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Density-functional calculations of magnetoplasmons in quantum rings
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We have studied the structure and dipole charge-density response of nanorings as a function of the magnetic
field using local-spin-density-functional theory. Two small rings consisting of 12 and 22 electrons confined by
a positively charged background are used to represent the cases of narrow and wide rings. The results are
gualitatively compared with experimental data existing on microrings and on antidots. A smaller ring contain-
ing five electrons is also analyzed to allow for a closer comparison with a recent experiment on a two-electron
guantum ring[S0163-182809)02723-X

[. INTRODUCTION trum and magnetic moment associated with the persistent
current in a quantum rintf

The study of collective excitations in bounded two- The far-infrared(FIR) charge-density excitatiofCDE)
dimensional electron systeni8DES’S is a subject of cur- appears to depend on the ring width. The measured CDE's
rent interest, especially for the particular geometry calledRef. 9 are bundled into a high-energy group and a low-
“quantum dot” in which a number of electrons is confined energy group, which in contradistinction with the case of
into a rather small, almost two-dimensional region producediots do not merge a@=0. The low-energy peaks arrange
by present available etching technologies, and for the quasinto two distinct branches. For narrow ringslR’s), both
one-dimensional structures called quantum wifese, for have a negativ@ dispersion, whereas for broad rin@@R’s)
example, Refs. 1 and 2 for a comprehensive description ofne branch displays a positiBedispersion at small magnetic
guantum dots and wirgsLess effort has been put in the fields. The high energy peaks arrange into Gm&rrow ring
investigation of these excitations in quantum antidots, i.e.or several(broad ring branches. The high-energy branches
the reversed structure of dots made in the 2DESs. display a negativ® dispersion at small magnetic fields.

Recently, magnetoplasmons arising in a ring-confining The low-energy peaks have been explained as edge mag-
geometry have also attracted some interest. The first expemetoplasmons excited at the inner and outer boundaries of the
mental studies concerned structures on the micron scaleing®!! whereas the high-energy peaks are bulk
etched into a molecular-beam-epitaxy-grovadoped GaAs- magnetoplasmon&. It is worth recalling that in the case of
GaAl,_,As heterostructure, of outer diameteb0 um and  antidots, only one edge magnetoplasmon is detected whose
inner diameter in the 12—3@m range. The observed mag- energy goes to zero with.>#t thus seems that the observed
netoplasmon resonandesear some of the properties of the ring plasmons exhibit features of either dots or antidots de-
dynamical response of a classical 2DE%ater on, a hydro-  pending on the ring wideness aBdvalue.
dynamic theory based on the Thomas-Fermi-Dirac—von Very recently, nanorings in InAs-GaAs heterostructures
Weizsaker approximation has been udkdo describeN  have been fabricated in the 15—40 nm radius rdiiged the
=400 electron rings which yields a good account of the exFIR response has been measured for a two-electron‘ting.
perimental data after an appropriate scaling of them at zerdwo sets of peaks appear in the response, as in the case of
magnetic field B). Plasmon modes in very narrow rings microrings. Depending on tH# value, 1-3 main peaks have
have been described within a Hartree plus random-phadeeen detected and arranged into four energy branche$Bwith
approximationt? and the charge-density response of a dotispersions which seem to differ from the microring
with a repulsive impurity in its center has also been workedsystematics® The two branches starting from thB=0
out!® The optical absorption and inelastic scattering of ahigh-energy peak are similar to those of quantum dots, and
two-electron quantum ring of a rather large radi480 nm) according to the analysis of the experimental data presented
and width(20 nm) has been discussed in det4diand single-  in Ref. 18, the two branches corresponding to the low-energy
electron properties of quantum rings with parabolic confinepeaks both seem to display a positiBedispersion. It is
ment have been discussEdyith the aim of determining the worth noting that the experimental results on microrings
effect of electron-electron interactions on the energy speceover a lowB range(up to 2 T), whereas the ones on nan-
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orings extend up to 14 T, but no data on the low-energyson between TDLSDFT and experimental results still to
nanoring peaks have been recorded below 4 T. come.

The studied nanorings present an elongation in the This work is organized as follows. In Sec. Il we discuss
[1,—1,0] direction. It is likely not preventing the electrons the results we have obtained for the ring ground stas’s),
too much from being circularly distributed. Otherwise,Bat which are the starting point for the study of their charge
=0 the two high-energy branches would not merge at all, aslensity excitations presented in Sec. Ill. Finally, concluding
they seem to do. A similar situation, namely, a noncircularlyremarks are given in Sec. IV.
symmetric dot hosting a quite circularly symmetric elec-
tronic ansity, is_ also fqund for few-electron q_uantum ddts. Il. GROUND STATE OF QUANTUM RINGS
In addition, during their manufacture nanorings had to be
further covered to complete the necessary layer structure. We consider a circularly symmetric quantum ring made of
All this might result in nontrivial changes with respect to the N electrons moving in the=0 plane. The confining poten-
CDE’s of a “clean,” circularly symmetric ring, and it calls tial V*(r) is that created byN™ positive charges uniformly
for a microscopic investigation in which the basic ingredi- distributed between an outeR§) radius and innerR;) ra-
ents for a proper description of such nanostructures are takefius in the presence of a constant magnetic feléh the
into account and might guide the experimental analysis as positive z direction. In the local-spin-density approximation
kind of “reference spectrum” obtained under controlled (LSDA), the single-electron wave functions are given by the
geometrical conditions. solution of the Kohn-ShanKS) equation

Here we present three such spectra obtained within time-
dependent local-spin density functional the¢6R\DLSDFT).
The first two correspond to circularly symmetric nanorings
made of 12 and 22 electrons embedded into a GaAs-
GaAl;_,As heterostructure. Although the method can
handle a smaller number of electrons, the possibility of de-
scribing the two-electron structdfes beyond its reach, and
for that reason we have limited it from the start, presenting =€,94(1,0). (1)
only results obtained for a five-electron nanoring of equal
size as a third example. It is doubtless that the natural evo- TheV™(r) potential is analytical and can be expressed in
lution of the field will make possible a quantitative compari- terms of the ellipticE andK functions?°

1 1 1
- §V2+ S+ gwﬁrz—v*(r)+v'*+vXC

1
| weet Eg*MBB)az Pulr,0)

f{ r r .
ROE(R_O)_RIE(E) if r<R,
L. 4NT (r) (Ri Ri\?] [Ri\ .
\Y (r)—m< R.E R_o —-rE T +r 1—(7) }K(T) if Re>r>R, 2
ME —|—-El—|+|1-|{—] [K|—|—|1-|—] |K|— if r>R,.
\ r r r r r r

We have thoroughly used effective atomic units ( NR, and Fig. 2 in the case of the BR. In the latter case, at
=e?’/e=m=1), wheree is the dielectric constant of the B=0 the central electron density is not zero, but it is around
semiconductor, andn is the electron effective mass. The two orders of magnitude smaller than its maximum value. At
definition of theV", V*°, and W*° potentials entering Eq. present, it is unclear to us whether a different confining po-
(1*)’ as well as the values of the electron effective maasd  (enyia| that prevents the electrons from having a sizable prob-
gap\gglare using for GaAs, were given in the pr‘:"Ced'ngability of being inside the ring “hole,” like the parabolic

) . I . confinement of Ref. 15, would be more realistic.
As previously indicated, we have considered two nano- In the case of the NR, the electronic density has no struc-

rings. The narrow one haR,=100 nm, R;=70 nm, N ) T .
=12, andN*=14, and the broad on&,=100 nm, R; ture, presenting a Gaussian-like shape whose width decreases

=37.5 nm,N=22, andN"=24. These values have been With increasingB. In contradistinction, in the BR an incipient

selected so that both rings have roughly the same averad@llk density region appears as well as the characteristic

surface densities as in thé=25, quantum dot described in PUMP” at the edges clearly visible in dots confined by a

Refs. 22, 23, and 21, as well as the same outer radius. Thi#isk geometry’

would allow us to make a comparison between FIR modes Figures 3 and 4 represent the single-partisig energies

arising in somehow similar dot and ring geometries. Theas a function of the single electron orbital angular momen-

radii ratio in the broad ring is similar to that of Ref. 18. tum | and differentB values. TheN=12 ring becomes fully
Figure 1 represents several electron densities for selectgablarized betweeB=2 and 3 T, and theN=22 ring be-

B values as a function of the radial distance in the case of theveenB=3 and 4 T(in theN=25 quantum déf it happens
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FIG. 1. Electronic densities (£®cm™2) as a function of the RN . LT ELEEEEE
radial distancenm) for the narrow ring. 4r Bo3T B=4T .
S oo AR
atB~3.6 T). It can be seen from the corresponding panels in 52 . or 1
these figures that =0 both rings have @ component of i N S T O it
the total spin different from zerd§,=1. Since theN=10 T T e
a_md 20 rings are closed shell systems, this mea_ns_th_at Hund'’s 6 10 14 18 22 26 12 16 20 24 28
first rule is obeyed by these small rings, as it is in small 1 !
dots?*

The sp energies are aranged into bancs whih are bepy 7. Snoepertce shees e rcion o bl g
upwards at both ends not only at Idv This is a peculiarity P g1 . 9. . X
; . . represent the electron chemical potential. The full, upright triangles
of the ring geometry, which simultaneously bears the char- _ ! .
- . . representr=1 bands, and the empty, downright triangles represent
acteristics of dot and antidot bands, the former ones bendlng_ b
. 5 . = bands.
upwards at high, and the later ones at smalf® The exis-
tence of two bendings when a magnetic field is applied is the
microscopic origin of the two edge magnetoplasmons, as we
shall discuss in the Sec. Ill.

When the ring becomes fully polarized, increasBidur-

ther produces the displacement as a whole of the set of oc- MM -2 ) B
cupied sp levels to highéts. We have found that this is the e SRS L S
mechanism rings have to keep at its total orbital angular <= 11 : 1 . B=05T.

; ; ; (] 1ot . B
momentumL, increasing withB. That can be seen, for ex- E Ll T — 6, 1 L ]
ample, in the higlB panels corresponding to the NRee & ERRe T et s
also Fig. 1). In Fig. 5 we plot the evolution of , and 25, B=0T S S
with B for the NR, and in Fig. 6 we do so for the BR. 12 e 10 . : : .

The shifting upwards i of the whole sp spectrum with
x P e e
. . . = L e i 4 frgazt’ ]
12 o B=2T it
= x ..l'. .'. 0'l Trgggzd’ E
()] z x .
E4[" ottt 7 N Lt
u:g ) - : A Trygat 1
== = 4
1 -8r -_._,-'l 1 -8 F Trisras 0% ]
e 4 0 4 8 12 o 4 8 12
%]
© . e o . . e
= 5 Lo RESIMOREC (110 00 RN IS
| et BasT 5l Sy T
2 0 i
o L 77 I,
57 .:', A ‘A.‘ 5 | 4 TreveersvaserorerorreeT ]
-1 . . T ) . ,
160 0 0 8 16 24 0 0 8 16 24
Il 1

FIG. 2. Same as Fig. 1 for the broad ring. FIG. 4. Same as Fig. 3 for the broad ring.
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FIG. 5. Total orbital and spin angular momeitaand 2S, as a 1 05T
function of B for the narrow ring. The dashed lines are drawn to
guide the eye.
0
increasingB is a distinct characteristic of rings that deserves 0 2 4 m(me?/) 8 10

further investigation. In quantum dots, the stability region in
the N-B phase plane of the fully polarized configuration, FiG. 7. Strength functiorfarbitrary unit$ as a function of the
called the maximum density droplet state, built from sp or-excitation energy(meV) for the narrow ring at severd values.
bitals havingl=0,12...N—1?%?"is limited from the left The arrows indicate the value of the cyclotron frequency. The
by a line B; representing, for a given number number of (—) or (+) symbol close to the more intense peaks denotes the
electrons, the magnetic field at whicls2=N, and from the character of the dipole polarization.

right by a lineB, at which edge reconstruction stafts>°

This is a rather narrow region, a few tenths of a tesla wfide, IIl. CHARGE-DENSITY EXCITATIONS

because after being fully polarized the magnetic field is very OF A QUANTUM RING

effective in promoting electrons from high to highkersp ) ] )
levels, reconstructing the dot edge. In rings this is not quite Once the gs has been obtained, we determine the induced

s0, because the existence of an electron depletion at the cefensities originating from an external field employing linear-
ter and the consequent upward bending of the sp bands dESponse theory. We refer the reader to Ref. 21 for a thor-
lows for an alternative mechanism to keep increading ©ugh discussion of the longitudinal response in quantum
while retaining the simplicity of the gs wave function, dots, and of its direct applicability to quantum rings. _
namely, a Slater determinant made of the lowest poskike Figures 7 and 8 show the charge-density strength function
states from a minimunh,, to a maximuml,, such thatN

=ly—Int1. Taking as an example the situation of the NR, ' '
atB=11 T we have found thdt,=54 andl,,=65. It might - B=4T
well happen that, for quantum rings, no equivalent kind of LA
edge reconstruction mechanism exists, but addressing this
point is beyond the capabilities of the density functional we T
are using. ~L A 8
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FIG. 6. Same as Fig. 5 for the broad ring. FIG. 8. Same as Fig. 7 for the broad ring.
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for theN=12 and 22 electron rings, respectively, and several
B values. The plus or minus sign close to the more intense
peaks indicates that they originated either frdihf;”) or B=1T
Df)_l), which are the dipole vectors defined in Ref. 21. Ob-
viously, at zero magnetic field;+) and (—) excitations are
degenerated.

The CDE’s displayed in these figures are easier to under-
stand starting from the higB-results, and keeping in mind
the sp levels drawn in Figs. 3 and 4. First notice that as in
dots, the(+) low-energy modes are intraband CDE’s from
the outer ring boundary. The~() low-energy modes are in-
traband CDE’s of the inner ring boundary, obviously absent
in dots. However, they are the only edge modes in
antidots>* The (+) modes arise when the dipole field
changes the totdl, of the ring by +1, and the ) modes
when this change is- 1. Figures 3 and 4 show, indeed, that
both kinds ofedgemodes are possible in rings.

The higher-energy peaks are bulk modes arising from in-
terband transitions. At moderaRevalues, both positive and
negative high-energy peaks are present in the strength, but at
high-B values only modes excited uyf;l) have an appre- )
ciable intensity: as in the dot case, the) low-energy edge 0
mode takes all the strength corresponding to I]}j)'él) op- o (meV)
erator.

Figure 3 shows that for Somvah_]es' the sp energies are FIG. 9. Strength fUnCtiomarbitrary Unit$ atB=1 T as a func-
distributed following a very symmetric pattern as a functiontion of the excitation energgmeV) for the narrow ring(top panel
of I. This is the reason why sometimés) and (-) edge and ’_[he broad ringbottom pan@l The sollq I|n'e is th_e charge-
modes are nearly degenerated. Their splitting is not reguleﬁiens'ty response, the doFted line the longitudinal spin-density re-
as a function ofB, indicating a kind of “shell structure” sponse, and the dashed line the free-electron response.
effect that only a microscopic model can reveal. Still, the
gross features of the three energy branches displayed in Fi
7 is very similar to that of narrow microrings:* two low- 1
energy edge modes with a negatiBedispersion, a high- 2~ | Ar Ay~
energy mode which at low has a negative dispersion, and 2 2N drAVE(r)e(r)- @

eventually a positiv8 dispersion at high magnetic fields.

At zero magnetic field, or generally speaking, at I8y  Taking a parabolasgr/2 as the confining potential * (r)
CDE’s are delocalized as in the case of quantum dots. Ndor a dot, andw§(r —R)?/2 for a ring of mean radiug hav-
tice, for instance, that+) and (—) excitations are degener- ing the same number of electrons, one can easily check that
ated, and it makes no sense to associate either of them wifh = w, for the dot, and)~ w, /2 for a narrow ring, or for
excitations coming from the inner or outer ring boundary. Ina ring broad enough so that the electronic density can be
addition, in the case of BR’s the lo®-strength is rather considered as being constant.
fragmented, rendering the analysis more complex. It is worth The FIR response of BR rings also has some features in
recalling that a similar fragmentation occurs in the case otommon with antidots, which we recall that Bt-0 basi-
dots if one uses a positively charged disk to model the coneally comes from theDf,’l) component of the dipole opera-
fining potential® Still, two quite distinct structures, one at tor. One is theB dispersion of the inner edge mode. The
high excitation energies and another at low excitation enerether one is the transfer of strength from the low- to the

gies, are present &=0 in the case of rings, whose origin high-energy ) peak®*

fjequency of the dipole mode can be writterf°as

can be traced back from the results at higghand one may In all cases we have studied, CDE’s emerge as collective
associate the low-energy peaks with intraband transitions angeaks. The residual electron-hole-h) interaction shifts
the high-energy peaks with interband transitions. CDE'’s to higher energies from the sp excitatioi®PE’'g

In the BR case, th& dispersion of the {) edge mode is  which constitute the free respon@ee Fig. 10 beloyv In the
first positive; it reaches a maximum at arouBet1 T, and  longitudinal spin case, the residual interaction is attractive
then becomes negative. The high-energy peaks with appréut weak, as it is only due to the exchange-correlation po-
ciable strength are now only{) modes. Again, these fea- tential. As an example, in Fig. 9 we show the three responses
tures are those displayed by broad microrings. for the NR's and BR's aB=1 T.

For quantum dots and rings of similar size and electron Finally, we discuss the results we have obtained for a
number, one expects that the energy of BreO mode is nanoring more similar to that experimentally studt&dn
lower for the ring than for the dot. Actually, this is an ex- this caseR,=40 nm,R;=15 nm, andN=N"=5. Figure 10
perimental facf that can be qualitatively explained using a shows the charge-density strength function at sev@nzl-
sum rule method. We have found thatBx0 the average ues, and Fig. 11 the sp energy levels.
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FIG. 10. Same as Fig. 7 for tfé=N*=5 nanoring withR,
=40 nm andR;=15 nm. The free strength function is also plotted
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Basically, the results are qualitatively similar to those of
the broad nanoring already discusdgidey have the same
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antidot case already pointed out. The transfer is possible be-
cause both branches have the same polarization. The cou-
pling is very inefficient in narrow rings, and the-{ high-

and low-energy peaks keep their own strength. This is the

situation displayed in Fig. 7 for the=12 ring.

It is worth noting the evolution of the-{) edge mode
with B, which is a rather high-energy mode with a positie
dispersion fronB=1to 4 T, and whose energy abruptly falls
between 4.5 and 5 T. This decrease is due to a change in the
occupied sp levels, which illustrates the relevance of shell
effects especially in the case of a small number of electrons.
A look at the panels correspondingBe=2and 5 T inFig. 11
explains the effect. It can be seen how asymmetrically are
distributed the sp levels, with a much larger energy differ-
ence for thee-h pairs contributing to the edge excitation of
the inner ring boundary than for those building the edge
excitation of the outer boundary. This explains the large en-
ergy of the (~) edge excitation up t8~4.5 T. Of course,
this is a qualitative argument, since the residesl interac-
tion has a sizable effect in the charge-density channel. Con-
versely, atB=5 T and above, the sp levels are distributed
more symmetrically, the-h energy differences are smaller,
and the(+) and (—) edge modes follow the BR systematics.

IV. SUMMARY AND OUTLOOK

In this work we have studied CDE's in quantum rings in

Ro/R; ratio).. When a magnetic field is applied, one cangome detail. We have confirmed the expectations put forward
clearly see the transfer of strength between the edge and bull) panjet al? that plasmon resonances in quantum rings are
(=) branches a8 increases, which is quite similar to the gominated to a large extent by geometric effects, although

€,,,(mev)

€,,,(mev)

£,,(meV)

FIG. 11. Same as Fig. 3 for tté=N"=5 nanoring, withR,
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shell effects may cause, in the case of few electron nano-
rings, effects that cannot be systematized. Apart from an ex-
ample, we have restricted our analysis to CDE’s. It would be
as simple to describe SDE’s and SPE’s within TDLSDFT,
much along the case of quantum dtst experimental in-
formation becomes available.

Our work complements the theoretical description of mi-
crorings made by ZarembaEven if a kind of characteristic
pattern can be established for narrow or broad nanorings, this
confining geometry allows us to study much richer spectra
than in dots or antidots. It might then offer the possibility of
testing theoretical descriptions that equally well describe
plasmon modes in quantum dots, even if their complexity is
quite different.

The lack of experimental results for nanorings hosting
several electrons has not allowed us to make a quantitative
comparison of our calculations with experiments. A qualita-
tive comparison between the calculatde=5 spectrum and
the measuredN=2 FIR spectrurtf is inconclusive. To ar-
range the peaks into branches and disentangl@®ttisper-
sion of the plasmon modes unambiguously, it would be es-
sential to assign the polarization state experimentally to the
main energy peaks. This has been paramount in the analysis
of the theoretical FIR response, which otherwise would have
not allowed us to distinguish between peak fragmentation
and different plasmon branches in some cases. Alternatively,
calculations for rings with as many electrons as in the ex-
periments might guide one to distribute the experimental
data into branches. TDLSDFT may be a useful tool for doing
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