy excitations around a c
for the dx22y2- ands-wave pairings. According to Volovik1

for the dx22y2-wave case, the contribution toN(0) mainly
comes from the tail structure along the node direction
N(E50,r ). The length of the tail is the order ofH21/2 ~lat-
tice constant of the vortex lattice!. As the vortex density is
proportional to H, N(0) is roughly estimated asN(0)
;H21/2H5AH. This estimate becomes uncertain at high
field, since the tail structure along the node directions
smeared by the vortex lattice effect as shown in Fig. 1.
present our result for the field dependence ofN(0) in Fig. 2.
The difference between thedx22y2 and s waves is clearly
seen, where the latter has no tail structure inN(E50,r ).
However, the dependence in thedx22y2-wave pairing devi-
ates fromAH behavior~the curve forAH is plotted by dotted
line!.18 The best fit is obtained byN(0)/N05(H/Hc2)0.41

~solid line!. Its exponent 0.41 is slightly smaller than 0.5
the Volovik theory. Experimentally,N(0) is obtained from
the coefficient of theT-linear term in the specific heatC(T),
i.e., N(0)}g(H)5 lim

T→0
C(T)/T. So far, theAH behavior

of g(H) was examined within the low-field region.2,3 The
deviation fromAH is expected wheng(H) is measured in
higher-field regions.

As for the s-wave pairing case, our data in Fig. 2 al
deviate from a naively expected relation thatN(0) is propor-
tional to the vortex density, i.e.,N(0)}H. The best fit is
obtained byN(0)/N05(H/Hc2)0.67 ~solid line!. In Fig. 2, we
also plot the field dependence ofg(H)/g(Hc2), which cor-
responds toN(0)/N0, for CeRu2 ~Ref. 5! and NbSe2 ~Ref.
19!. These experimental data for typicals-wave supercon-
ductors apparently deviate fromH-linear behavior and fit
with a similar curve to our calculation of thes-wave pairing.
We note that the borocarbide superconductor LuNi2B2C
showsAH-like behavior ofg(H),4 that is,d-wave-like be-
havior of Fig. 2. While it is considered to be ans-wave
superconductor, it has a highly anisotropic Fermi surfa
with fourfold symmetry.15,20 Then, AH-like behavior may

FIG. 2. Field dependence ofN(0)/N0 in thedx22y2- ands-wave
pairings (L). Solid and dotted lines are fitting lines. Experimen
data g(H)/g(Hc2) are also plotted for CeRu2 (d) ~Ref. 5! and
NbSe2 (s) ~Ref. 19!.
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occur due to the Fermi-surface anisotropy instead of the
anisotropy, both of which give rise to a similar effect o
N(0) in the result.

To understand the origin of the deviation fromH-liner
behavior in thes-wave pairing, we show the field depen
dence of the vortex core radius in Fig. 3. The radiusj1 is
defined from the initial slope of the pair potential by fittin
as uD(r )u5D1r /j1 at the vortex center. There,D1 is defined
as the maximum ofuD(r )u along the line connecting the
nearest-neighbor vortex centers. The radiusj2 is defined as
the one where the screening current around a vortex ha
maximum. When increasingH, both j1 and j2 decrease
similarly as seen in Fig. 3. Thedx22y2-wave case shows th
similar decrease about the core radius. The shrinkage of
core radius was also reported by the experiments of S
~Ref. 8! and mSR ~Ref. 6!. In the calculation of a single
vortex,21 zero-energy DOS per vortexN(0)/H is propor-
tional to an area of the vortex corepj3

2. In Ref. 21,
the radiusj3 corresponds to ourj1. If j3 is independent of
H, we obtain the naively expected relationN(0)}H.
However, it is not the case. In Fig. 3, we also plot t
core radius j3 estimated from N(0), where j3

50.35@(N(0)/N0)/(H/Hc2)#1/2 with a fitting parameter
0.35. The radiusj3 decreases similarly asj1 with increasing
H. It means that the deviation fromH linear in N(0) does
reflect the field dependence of the core radius.

l
FIG. 3. Field dependence of core radiusj1, j2 , andj3 for the

s-wave pairing. Maximum amplitude of the order parameterD1 is
also plotted. The radius andD1 are, respectively, scaled byj0 and
D0. Lines are guides for the eye.

FIG. 4. Field dependence of form factors. For thedx22y2- and
s-wave pairings,h1,1/h1,0 andh2,0/h1,0 are plotted. Lines are guide
for the eye. For thedx22y2-wave pairing,h1,1/h1,0 increases with
approachingHc2, andh2,0/h1,0 remains positive and approaches
for H→Hc2. For thes-wave pairing,h1,1/h1,0 remains almost con-
stant at higher field, andh2,0/h1,0 becomes negative forH→Hc2.
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Lastly, we study the difference betweendx22y2- and
s-wave pairings in the internal fieldh(r ). The spatial varia-
tion of h(r ) is characterized by the form factorhm,n (m,n
are integer!. It is the Fourier component ofh(r ) defined as
h(r )5H(m,nhm,nexp(igm,n•r ) with reciprocal lattice vector
gm,n52nk11mk2. The spatial variation ofh(r ) shows
fourfold symmetry around a vortex core in thedx22y2-wave
pairing, while it is circular in thes-wave pairing.11 This dif-
ference becomes clear at higher field, and reflects the
dependence ofh1,1 andh2,0 as shown in Fig. 4. We note tha
clear difference does not appear inh1,0, h2,1, and h3,0.
These differences can be detected by SANS, and may ap
also in the resonance line shape in themSR. We confirm that
the results of Fig. 4 are not changed qualitatively in the
angular lattice case.

In summary, we have extracted the generic features
low-energy excitations in the vortex lattice both fordx22y2-
ev
ld

ear

-
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ands-wave pairings by solving the quasiclassical Eilenber
theory. The three low-energy features are~1! from the con-
tinuum state associated with the nodal structure,~2! the core
excitations from the bound states, and~3! the quasiparticle
transfer between vortices as identified and examined by
phasizing the importance upon the vortex physics. These
tures give rise to the clear difference betweendx22y2- and
s-wave pairings in the field dependence ofN(0) and the
form factorsh1,1 andh2,0. The vortex lattice effect gives the
deviation fromAH behavior of N(0) in the dx22y2-wave
pairing. As the vortex core radius decreases with increas
field, N(0) deviates fromH-linear behavior in thes-wave
pairing. The contribution of vortex core region and the vo
tex lattice effect~i.e., the quasiparticle transfer between vo
tices! are also important when we experimentally and the
retically investigate the detailed structure of the vortex sta
es
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