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Electron-optical phonon interaction and in-plane mobility in lead chalcogenide
quantum-well structures
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The in-plane electron mobility limited by scattering from optical phonons in lead chalcogenide~PbSnTe-
type! quantum-well structures is studied theoretically. It is found that the mobility decreases drastically for
quantum-well widths smaller than about 200 Å. The scattering from the interface phonons is responsible for
that. The nonparabolicity considerably reduces the mobility. Influence of the nonparabolicity on the mobility
essentially depends upon the growth axis of the quantum-well structure. It is found that the nonparabolicity in
quantum-well systems can be successfully represented by two following effects:~1! dependence of the in-plane
electron effective mass upon the in-plane electron wave vector~subband nonparabolicity!, and~2! dependence
of the in-plane electron effective mass upon the subband number and quantum-well width~in-plane mass
quantization!. It is shown that, if the quantum-well width exceeds 250 Å, influence of the nonparabolicity on
the mobility is actually represented by the subband nonparabolicity alone, otherwise the in-plane mass quan-
tization effect arises. The mobility of a many-subband system is found to be limited mainly by the intrasubband
scattering. The mobility of electrons in a higher subband is smaller than that in the first one, which is due to
the larger in-plane effective mass and stronger scattering rates in the higher subband. The mobility is essen-
tially affected by electrons in a higher subband, while the gap between this subband and the ground one does
not exceedkBT. The electrophonon resonance effect is also considered.@S0163-1829~99!07223-9#
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I. INTRODUCTION

Electron-optical phonon interaction in polar semicondu
tor quantum-well~QW! structures has attracted considera
interest because of its importance for electronic propert
There have been a number of theoretical works on the e
tron transport in QW’s taking into account the interacti
between electrons and long-wavelength optical phonons
treating the effect of spatial confinement on both the elect
and phonon states.1–6

According to the dielectric continuum model applied
layered structures~DCML!,7 phonon modes interacting wit
electrons in layered structures are classified as either
fined LO modes or interface modes~IF! @or surface~SO!
modes for a free-standing slab#. It is shown that electron
scattering from the phonons does not depend much upon
geometry and dimensionality~three, two, or one! of semi-
conductor systems for reasonable QW widths (100 Å).8 Par-
ticular interest has been recently to the LO-mode confi
ment, which can significantly affect the scattering rat
provided the scattering from the LO modes is dominant9–15

~phonon engineering9,16–18!.
The band mixing in QW’s is taken into account through

nonparabolicity and energy-dependent boundary condit
for derivatives of the electron wave function at the poten
discontinuities. Small effect of the band mixing on the wa
functions is normally neglected in the first approximatio
The in-plane motion and the motion in the QW growth d
rection appear to be coupled due to the nonparabolicity.19–29

There has been a single paper6 ~to our knowledge! where
complexity of the phonon modes and nonparabolicity
QW’s were taken into consideration to compute numerica
PRB 590163-1829/99/59~23!/15312~11!/$15.00
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the intrinsic electron mobility in Ga0.47In0.53As wells. How-
ever, Ref. 6 is mostly focused on the mobility limited b
different scattering mechanisms together when only
ground subband is occupied by electrons.

In this respect, IV-VI narrow-gap semiconductor QW
structures are attractive for investigation because of a str
electron-phonon interaction~EPI!, nonparabolicity, carrier
mass anisotropy, and different valley configurations@the EPI
is the dominant mobility-limiting mechanism within tem
perature range from 77 to 300 K and the nonparabolic
seriously affects the electron transport in bulk Pb12xSnxTe
~Ref. 30!#. Transport phenomena in such QW structur
which are interesting for both physics and devi
applications,31 have not yet been investigated systematica
There is essential discrepancy between the experimental
on in-plane mobility of lead chalcogenide QW systems av
able in the literature,32–35and different quality of the sample
is supposed to be responsible for that. Nevertheless, this
bility is comparable with the bulk mobility if the QW width
exceeds 500 Å. The interfaces in PbTe/Pb12xSnxTe struc-
tures are not perfect due to interdiffusion of the adjac
layers, which gives rise to a considerable roughness sca
ing. In this investigation we nevertheless assume the in
faces to be perfect.

In this paper, we present theoretical investigation of
scattering rate and in-plane mobility of a nondegenerate e
tron gas, taking the EPI to be the scattering mechanism. T
structures are studied:~1! a single rectangular Pb12xSnxTe
QW imbedded between two PbTe barriers;~2! a rectangular
infinitely deep Pb12xSnxTe QW of a Pb12xSnxTe free-
standing slab~FSS!. The rectangular profile of the QW is in
fact not modified by the field of nondegenerate electron
15 312 ©1999 The American Physical Society



it
e
th
tru
na
fo
is
in

th
or
d

s
th
d

c
a
c

of
tio
e
f-

ro
e
y
n
or

ra

te

i-

ur

er
ys

le

g
e
d
he

b

ct

tion
he

in
l-
n
e
in
g,
la-

e
of
t
t
-

the
cal-
y

d
n,

he

n
bot-

PRB 59 15 313ELECTRON-OPTICAL PHONON INTERACTION AND IN- . . .
due to the large dielectric constant. The QW structures w
axes^111& and^001& are studied. The electrons are assum
to occupy one and two lowest subbands. Influence of
electron energetic structure and the phonon-mode spec
on the mobility of these low-dimensional systems is a
lyzed. The frequencies of the bulk LO-phonon modes
PbTe and Pb12xSnxTe are very close to each other. That
why it seems to be correct that the phonons
PbTe/PbxSn12xTe/PbTe QW system are assumed to be
bulk ones. A more rigorous treatment presented in this w
reveals whether or not this assumption is justified and un
what conditions.

The paper is organized as follows. In Sec. II A, expre
sions for the electron wave function and dispersion of
electron energy are discussed. Analytical expressions
scribing the EPI and electron conductivity are presented
the following sections: formulas for the Hamiltonian, in Se
II B; scattering rates, in Sec. II C; conductivity tensor of
single valley and mobility of many-valley systems, in Se
II D. The variational method is utilized for a description
the inelastic EPI because the relaxation-time approxima
is not valid. The results obtained in our work are discuss
properties of electron-IF-phonon interaction, Sec. III A; e
fect of temperature and QW width on the EPI and elect
mobility, Sec. III B; influence of the nonparabolicity on th
mobility for many-subband systems with different valle
configurations, Sec. III C; and the electrophonon resona
effect for a two-subband system, Sec. III D. The most imp
tant results are summarized in Sec. IV.

II. THEORY

A. Electrons

We investigate a two-subband system of a nondegene
two-dimensional~2D! electron gas in two QW structures:~1!
a PbTe/PbxSn12xTe/PbTe structure where the intermedia
Pb12xSnxTe layer is a single rectangular QW~for 0,z,a, z
being the QW growth axis! imbedded between two sem
infinite PbTe barriers with heightVb ; ~2! an infinitely deep
QW of Pb12xSnxTe FSS of thicknessa.

In bulk IV-VI semiconductors like PbTe there are fo
equivalent energetic valleys at theL points with their axes
oriented alonĝ 111& and equivalent directions. In this pap
we consider two configurations with certain symmetric cr
tal orientations of the QW in PbTe/PbxSn12xTe/PbTe and
Pb12xSnxTe FSS. For configuration 1, thez axis is directed
along ^111& ~the three ‘‘oblique’’ valleys are equivalent!.
For configuration 2, thez axis is directed alonĝ100& ~all the
four ‘‘oblique’’ valleys are equivalent!. On account of uncer-
tainty of the potential barrier height values,36 configuration 1
is considered in two extreme cases. Configuration 1a: e
trons are assumed to fill the^111& valley only, while the first
subbands of the ‘‘oblique’’ valleys remain empty for bein
too distant~Fig. 1!. Configuration 1b: all the four valleys ar
assumed to be occupied, the minimum of the first subban
the^111& valley is supposed to be equal to the minima of t
first subbands of the three ‘‘oblique’’ valleys.

The electrons are considered separately in one valley
cause the intervalley coupling between various^111& valleys
in PbTe/Pb2xSn12xTe vanishes in our approximation37

~see also Sec. III B!. Here we neglect the band-mixing effe
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on the electron wave functions and restrict the considera
to a nonparabolicity in the two-band Kane’s model. T
eigenfunction of the effective mass HamiltonianĤ describ-
ing the electron in thel th subband can be written asuk l&
5exp(ik lr )Cl(k l ,z). Here Cl(k l ,z) is the solution of the
Schrödinger equationĤCl(k l ,z)5e lCl(k l ,z), k l and r are
the 2D wave vector and the position vector of an electron
thex-y plane, ande l is the total electron energy. The Hami
tonian Ĥ is given in Ref. 20. The higher band contributio
and strain influence will be omitted in this Hamiltonian. Th
in-plane motion is practically independent of the motion
the z direction when the nonparabolicity is not very stron
particularly for the lowest subband as our numerical calcu
tion shows. Thene l5El1e i ,l , where El is the minimum
energy, ande i ,l is the electron kinetic energy of the in-plan
motion for thel th subband. The multidimensional vector
the envelope functionCl(k l ,z) can be replaced, in the firs
approximation, by the~normalized! conduction componen
F l(z)5F l ,kl50(z), which is the eigenfunction of the one

dimensional Schro¨dinger equation @Ĥ(k l50, kz5 i ]/]z)
1V#Fl5ElFl , with V being the QW potential profile. The
boundary conditions for the wave-function derivatives at
interfaces are taken energy dependent. To simplify our
culations, the PbxSn12xTe QW is assumed to be an infinitel
deep one for configurations 1b and 2, withF l(z)
5A2/asin(lpz/a) if 0 ,z,a, andF l(z)50 otherwise.38

Generally, dispersion relatione l vs k l for a valley de-
pends upon the angleu between the axis of the valley an
the QW growth direction. The general dispersion relatio
describing the in-plane andz motions of electrons in the QW
and in the barriers of PbTe/PbxSn12xTe/PbTe, for an ‘‘ob-
lique’’ valley has the form

FIG. 1. Energy minima of subbands as functions of t
QW width of PbTe/Pb0.8Sn0.2Te/PbTe atT5300 K @according
to Eq. ~2!#. For the ^111& valley: solid lines—Vb560 meV,
dots—Vb5`. For ‘‘oblique’’ valleys: dot-dashes — configuratio
1b, dashes— configuration 2. Zero energy corresponds to the
tom of the conduction band in the QW.



g

in

th

r

e

d

a

-

d-
ep
f
le

nd
e

n-

tive
hen
h

tal

o

-

ian

e
-
-

15 314 PRB 59V. BONDARENKO
ẽ l52
eg

2
1

1

2
@eg

214~pz
2Kl

21px
2kx,l

2 1py
2ky,l

2

12pyz
2 Klky,l !#

1/2, ~1!

whereẽ l5e l for the QW, andẽ l5Vb2e l for the barriers;eg
is the bulk band-gap energy,Kl is the wave vector describin
the motion in thez direction, which is independent ofk l , and
kl

25kx,l
2 1ky,l

2 . px
25p'

2 , py
25p'

2 cos2u1pi
2 sin2u, pz

2

5pi
2cos2u1p'

2sin2u, and pyz
2 5(p'

2 2pi
2)sinu cosu, with

pi ,'
2 5\2eg/2mi ,'

0 , where mi ,'
0 5m0eg /ui ,' . Here, ui and

u' are the band-structure parameters, andm0 is the free-
electron mass.e l50 at the bottom of the conduction band
the QW.eg , ui , u' , andKl in Eq. ~1! are different for the
QW and barrier. The following expressions describethe
electrons in the QW.

Within the above approach the confinement energy of
l th subband is determined by Eq.~1! with kl50

El52
eg

2
1

1

2 Feg
214\2Kl

2ui

3S cos2u1
u'

ui
sin2u D Y 2m0G1/2

~2!

~note that indexi in e i ,l implies ’’parallel to the interface or
to thex-y plane’’ but not to^111& as for the band paramete
ui .)

According to Eqs.~1! and ~2! we have

e i ,l5
1

2
$2eg,l* 1@~eg,l* !214~px

2kx,l
2 1py

2ky,l
2

12pyz
2 ky,lKl !#

1/2%, ~3!

where eg,l* 5eg12El is the effective energy gap for th
electrons in thel th subband. Expressions~1!–~3! describe
the ^111& valley and the ‘‘oblique’’ valleys for configuration
1, when u50 and u570.52° (cosu51/3), respectively.
They also describe all valleys for configuration 2, whenu
554.76° (cosu51/A3).

Equation ~3! takes a simple form for thê111& valley,
when all the directions in thex-y plane are equivalent, an
px5py , pyz50

\2kl
2

2m',l* ~a!
5e i ,lS 11

e i ,l

eg,l* D , ~4!

with

m',l* ~a!5m'
0

eg,l*

eg
. ~5!

The form of Eq.~4! is the same as for the usual bulk nonp
rabolic dispersion law whereeg is replaced byeg,l* , and the
bulk band-edge massm'

0 5m0eg /u' is replaced by the sub
band edge massm',l* 5m0eg,l* /u'.

Equation ~4! shows that within the scope of the consi
ered approach the nonparabolicity in the QW’s can be r
resented by two following dependencies:~a! dependence o
the in-plane electron effective mass upon the in-plane e
tron wave vector~subband nonparabolicity!, Eq. ~4! where
e

-

-

c-

m',l* is assumed to be independent ofa andl; ~b! dependence
of the in-plane electron effective mass upon QW width a
subband number~size quantization of the in-plane effectiv
mass!, Eq. ~5!.

From Eq. ~4! one can obtain the expression for the i
plane velocity effective mass

mv,l~e i ,l ,a!5m',l* ~a!S 11
2e i ,l

eg,l* D . ~6!

Note that the size quantization affects the in-plane effec
mass even in the case of parabolic subband w
mv,l(e i ,l ,a)5m',l* (a), although in the parabolic approac
~from the very beginning! we cannot get Eqs.~5! and ~6!.
Advantage of Eqs.~4!, ~5!, and~6! is that they can be utilized
for a comparison with numerical results and experimen
data.

To facilitate the following calculations, it is convenient t
change the integration variables fromdk,l5dkx,ldky,l to
de i ,l . To find kl5kl(e i ,l) we employ the coordinateskx,l*
5kx,l px /p* andky,l* 5(ky,l1g/py)py /p* instead ofkx,l and
ky,l , whereg5Klpypyz

2 /pz
2 , andp* is an arbitrary number

with the dimension ofpx . In the new coordinates (kx,l* )2

1(ky,l* )25(kl* )2. Then we have

kl* 5
1

p*
@e i ,l

2 1e i ,leg,l* 1g2#1/2, ~7!

and

dk l5
1

2pxpy
@2e i ,l1eg,l* #de i ,ldq, ~8!

whereq is the angle betweenk l* andkx,l* .
Equations~7! and ~8! yield a correlation between the in

plane effective masses for the^111& valley and ‘‘oblique’’
valleys ~indicated^111& and ^o&, respectively!

mx,l
^o&5mx,l

^111& ,my,l
^o&5

my,l
^111&

cos2u1~m'
0 /mi

0!sin2u
, ~9!

wheremx,l
^111&5my,l

^111&5m',l* .

B. Hamiltonian of the electron-phonon interaction

Using the standard techniques, we find the Hamilton
describing a single electron in a valley at the positionR
5(r ,z) interacting with a phonon polarization field, i.e.,

Ĥe2ph~R!5(
a

(
q

Ga~q,z!exp~2 iqr !@ âa~q!1âa
1~2q!#,

~10!

where

Ga52C0
1/2GaVa . ~11!

Here C05(4pe2\v l ,1a/S)(e`,1
212e0,1

21), q is the in-plane
phonon wave vector, andS is the area of the sample in th
x-y plane;v l ,n (v t,n) is the frequency of the bulk longitudi
nal ~transverse! vibrations,e`,n is the high-frequency dielec
tric constant, ande0,n is the dielectric permittivity of thenth
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medium.a is an index labeling the IF, SO, and LO mode
The confined LO modes are distinguished by an integerm.
âa

1 and âa are the operators of creation and annihilation
the ath mode.

Expressions forGa andVa have the following form. For
the confined LO modes

Glo5@~qa!21~mp!2#21/2 ~12!

andVlo5sin(mpz/a).
For the symmetric IF modes (s1 and s2) and antisym-

metric ones (a1 and a2) of the PbTe/PbxSn12xTe/PbTe
three-layered structure

Ga5221/2S v l ,1

va
D 1/2 va

22v t,1
2

v l ,1
2 2v t,1

2 @qa sinh~qa!#21/2Ba
21

~13!

andVs65cosh@q(z2a/2)#, Va65sinh@q(z2a/2)#.
For the symmetric SO modes~s! and antisymmetric one

~a! of the FSS

Ga5
1

2 Fv l ,1

va
G1/2S 11~e`,121!

v l ,1
2 2va

2

v l ,1
2 2v t,1

2 D exp~2qa/2!

3@ tanh~qa/2!/qa#1/2, ~14!

while Vs5Vs6 andVa5Va6 . Here,

Ba
2511

e`,1~e`,112!

e`,2~e`,212! S v l ,1
2 2va

2

v l ,2
2 2va

2 D 2
v l ,2

2 2v t,2
2

v l ,1
2 2v t,1

2
ga~qa!,

~15!

where ga(qa) is equal to tanh(qa/2) for the symmetric
modes, and coth(qa/2) for the antisymmetric modes.

We are now able to calculate the matrix element for
electron transition between initial stateu i &5uk l& and final
state^ f u5^k l 8

8 u due to the scattering from theath mode

^k l 8
8 uĤauk l&52(

q
C0

1/2Qll 8
a

n~2k l 8
8 1k l6q!, ~16!

where ‘‘1 ’’ ~‘‘ 2 ’’ ! in the double sign ‘‘6 ’’ corresponds to
the electron scattering with absorption~emission! of one
phonon of theath mode. The upper prime in̂k l 8

8 u labels the
state after the scattering while the lower prime indicates
the electron is in thel 8th subband after the scattering, whe
l 85 l for the intrasubband scattering, andl 8Þ l for the inter-
subband one. HereQll 8

a
52GaJll 8

a (N0,a1 1
2 26 1

2 )1/2,

Jll 8
a

5
1

aE2`

`

dzF l~z!F l 8~z!Va , ~17!

andN0,a5@exp(\va /kBT)21#21 is the density of equilibrium
phonons of theath mode.n(x) is one if x50 and zero
otherwise.

C. Scattering rates

The scattering rate between the initialu i & and final ^ f u
electron states in a valley in the QW, due to the scatter
from theath mode, can be obtained from Fermi golden ru
.

r

e

at

g

Wa~ i , f !5
4p2

S (
q

Wa
0~ i , f !n~2k l 8

8 1k l6q!

3d~2e l 8
8 1e l6\va!, ~18!

where

Wa
0~ i , f !52C0~Qll 8

a
!2. ~19!

Here, e l and e l 8
8 are the total electron energies before a

after the event. The total scattering rate isW( i , f )
5(aWa( i , f ).

The expression forq25(k l 8
8 2k l)

2 for an arbitrary valley
has the form

q25S p*

p'
D 2F ~kl 8

* 8cosq82kl* cosq!2

1
~kl 8

* 8sinq82kl* sinq!2

cos2u1~ui /u'!sin2u
G . ~20!

To calculateWa( i , f ) we replace the summation overq by
integration over the polar coordinatesq, w, i.e., (4p2/S)(q
→*dq with dq5qdqdw, wherew is the angle of scattering
formed between vectorsk l andq. For the sake of simplicity
we restrict our consideration to configuration 1a with a sin
^111& valley. The standard calculation yields

Wa~ i , f !5E dw(
n
E dqqWa

0~ i , f !uF~ i , f ;q,w!ud~q2qn!,

~21!

where

F~ i , f ;q,w!5
2p'

2 ~q6kl cosw!

~eg,l 8
* 2

14p'
2 kl 8

82
!1/2

. ~22!

qn takes two values,q1 and q2 , or briefly q! with ‘‘ ! ’’
being either ‘‘1 ’’ or ‘‘ 2.’’ This can be written as a function
of e i ,l in the form

q!526p'
22@~e i ,l

2 1e i ,leg,l* !1/2cosw#!p'
22

3$~e i ,l
2 1e i ,leg,l* !cos2w1\va@\va6~2e i ,l1eg,l* !#

2~eg,l 8
* 2

2eg,l* 2!/4%1/2. ~23!

q2 is not considered for the absorption since it is negativ
The expressions under the square root in Eq.~23! are

demanded to be positive that gives the condition for the s
tering anglew: 2w0<w<w0 . w0 is different for emission
and absorption, i.e.,

w05arccos$@~eg,l 8
* 2

2eg,l* 2!/42\va

3„\va6~2e i ,l1eg,l* !…#/@e i ,l
2 1e i ,leg,l* #%1/2, ~24!

and the initial kinetic energy of the electron has to exce
some minimum value,e i ,l>El 82El6\va .

For the parabolic dispersion law (eg,l* @e i ,l), the expres-
sion for w0 for the scattering with emission is of the form
w05arccosA@\va2(El2El 8)#/e i ,l . The nonparabolicity re-
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duces this scattering angle interval. Note that, ifeg,l 8
* <eg,l* ,

the scattering event with absorption is isotropic and can
cur with any initial kinetic energy of the electron.

Expressions for the scattering rates to the angle inte
(w1dw) for emission (em) and absorption (ab) are of the
form

Wa
(em)~ i , f !dw52 (

qn
(em)

5q6
(em)

qn
(em)Wa

0~ i , f !

3uF~ i , f ;q,w!uq5q
n
(em)dw, ~25!

Wa
(ab)~ i , f !dw52q1

(ab)Wa
0~ i , f !uF~ i , f ;q,w!uq5q

1
(ab)dw.

~26!

In the above equations, the symmetry of the scattering
(w1dw) and 2(w1dw) angle intervals is taking into ac
count by the factor 2 .

D. Conductivity tensor for one valley, mobility
for many-valley systems

To obtain the conductivity tensor we utilize the vari
tional method39 for 2D systems, because the relaxation tim
approximation is not valid for an inelastic EPI. According
this method the distribution function describing the electro
in the l th subband of a valley is taken as a sum of symme
and antisymmetric parts, i.e.,

f ~pl !5 f 0~e i ,l !@11f~pl !#. ~27!

Here f 0,l(e i ,l)5A0,l exp(2ei,l /kBT) is the Maxwell distribu-
tion function,pl5\k l , and

f~pl !5(
j ,b

Cj ,l
b pl ,be i ,l

j , ~28!

with uf(pl)u!1. Cj ,l
b is a factor,j is an integer, andb is the

Cartesian coordinate,x or y. It is sufficient to restrict the
power series in Eq.~28! to j 50 and 1~see the closing ref-
erence in Ref. 39!.
of
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The collision term, describing all possible transitions o
ing to all scattering ways, for the electrons in thel th subband
of one valley takes the form

] f ~pl !

]t
5(

a
(
l 8

\22E dpl 8
8 f 0~e i ,l !Wa

0~ i , f !

3@f~pl 8
8 !2f~pl !#@d~2e i ,l 8

8 1e i ,l

1El2El 81\va!

1d~2e i ,l 8
8 1e i ,l1El2El 82\va!e\va /kBT

3Q~e i ,l1El2\va!#, ~29!

whereQ(x) is the Heaviside step function. The summati
over l 8 in Eq. ~29! is performed over all the states in all th
subbands, including thel th subband.

The matrix element of the variational method correspo
ing to the collision term, Eq.~29!, is of the form

Ll~ j , j 8,b,b8!5(
a

(
l 8

Lll 8
a

~ j , j 8,b,b8!dbb8 , ~30!

where

Lll 8
a

~ j , j 8,b,b8!5\22E dpldpl 8
8 W0

a~ i , f !All 8
a

~ j , j 8,b,b8!

3d~2e i ,l 8
8 1e i ,l1El2El 81\va!, ~31!

and

All 8
a

~ j , j 8,b,b8!5@~e i ,l 8
8 ! j pl 8,b

8 2e i ,l
j pl ,b#

3@~e i ,l 8
8 ! j 8p

l 8,b8
8 2~e i ,l !

j 8pl ,b8#. ~32!

All possible transitions of electrons in all the subbands of
valley are described by the matrix elementL( j , j 8,b,b8)
5( lL l( j , j 8,b,b8), that determines the components of t
second-rank diagonal tensor of conductivity for the valle
sbb85( l(sbb8) l , or sb5( l(sb) l , according to Eq.~30!.
Here, (sb) l is the specific subband conductivity,
~sb! l52
2e2@B0,l

b #2

kBTLl~0,0,b,b! H Ll~0,0,b,b!
@Ll~1,1,b,b!2Dl

bLl~1,0,b,b!#1Dl
b@Ll~0,0,b,b!Dl

b2Ll~1,0,b,b!#

Ll~0,0,b,b!Ll~1,1,b,b!2@Ll~1,0,b,b!#2 J ,

~33!
va-

for
the
where Dl
b5B1,l

b /B0,l
b , Bj ,l

b 5*dple i ,l
j vb f 0,l(e i ,l), and vb is

the b component of the 2D electron velocity. Inelasticity
the scattering is taken into account by the factor in the cu
brackets in Eq.~33!, while the factor before these bracke
determines the conductivity in the relaxation time appro
mation@note, that one can readily obtain expressions for
relaxation times and conductivities in the relaxation time
proximation directly by means of Eq.~19!#. Using Eqs.
~30!–~33! it is possible to calculate a conductivity tens
taking into account any different scattering mechanisms
separately as together.
ly

-
e
-

s

The symmetry consideration dictates that all the equi
lent ‘‘oblique’’ ellipsoids must share a common value ofsx

^o&

andsy
^o& , taken for a certain ‘‘oblique’’ valley. That is why

the conductivity of many-valley system is a scalar which
configurations 1a, 1b, and 2, is given, respectively, by
expressions,

s5sx
^111&5sy

^111& , ~34!

s5sy
^111&1

3

2
~sx

^o&1sy
^o&), ~35!
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s52~sx
^o&1sy

^o&). ~36!

The in-plane electron mobility ism5s/en, wheren is the
total electron density summed over all the valleys.

III. NUMERICAL RESULTS AND DISCUSSION

A. Properties of electron-interface phonon interaction

Through Eq. ~13!, the value of (v l ,1 /va)1/2(va
2

2v t,1
2 )/(v l ,1

2 2v t,1
2 ) determines the effectiveness of th

electron-IF-phonon interaction. There are two principal
gimes of the IF-mode frequencies:~a! (v l ,1.vs1,a1.v l ,2)
.(v t,2.vs2,a2.v t,1) is realized in PbTe/PbxSn12xTe and
InP/AlSb, or (v l ,2.vs1,a1.v l ,1).(v t2.vs2,a2.v t,1) is
realized in some GaAs/Al0.3Ga0.7As ~GaAs-type!, and ~b!
(v l ,2.vs1,a1.v t,2).(v l ,1.vs2,a2.v t,1) is realized in
GaAs/AlAs and Ga0.47In0.53As/InP ~see Fig. 2 here; Fig. 2 in
the work by Chenet al.;7 Ref. 6!. Thus, an electron in QW
interacts much stronger with thes1, a1 modes than with the
s2, a2 modes. It is of interest that in case~b! the frequencies
of thes1, a1 modes are determined by the properties of
barrier layer@as for Ga0.47In0.53As/InP QW ~Ref. 6!# rather
than by the lattice of the QW layer. Contrary to that, in ca
~a!, an electron in the QW interacts only with the mod
whose frequencies are close to the frequency of the b
longitudinal vibrations in the same layer. It is particular
manifested for PbTe/PbxSn12xTe becausev l ,1'v l ,2 , v t,1
'v t2 andv l@v t . To some extent, this is similar to the bu
medium case. However, even if the adjacent lattices hav
arbitrary small difference~close values of theirv l , v t , e`),
the normalization factor for the IF modes

FIG. 2. Spatial dispersion of energy of the IF modes for
PbTe/Pb0.8Sn0.2Te/PbTe three-layered structure and of the S
modes for the Pb0.8Sn0.2Te FSS. Atq50 the energies are equal t
the corresponding energies of the usual bulk phonons.
-

e

e

lk

an

CIF5@3/~e`,112!#@e`,1~v l ,1
2 2va

2 !

2~v t,1
2 2va

2 !#Ba
21$q/@sinh~qa!#%1/2

does not vanish. Thus, application of the bulk mode appro
mation instead of the DCML is valid only for rather big laye
thicknesses, when the influence of the surface dipoles at
boundaries on the EPI is negligible.

B. Effect of temperature and QW width
on the electron-DCML phonon interaction

We choose a reasonable value ofVb560 meV because o
the uncertainty of the offset value. Our calculations for t
^111& valley show that in spite of the small value ofVb , the
penetration of the electron wave functions into the barrier
of a few percent for the considered QW widths, which
attributed to a large value ofmz'0.25m0. The in-plane mo-
bility attains rather high values owing to small in-plane e
fective masses of the electrons in the QW~big value ofu' ,
Table I!. The electron concentration is required to be sma
than 1011 cm22 in order to satisfy the nondegeneration co
dition for 70 K,T,300 K.

There is the electrophonon resonance effect~EPR! in two-
subband approximation ata'140 Å for PbTe/Pb0.8Sn0.2Te
and ata'180 Å for Pb0.8Sn0.2Te FSS, which will be ana-
lyzed in detail further. Now we deal with the width rang
with no EPR.

Figures 3 and 4 demonstrate that the intrasubband s
tering, rather than the intersubband one, limits the elect
mobility. The intrasubband scattering rate is larger than
intersubband one by more than an order of magnitude
cause of a smaller value ofq for the phonons actually inter
acting with electrons. Note that the magnitudes ofq for in-
tervalley transitions are far larger than those for intersubb
scattering in one valley.

The interaction with LO modes is a dominant mobilit
limiting mechanism in PbTe/Pb0.8Sn0.2Te, as well as in the
Pb0.8Sn0.2Te FSS, whena.120 Å (a.230 Å ) at T

TABLE I. Parameters for Pb12xSnxTe used for the calculations
The values ofe0 , e` , \v t are chosen to be temperature depende
satisfying the relationse0 /e`5(v l /v t)

2 ande0}a(T2Tc)
21, Tc

being a constant. The magnitudes ofeg , u' , andui are taken from
Ref. 40, the others are from Ref. 41. To avoid any uncertaintie
the calculations~Ref. 36! the value of eg is taken for bulk
Pb12xSnxTe.

Pb12xSnxTe
Parameter x50 x50.2

e0(4.2 K) 1300 6000
e0(300 K) 430 500
e`(4.2 K) 39 53
e`(300 K) 33 40
\v t(4.2 K), meV 2.4 1.4
\v t(300 K), meV 3.9 3.8
\v l , meV 14.1 14.7
eg , meV 1722535x1@12.8210.19(kBT120)2#1/2

u' , meV 732023200exp(264@0.352x#2)
ui , meV 440
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5300 K~T577 K!, otherwise the interaction with the inte
face modes becomes the most pronounced~lines 1, 2, and 3
in Figs. 5 and 6!.

The polarization field ofs mode and its EPI are stronge
than those fors1-mode, Fig. 3, due to different distribution

FIG. 3. Dependence ofGa upon q for different widths of the
Pb0.8Sn0.2Te QW ~12a5100 Å , 22a5300 Å ). Dashes for the
LO modes, dots for thes modes, solid lines for thes1 modes, and
dot-dashes for thes2 modes. The factors in Eq.~11! describing the
z dependences ofGa are assumed to be equal to 1. Only the L
mode withm51 and symmetric interface modes are presented

FIG. 4. Scattering rate as a function of the QW width.e i ,1
5e i ,255 meV. Configuration 1a,w50, T577 K. ‘‘em’’ and
‘‘ab’’ indicate emission and absorption, ‘‘l l 8’’ indicates an electron
transition from thel th subband to thel 8th one. The meaning of the
lines is the same as in Fig. 3. Scattering rates for the other m
are neglected as compared with the presented ones.
of the dipoles at the interfaces~see also Ref. 5!, in spite of
the fact that the frequenciesvs1 and vs are very close to
each other. In order to inspect what is the difference betw
influence of thes mode ands1 mode on the mobility, the
mobility is calculated in the approximation of infinitely dee
QW for both PbTe/PbxSn12xTe and Pb12xSnxTe FSS. Fig-
ures 5 and 6~lines 5 and 6!, and Fig. 7 illustrate that this
difference is quantitative and essential, particularly for sm
QW widths.

Although s2 modes~as well asa2 modes! do not con-
tribute to the electron transport~Fig. 6!, we will make some

es

FIG. 5. Mobility as a function of the QW width atT577 K and
T5300 K. Configuration 1a. Line 1: PbTe/Pb0.8Sn0.2Te, Vb560
meV, two-subband system, scattering from the confined LO and
modes. Line 2: PbTe/Pb0.8Sn0.2Te, Vb560 meV, two subbands, LO
modes. Line 3: PbTe/Pb0.8Sn0.2Te, Vb560 meV, two subbands, IF
modes. Line 4: PbTe/Pb0.8Sn0.2Te, Vb560 meV, one subband, LO
and IF modes. Line 5: PbTe/Pb0.8Sn0.2Te, Vb5`, two subbands,
LO and IF modes. Line 6: Pb0.8Sn0.2Te FSS,Vb5`, two subbands,
LO and SO modes.

FIG. 6. Temperature dependence of the electron mobilitiy. T
meaning of the lines is the same as in Fig. 5.
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comments on an unusual~anomalous! temperature depen
dence of the calculated mobility limited by the scatteri
from thes2 mode,ms2 . The reduction of (v t,12v t,2) with
temperature leads to a sharp decrease ofGs2(T), Ws2(T),
andms2(T). However, we will see that such an anomalo
behavior can remain under certain conditions even if all
rameters of the materials, includingv t,1 andv t,2 , are inde-
pendent of temperature. There are always two factors wh
have growing and opposite influence on motility with i
creasing temperature:~i! number of phonons, and~ii ! number
of electrons with higher kinetic energy. Usually the influen
of the growing number of phonons is dominant, and the m
bility decreases as temperature increases~as for thes1 , a1 ,
s, anda modes!. Nevertheless, there exists a certain tempe
ture interval where the effect of the growing number of fa
electrons becomes predominant that determines an inc
ing behavior ofms2(T) with increasing temperature. It i
similar to the Coulomb scattering from the ionized impuri
The only condition for that is that the phonon energy is
quired to be small enough~less than 10 meV for the consid
ered materials!.

C. Effect of nonparabolicity, potential barrier height, electron
population of higher subbands, and different

configurations of valleys

From Fig. 8 one can conclude that when studying elect
transport, the nonparabolicity must be taken into acco
Besides, the nonparabolicity in QW systems can be succ
fully represented as a composition of two contributions:~a!
subband nonparabolicity,~b! in-plane mass quantization
whose influences on the mobility can be analyzed separa
by Eqs.~4! and ~5!, respectively. In fact, the subband no

FIG. 7. Electron mobility as a function of the QW width. Th
electrons occupy the ground subband only.T5300 K. Infinitely
deep QW approximation. Scattering from the LO and interfa
modes together. Solid lines for configuration 1a, dots for confi
ration 1b, dashes for configuration 2.
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parabolicity represents the nonparabolicity effect on the m
bility just for a.250 Å , otherwise the in-plane mass qua
tization effect arises. The influence of the subba
nonparabolicity on the mobility becomes noticeable atT
'70 K and increases with temperature.

Equation ~6! directly shows that the velocity effectiv
mass depends upona in infinitely deep QW as well as in QW
with finite barriers due to theEl vs a dependence. For com
parison see Ref. 6, where different inclination of t
mv,1(e i ,1) functions for different QW widths, i.e., the depen
dence ofmv,1 upon a is explained merely by the differen
penetration of the electron wave functions into the barri
that have a weaker nonparabolicity than the QW.

Having an effect on the nonparabolicity and overlappi
between the electron and phonon wave functions, the m
nitude of the potential barrier height,Vb , influences the mo-
bility as a result. Our calculations indicate that a change
nonparabolicity, induced by a change ofVb , affects the mo-
bility much stronger than the induced change of the overl
ping. The smallerVb is, the larger the effective mass be
comes owing to the change of the subband nonparabol
rather than mass quantization. As a result, the mobility
creases weakly whenVb is made smaller, particularly at low
temperatures and smalla ~lines 1 and 5 in Figs. 5 and 6!.
This also gives rise to a far deeper local minimum on them
vs a dependence due to the EPR whenVb 5` in comparison
with that forVb560 meV. Our calculations for the parabol
case show thatmLO (m IF andmLO1IF) increases~decreases!
about 2 times when the height changes fromVb5` to Vb
560 meV.42

The interdiffusion of the adjacent layers o
PbTe/PbxSn12xTe QW makes the interfaces not perfec
which can cause an asymmetry of QW and violation of
transition rules for the EPI. The calculations show that r
sonable asymmetry of QW does not produce a visible cha

e
-

FIG. 8. Illustration of influence of the nonparabolicity on depe
dence of the mobility vs QW width~at T577 K) and temperature
~at a5150 Å). Configuration 1a. PbTe/Pb0.8Sn0.2Te, Vb

560 meV, two-subband system, scattering from the confined
and IF modes. Solid line for the nonparabolicity approximati
~subband nonparabolicity and in-plane effective mass quantizat!
@by Eqs.~4! and ~5!#. Dashes for the subband nonparabolicity a
proximation@by Eq. ~4! with m',l* (a)5m'

0 ]. Dots for the parabo-
licity approximation.
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of the mobility ~if the discrepancy between the left and rig
barrier heights is less than 10%).

Figures 5 and 6~lines 1 and 4! demonstrate that popula
tion of the second subband by electrons induces a mob
decrease in the two-subband system. This means tha
mobility of electrons in the second subband is smaller th
that in the first one. Effective masses and scattering r
which are larger in the second subband compared to the
one ~in the considered intervals of the QW widths and te
peratures! are found to be responsible for that. Besides, lin
1 and 4 in Fig. 6 illustrate that the mobility of a man
subband system is essentially affected by the electrons
higher subband as long as the gap between this subband
the lowest one does not exceedkBT. The fact that the mo-
bility is actually determined by the intrasubband transitio
~beyond the EPR! accounts for this property.

Equations~4!, ~5!, ~6!, and ~9! show that both the sub
band number and the angle between the QW growth axis
the valley axis affect the effective mass values. In additi
this influence on mobility depends upon the scatter
mechanism~here we do not consider the difference betwe
the electron wave functions for thê111& valley and ‘‘ob-
lique’’ valleys!. This leads to a difference between electr
mobilities in: ~i! the ^111& valley and an ‘‘oblique’’ one,~ii !
a lower subband and a higher one, as shown in Fig. 7.
effect of effective mass quantization gives rise to a cons
erable reduction of the mobility for configuration 1b com
pared to that for configuration 1a. The effect of the subba
nonparabolicity results in an outstanding increase of the
bility for configuration 2 in comparison with configuration
1b and 1a.

D. Electrophonon resonance effect

Since we consider the two-subband system, the elec
phonon resonance effect has to be taken into account.
predicted by Xu and coworkers43 that every time as the en
ergy difference between two subbands equals the energ
the LO phonon there is a resonant scattering reducing
mobility, and the conductivity is expected to oscillate as
function of the energy difference. This must affect the d
pendence of the mobility upon the QW width.

In the two-subband system there exist only two transitio
that exhibit a resonance behavior of their scattering rates~i!
Transition with emission from the upper subband to
lower one (2→1). ~ii ! Transition with absorption from the
lower subband to the upper one (1→2), with a low kinetic
energy of the electrons. The resonance in scattering rate
function of the QW width~Fig. 4! occurs due to two reasons
The energy conservation law leads to a steplike behavio
QW-width dependence of scattering rates, e.g.,W21

(em)(a), in
the intervala>a0 (a0 corresponds to the energy gapn12
5\va). On the other hand, it is the dependence of the E
upon q that reducesW21

(em)(a) drastically with decreasinga
whena<a0.

For our two-subband systemn125\va at a0'140 Å
for PbTe/Pb0.8Sn0.2Te and ata0'180 Å for Pb0.8Sn0.2Te
FSS witha5LO,s1 ,a1 ,s,a, Fig. 1.

When a is close toa0, some of the intersubband trans
tions become stronger than intrasubband ones, and the
tering 2→1 becomes the most effective reason to cause
ty
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local minimum appearance on the mobility vs QW-wid
dependence~Fig. 5!. The nonparabolicity makes the loca
minimum considerably deeper. The EPR is in fact unaffec
by temperature.

It is seen from Fig. 5 that the EPR occurs differently f
different modes in spite of their close frequencies. Two m
distinctions exist:~a! between the EPR for the confined L
and the interface~IF and SO! modes;~b! between the EPR
for s1 , a1 modes ands, a modes. The first distinction is
caused by the stronger QW-width dependence of the EP
the interface modes as compared with that for the LO mod
the EPR for the interface modes is smoothed. The sec
distinction is given rise to the stronger polarization field
the SO modes compared to the IF modes.

It is interesting to compare the depth of the resonances
the dependenciesm vs a presented here with the results
Xu et al.43 where the phonons are considered as usual b
LO modes. In Ref. 43 the conductivity changes are ab
30% at the EPR, while in our case such changes do
exceed 15% for the scattering from the LO, IF, and S
modes separately as well as from the LO and interface mo
together. The scattering from the confined LO modes
Vb5` produces the mobility change of about 30%.

Finally, we make some remarks concerning the oscillat
of m(a) predicted in Ref. 43. Generally,ma(a) might be
expected to have such an oscillation, i.e., to have a num
of local minima when energy gap between some pair of
subbands equals to\va . This leads to a series ofa0,i . How-
ever, there are two reasons hindering the oscillation. Firs
for a being far enough froma0 i , the intrasubband scatterin
is the controlling factor. Secondly, the most pronounced E
is caused by transitions between the lowest subband and
second one, while the upper subbands do not participate
tively in the transport because of a much smaller density
the electrons in them. Nevertheless, there could be ano
possibility for the oscillation for a QW with a number o
phonon modes with rather distant frequencies. Such re
nances in the transitions 2→1 could be expected to be rathe
deep.

The EPR could be observed in the mobility depende
upon the external pressure applied to QW since the pres
affects the gap between the subbands.

IV. CONCLUSIONS

The most important results obtained in this paper can
summarized as follows.

~1! The electrons in the QW layer o
PbTe/PbxSn12xTe/PbTe interact virtually only with the pho
non modes with frequencies close to that of bulk longitudi
vibrations of the same layer.

~2! The dominant mobility-limiting mechanism is th
scattering from the confined LO modes if the QW wid
exceeds 120 Å (230 Å ) at 300 K (77 K), otherwise th
IF modes dominate. The phonon engineering is not ap
cable.

~3! It is shown that the nonparabolicity of the electro
energy dispersion law in a QW can be effectively reduced
the two separate effects:~a! the subband nonparabolicity,~b!
the in-plane effective mass quantization.

~4! The energy dispersion law of the low-subband ele
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trons in PbxSn12xTe QW is essentially nonparabolic. Influ
ence of the nonparabolicity on the mobility is actually re
resented by the subband nonparabolicity alone if the Q
width exceeds 250 Å , otherwise the in-plane mass qua
zation effect arises.

~5! The increase of barrier height causes the mobi
growing due to mainly weakening subband nonparabolic

~6! The mobility of many-subband system is limite
mostly by the intrasubband scattering~beyond the EPR!. The
mobility of the electrons in a higher subband is smaller th
that in the first one because of a larger effective mass
bigger scattering rates in a higher subband. Electrons
higher subband essentially affect the mobility if the gap
tween their subband and the ground one does not ex
kBT.

~7! A considerable difference between the mobilities
QW structures with different growth axes is caused by d
.
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ferent effects of the subband nonparabolicity and the
plane mass quantization in them.

~8! The electrophonon resonance effect is determin
mainly by the transitions of electron from the second su
band to the first one accompanied by phonon emission.
subband nonparabolicity makes the resonance sharper. T
is a local minimum on the QW-width dependence of t
mobility due to the EPR. This minimum occurs at the wid
near 140 Å for PbTe/PbxSn12xTe and 180 Å for
Pb0.8Sn0.2Te FSS, with thê 111& growth axis.
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