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Local-density calculations of the electronic structure of FeSi, F¢8i,, and Fe_,Ir,Si systems in the
B20 structure are presented. Pure FeSi has a semiconducting gap of 6 mRy at 0 K. Effects of ten{@rature
in terms of electronic and vibrational excitations are included. Various measurable properties, such as magnetic
susceptibilityx(T), electronic specific he&(T), thermoelectric powe$(T), relative variations in resistivity
p(T), and peak positions in the density of staP©9) are calculated. The feedback from vibrational disorder
onto the electronic structure is found to be essential for a good description of most properties, although the
results forS(T) in undoped FeSi can be described up to about 150 K without considerations of disorder. Above
this T, only the filling of the gap due to disorder accompanied by exchange enhancement, can explain the large
susceptiblity. The overall good agreement with experimental data for most properties in doped and pure FeSi
suggests that this system is well described by local-density approximation even at large T. Doped FeSi can be
described quite well from rigid-band shifts of the Fermi energy on the DOS of pure FeSi. Spin polarization in
Ir-doped FeSi leads to a semimetallic magnetic state at lof80163-18209)07123-4

I. INTRODUCTION terms of normal transition probabilities using the LDA band
structure, and this inspired Fet al® to propose that strong
The FeSi system has been much studied since the eartprrelation in the form of Kondo-like excitations causes dis-
work of Jaccarincet al,! which showed that the magnetic order of the band structure. The large valueyoind C at
susceptibility and specific heat have unusually strong temlarge T can be modeled by very large and narrow density of
perature(T) dependence. A renewed interest in this materialtate (DOS)-peaks on both sides of the g, but such
is reflected in the large number of experimental and theoretpeaks need to be much larger than, and are incompatible
ical works that have been published in the last few y@al&. with, what is found from band theory.
Part of the interest is technological. A large thermopower in  On the other hand, many properties at low T as well as in
combination with low resistivity and thermal conductivity of doped FeSi agree well with the band results. In addition to
a semiconductor, could be exploited in form of a Peltier re-the resistivity and optical data as mentioned earlier, the mea-
frigerator. Experimental studies indicate that FeSi has optisured thermopowét is very well reproduced by Boltzmann
mal properties for this in the temperature range near 100 Ktheory using LDA bands for slight hole dopifidvioreover,
although they are not large enough for practicalthe pressure dependence of the magnetic susceptibility has
applicationst! But most studies deal with the physics of been found to follow the calculated variation of the band
FeSi, to find the reasons for its unusual properties. Much offap® Recent studies of doped FeSi conclude likewise that
the discussion concerns the properties at high T, where margw-T properties are well described by LDA results, while at
properties cannot be explained by traditional means. At lowarger T the systems look more like what is typically seen in
T, resistivity p(T) and optical measurements agree withKondo insulators with heavy mass featutés.
band theory in that FeSi is a very narrow gap semiconductor, A different picture of the FeSi system comes from LDA
whereas the opinions diverge on what happens at large Falculations which consider thermal disord&t* The effec-
(from ~150 K and above Most properties indicate that tive DOS atEf increases more rapidly with T than what is
FeSi is metallic and exchange enhanced at large T, whicbbtained from a Fermi-Dirac smearing only. The calculated
seem incompatible with the gap being 4-7 mRy as obtaineg(T) is in satisfactory agreement with experiment in this
from the band results based on the local-density approximacase'* and the band filling is simply a result of the thermal
tion (LDA).2~" Some recent works propose that FeSi is ex-disorder. The DOS peaks near the gap become broadened
otic in the sense that it cannot be described by LDA at largeand fill gradually the gap, much like what has been observed
T, because of strong correlation, Kondo screening or Motin  angular resolved photoemissidn and  optical
localization®’ measurements® Qualitatively, the effect of disorder on
Optical data agree well with LDA bands and show a gapmany DOS-dependent properties, is similar to the effect of
of about 5 mRy aff =0, but this gap disappears already atFermi-Dirac smearing. But the temperature scale has to be
about 200 K& This work claimed also that there is a “miss- redefined. This is exemplified by the T variation of the quad-
ing intensity” so that the total intensity in the filled gap at rupole splitting on Fe, when it is interpreted via a Fermi-
large T, was not compensated by the intensity from abov®irac smearing of the DOS determined for the ordered lat-
gap in the low-T data. This conclusion was later refuted intice; a good fit to experiment was found when the
new measurements by Degiomgial.® although the unusual temperature scale was renormalized by a factor of 10.
disappearence of the gap made these authors propose a MottAt very low T it is likely that impurities play a role in
localization. The optical data cannot be explained in simpledetermining the properties of pure FeSi, for instance in the
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often seen upturn iry at the lowest T. Measurements of  Three compositions with doped FeSi were considered,;
x, C, andp below about 10 K, show anomalies, which can Fe,Si;Al, Fe;;Siz;Al, and Fe,lrSis,, using one Ir(or Al)
be interpreted in terms of Anderson-localization of impurity impurity atom per Fgor Si site in cells of totally 8 or 64
states-® atoms. The lattice constants were the same as for pure FeSi,
The purpose of this paper is to investigate how the elecand no lattice relaxation around the impurity atoms was con-
tronic structure and various properties are affected by thsidered.
thermal disorder and doping. Part of these results have been Two methods for the calculation of the exchange en-
published in shortened forfi:>4while here more complete hancementS are employed. Spin-polarized, self-consistent
results are presented. Further, new results of Al- and Irealculations are done for the 8-atom cells including the ap-
doped FeSi are presented, as well as a more detailed descrjgied magnetic fieldH which gives the enhancemeng)( of
tion of the methods of calculation. the susceptibility. The enhancement is defined as the ratio
between the self-consistent exchange splittinggaand the
magnetic-field energ$’ This ratio can be different at differ-
entk points and for different bands, while here it is sufficient
A. Electronic structure to know the Fermi surface average&fSince the Fat DOS

The cubic compound-FeSi has eight atoms per unit cell IS the dominant DOS character near the gsge lateritis
and its crystal structure is B20, which can be viewed as gonvenient to calculate this average from the exchange split-

distorted rocksalt structufeThe structure is faily close (N9 Of the logarithmic derivative of the radial-wave
packed with a “touching sphere” volume ratio of 62 percentfunctlon. This value agrees well with the more complicated

compared to 64 percent for bec. For the band calculations wE@lculation of the Fermi-surface average of the exchange
use the self-consistent, semirelativistic, linear muffin-tin or-SPlitting. This is easily understood from the fact that the

bital (LMTO) method” with LDA potentials® The basis set €xchange splitting of the potential, probed by tievave
included up tof states for the 8-atom unit cell. Supercell function atE, determines the band splittings. In cases with
calculations with 64 atoms/celiwhere the basic cell is d|sorQer t_here are Q|ﬁerences in the exchange splitting qf the
doubled in thex, y, andz direction includeds, p, andd states logarithmic derivative of tha& waves, so that one can define

in the direct basis, while thé states were included only in & local S value. There are smaller variations of the local
the 3-center terms. The calculations contain the so-calle®©S: and the relative variations of local DOS afidalues

“combined correction” terms to the overlaping spheres, butar® quite consistent with the relation betweand the DOS
no other nonspherical potential corrections are included. " EQ- (1), given below. Further, it turns out that the ex-

The use of standard LMTO in this paper is motivated bychange splitting of the bands & is close to the Fe-site
the fact that none of the studied properties require a “full-average of the locab values, as is expected from a pertur-
potential” method. Calculations of elastic constants in bccPative calculation where the contribution from Si sites is
and fcc metals including full-potential corrections, based orflMost nonexistent because of their very low DOS. _
calculations of differences in total energies for different dis- The other method to calculate exchange enhancement is
tortions, showed that these corrections were essential for thda the Stoner factof as obtained from the paramagnetic
value of the elastic constants, but the effect on the DOS ibands. This method assumes frozen potential conditions and
hardly visible!® This fact is comforting here, where DOS- is less accurate than the fully self-consistent method. But the
related properties are studied. The substantial gain in contesults are usually quite good and largely sufficient for a
putational speed using standard LMTO instead of a full-qualitative understanding of magnetic properties, and the
potential method is essential when large super cells are to baethod is very simple. Therefore, we will base much of the
studied (with a sufficient number ok points, since super discussion of near magnetic properties on the simple Stoner
cells are needed to avoid short-range periodicity for disormodel, and here we use the method for Ca|cu|a§qg)r
Sig:]id cases, and for studies of dilute impurity concentraéompoundg_z The relation betwees andS is

T-dependent electronic excitations are included via the
Fermi-Dirac functiorf® The tetrahedron method is used for
thek space integrations, using 343 andksdoints in 1/8th of — . . .
the Brillouin Zone for the small and large unit cell, respec-WhereS s proportional to the DOS\.. This method is based
tively. Many k points are needed to describe the sharp peak@n the assumptions of a spacially uniform exchange splitting,
in the DOS near the gap. Band crossings are not taken intand tha_t only k|net|c_and_exchange energies contribute. How-
account, and this explains why the DOS from the two uniteVer, in some situations also the Coulomb energy
cells are not identical for the ordered structure. The DOSPoNtributes’® and the exchange splitting in compounds is in
from the 64-atom cell shows some additional “noise” at 9eneral not uniform in each atom type, which explains why
some energies, but the gé&and the DOS near to)ifs iden- the Stoner mo'del can pe less Pprecise than the first method.
tical as it should. The stable behavior of the DOS in the gag ully self-consistent, spin-polarized calculations could not be
region, for varying numbers df points and of basis size, is Made for all 64-atom cases, while in the computationally
important because the properties that are studied in this pap&impler case of 8 atoms/cell it was possible to compare the
depend directly on the DOS near the gap. No calculation ofésults from the two methods. In the following, when we
the effective mass from the second derivative of the bandluote a value of it is the exchange enhancement calculated
dispersion has been attempted because of the problem withby the first method. When it has been determinedSrend
limited k point mesh. Eq. (1), it is explicitly pointed out. The term “Stoner en-

IIl. METHODS OF CALCULATION

S=1/(1-9), N
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hancement” refers to “exchange enhancement” when usingnto the electronic structure is due to the amplitudes of vi-

the Stoner model for its estimation. brations rather than the phonon energies. Therefore, one can
The electron-phonon coupling, is calculated in the rigid proceed more simply and avoid a full phonon calculation, by

muffin-tin approximation(RMTA) for compound$? This  considering the vibrational energy of individual sites.

gives the dipole contribution to the coupling, and even if the The harmonic approximation considers a parabolic poten-

DOS atEg is large in the case of doping or disord&rwill tial well for atomic vibrations. The potential energy

never be very large. This is because the DOS is dominatee 0.5Ku? is characterized by a force constaGtwhereu is

by Fed only. For instance, in the regions just below or the displacement, and the kinetic energy isM(8u/dt)?.

above the gap, wherEg is located for interesting doping The sum of time averages of these two energies is constant,

concentrations, the percentagessop, d, andf character on  Ku?. Putting this equal to the thermal energyT, and add-

Fe are 1, 3, 95, and 1 in FeSi, while in bcc Nb their percenting three such oscillatorgthree-dimensions give 3kgT

ages atEg are 3, 20, 73, and 4. This makes products like=Ku?, where u?=uZ+ u§+ uZ. The relation between the

Np-Ng andNg- N¢ larger in Nb than in FeSi, even when the averageds and T becomes

total DOS per atom is similar. Such producs determine the

dipolar electronic contribution th, and\ in doped FeSi will (u?)=3kgT/K, 4

not become as large as in Nb. Owing to the weak ionicity of h he f =M w? d d h d
this material, it is not likely that the monopole contribution where the force constamt=M »* depends on the average

to A should be important phonon spectrum rather than on the Debye frequangy
The DOS and Fermi velocitiy - are calculated using the This relation can be obtained from the high-T expansion of

tetrahedron integration method for tlkespace summation. the propert p?pnon relat|(t)nt§ a? l?ﬂg "?‘s Ot.ne chargcter||st|c
This permits calculations of the transport properties such agorce constant IS representative for the vibrations, and as ‘ong

resistivity p(T) and thermopowelS(T) within Boltzmann as T is small enough so 'ghat the movements _of neighboring
25 o . .. atoms are uncorrelatédlt is also known that this leads to a
theory=> The resistivity is the inverse of the conductivity

T Gaussian distribution function fom with a certain mean-
a(T) square displacement?=(u?).
of(E,Eg,T)

a(T)zeZTf N(E,T)v2(E,T)

3/2
. 2) e u2/2¢72_ (5)
e

Q(U)=(

whereN is the DOS¢ is the Fermi velocityf the Fermi-

Dirac function,e is the electron charge, andis the scatter- The next term in the high-T expansion far?) is only
ing lifetime. 7 is assumed to be a constant, and since itsf the first term at T equal to the Debye temperatu®e),
amplitude is unknown we calculate only relative variationsand ! at T=1@,. Therefore, Eq(4) is a reasonable ap-

of p due to variations in DOS angk . In the expression for proximation even at quite low T, but not at very low T when
the thermopowers is cancelled so that an absolute value canonly acoustic modes are occupied.

be calculated. Thus, for intermediate T, we base the estimatesafido
on this simple scheme. The force constant is expressed in
S(T):eTTflf (E—Ef)N(E, TI2(E.T) terms of Op [K=M(kgOp/#)?] and ®p=c\aoBIM,
where c is a structure-dependent constant. By taking into

account that the calculated bulk moduBiss larger than that
dE/o(T). ©) for most transition metals and assumimg tbas universal,
one can estimate tha& is larger than in typical transition
metals. From this we estimaketo be about 10 eV/A. This

be explained in the next section, where changds(i) due IS consistent with a Debye temperature of 313%and a

to thermal disorder are considered. In principle, one shouldeduced FeSi mass. An uncertainy-620% inK is possible
have a smooth, continous evolution of this T dependence?d it will rescale the temperature by the same amount.
However, only a limited number disordered configurations _1nermal disorder is introduced in the LMTO calculations
can be considered because of the large computational effo/ithin the unit cells containing 8 or 64 atoms, where all sites
and there will be statistical fluctuations in the T dependenc&€COMe nonequivalent as soon as disorder is introduced.
of transport properties ang, when these properties are cal- £ach atomic position in the unit cell is given a random dis-
culated from sets of varying disorders. Therefore, we preserlacementbut totally following the Gaussian distributipm

often results that are based on a fixed DOS, and the effects §i'Ms of direction and amplitude. The averagedis calcu-
disorder are discussed qualitatively. lated from all positions and T is defined from Hd). Each

disordered configuration represents a “snapshot” of the dy-
namical thermal disorder. The assumptions of Born-
Oppenheimer conditions of fast electronic and slow
An interesting range of T is when a large part of thevibrational-relaxation times, are likely to be valid, since the
phonon spectrum has been occupied, so that acoustic as wélttice stiffness of FeSi is rather normal and since the results
as optical modes are present. The phonon spectrum can e not depend on very slow electron relaxations. In other
obtained by a diagonalization of the dynamical matrix for allwords, it is assumed that there is sufficient time for self-
g vectors, giving phonon energies and phonon wave vectorsonsistent electronic relaxation during the vibrational evolu-
at all sites. However, the primary interest for the feedbackion in time. The self-consistent calculations include the elec-

| #HEET)
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The meaning of the T dependence in the D@B8duv¢) will

B. Thermal disorder
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Ill. RESULTS

Many results of the physical properties which rely on self-
consistent spin-polarized band results are quantitatively de-
termined for a given ideal structure. However, these results
should be compared to experimental results, measured on
doped FeSi at various temperatures. Therefore, in order to
understand real cases, we sometimes need to extrapolate the
results to non-optimal doping, using rigid band assumptions,
with or without effects of thermal disorder. The discussion of
magnetic properties are sometimes based on the Stoner
model, which is useful but less accurate than a fully self-
consistent, spin-polarized calculation. Therefore, it should be
noted that the result sections contain first results for idealized
super cells, but also contain a discussion of what is probable
for other doping concentrations. These discussions are sup-

ported by the theoretical models rather than being quantita-
FIG. 1. The bands of ordered FeSi near the gap plotted along fiyely determined in all cases.

few symmetry directions in the Brillouin zone. Note that the bands
at “I'” are calculated at & point not exactly a(0,0,0. A. Band structure and density of states

The bands and the gap of FeSiTat 0 (no disordey are
tronic excitations given by the Fermi-Dirac distribution, but very similar to those published earlier using different
as was shown in Ref. 4 electronic excitations provide only anethods’~’ In Fig. 1 is shown the bands near the gap of
partial explanation of the T-dependent properties of FeSi. undistorted FeSi along some directions. The band disper-

Effects of disorder within small unit cells with different sions are very similar to those of the augmented spherical
disordered configurations can be somewhat different in theiwave (ASW) method® Also the full potential linear aug-
details, even if the averagéd?) parameter is the same. This mented plane wavé APW) bands of Ref. 2 are very similar
is because of the differences in local configurations, and iexcept for a relative shift of two states latof the order 0.2
can lead to variations of the details in the DOS. A more€V belowEg, compared to the ASW or LMTO. Quantitative
stable DOS at a given T can be Composed from the Superp@jfferences for the properties from this should be ||m|t9d,
sition of the DOS from several isothermal configurations, orSince the differences in bands are localized to one part of the
from the DOS of a much larger unit cell. The 64-atom cal-Zon€ and not affecting the gap value. The calculated lattice
culations are very slow because of self consistency, and n%onstanta0=ﬁf.43_ A is found at the minimum of the total
spin-polarized calculations at different T and applied mag€n€rdyEror.” This is about 1% smaller than the experimen-
netic field were attemped for that reason. But since the clog! 1attice constant. The bulk modul@sata, is calculated to
ing of the gap is similar in the nonmagnetic DOS functionsbe 2.2 MBars, which is considerably I_arger.than the expert-
from 64-atom and(configuration averagedd-atom cases, mental value, 1.3 MBarS| The gapE, is indirect, ranging

: ; C . from 6.1 mRy at a lattice constant of 0.88 to 5.7 mRy at
\?v?tf]iEiﬂebg_;?;:df;ltsthat the essential physics is descrlbélq%z ao. This agrees well with Fet al® and Mattheiss and

HamanA who obtainedEy=0.11 eV (8 mRy with the
ASW and LAPW band methods, respectively, and with
1800 . . . . . . . . Christenseret al® who obtained 0.1 eV using LMTO. The
latter work noted only minor changes in the gap structure
when so-called “full-potential” LMTO calculations were
performed instead of standard LMTO. The fact that the
“full-potential” gap is similar to the otherE,, which are
based on MT-type potentiafé'®’ shows that nonspherical
potentials corrections are relatively small in the B20 struc-
ture. This fact and the good agreement with the experimental
gap are fortunate facts, since the computational requirement
of supercell calculations with a full-potental code would
have been very large and since the gap value is important for
determining the T scale for many properties. The atomic
sphere radii are here 0.328, for Fe and 0.29a, for Si.
This gives only small discontinuities of the potential at the
. . . . . ' . . limits of the spheres, but as has been noted edrfigne gap
B1 w08 06 -oos ﬁ'ﬁirgy (ng) o0z oo4 006 008 is not sensitive to changes of sphere radii.
It can be noted that calculated band gaps in typical semi-

FIG. 2. Paramagnetic density of states of Fé&Bt atoms per conductors like Si or GaAs are much underestimated in
cell) without disorder(thin line), with disorder corresponding to a LDA. In such materials the” character is different below
temperature of about 250 Koroken ling, and with disorder of and above the gap, so that there is a radial change of states
about 450 K(bold ling). The energy is relative t&g . from below to above the gap. As was noted above, thd Fe-
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FIG. 3. Paramagnetic density of states of orderegSig (thin FIG. 4. Paramagnetic density of states of orderegSge(thin
line), FeylrSis, (bold ling), and Fg;SisAl (broken ling. The en-  |ine) and F@Si;Al (bold line). The two curves are lined up relative
ergy is relative to the gap center, so that the positionkpfare  to the respective position & .
indicated by the vertical-broken line for £8is,Al, by the vertical
line for FeylrSiz; , and is at zero energy for £Siz,. rivative of the DOS is so large that it is even difficult to
xtract very precise values ®f(Eg). The Stoner criterion
or a magnetic instability is roughly situated at 90 states per

rmal unit cell per Ry, so that the peak above the gap is

character is very dominating on both sides of the gap in FeS
It might be that this similarity between an occupied ground
state below the gap and an excited state above, is essent L L '
for a good LDA gap value. The widening of the gap with cequy W't.h'n the magnetic '”T“t' while the peak for hole
pressure is uncommon. This can be understood from the fa&oplng is just on the verg.e'of it : .
that the gap is in the middle of the Reband. Since the band ' "€ calculated band filing and broadening of the high
width is increasing with applied pressure it is expected thagvei{;k gL:E:ZID%i a{gjﬁelﬁgggh%geapo?ﬁcg ggoond dﬁgtriSiet};nem
E4 increases as well. The value dfln Eg/dInV is —5.9 h d that th hich : learly visibl di i
from LMTO, which agrees roughly with the observed vatue. showed that the gap, which IS clearly ViSible and In agree
The DOS functions for ordered and disordered pure Fe@iﬂent with the calculated 9ap for low, IS essentially f|_IIed
are shown in Fig. 2. The disorder is introduced as describe p atT~250 |Kd Frt(r)]mt ;Ee d|ffer(|entt o:(l_ﬁ_orderf?h conﬁgL;]ra-
above in the 64-atom unit cells, corresponding to a certain lons we conciude that the complete Tifling of the gap hap-

The DOS of disordered configurations in the smaller cell cal ens around 300 K'.Th's. difference bere‘?” theory and op-
be found in Refs. 14 and 20. The different results permit u |pal meagurements IS quite acceptable in view of the way the
Kdls:order is defined via an averaged force constant.

to conclude that at a disorder corresponding to about 250 K; The peak below the gap is very narrows3 mRy
the gap is closed but still visible as a dip in the DOS. Aténgular-resolved photo emissidARPES has been able to

process of gap filling is essential for explaining the proper_|dentify a narrow band just below the gap, which contributes

: 1 g to this peak'® It was even possible to observe a T-dependent
e e o o S bosderingof his pelc The DOS.peckbelw e gap 33
9 y, are b Ry wide for the ordered case. This compares well with the

from a semiconductor at low T, to an exchange enhance

. ; andwidth for an optimal angle in the high-resolution
paramagnetic metal at 300 K. The DOS on both sides of B S .
the gap is dominated by the Festates. The percentage of ARPES of 2-3 mRy, which is observed to disappear or

. . ) : = widen to at least 10 mRy at 275 R By selecting one angle
Fed in the total DOS varies from 85-95 % in the immediate . ARPES it is possible to focus on one single band and

. - In
neighborhood below and above the gap. For a case Wlthmreb . . .

. . ! y obtain a smaller bandwidth than in the DOS. Never-
strong disorder the DOS & is about 19 states/FeSi/Ry of theless, the peak in the calculated DOS shows a widening at

Wh'ch.l.6 IS from_ F_ed. Th|s means that even if there is a higherT, which is consistent with the findings of the ARPES
sensitivity to variations in T, there are no strong charge

transfers between Si and Fe sites, nor charge localization
within Fe, as T is changing. However, fluctuations due to
differences in local disorder make the charges to vary among
different Fe sites. First, we discuss the results for pure FeSi. The band
Figures 3 and 4 show the DOS of pure FeSi,JigAl, broadening and the metallization are rather quick as T ap-
Fe;,Sis;Al, and Fe;lrSis,. The effect of doping is fairly well  proaches 250-300 K. This leads to an exchange enhancement
described by rigid-band shifts &, but some details differ. S(T), and the localS(T) (calculated from the ratio between
Replacing a Si with Al appears to close the gap more tharthe local-spin splitting of the potential and the applied
when an Ir replaces an iron site. The peaks in the DOS omagnetic-field energywalues are widely spread on different
both sides of the gap are intact despite doping BiGEg) Fe sites. This can be understood from the spread of local
changes rapidly with small doping concentrations. The dedisorder—at some sites the disorder is strong and may cause

B. Magnetic properties
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40 ' ' ™ ment, it is evident that the calculated DOS pedia T
] =0) alone are insufficient to produce the observed suscepti-
% bility. As seen in Fig. 4, the peak heights are of the order
a0k FeSi x 100-200 states/Ry/cell and narrower than in the DOS model.

x(T) (gE/eV)

..........
-

If now the exchange enhancement is introduced, but still
based orN(E,0), x(T) increases from zerat ® K to about
4.5 ,ué/ev at 400 K If finally the disorder is considered so
that the propeMN(E,T) functions are usedfrom different
8-atom cell configurationsandS(T) is an average over the
enhancements of all Fe atont® give the global enhance-
ment as explained earlijery increases further, as is shown

10+ s x
'/ x 7 ° by the crosses in Fig. 5. The susceptibility is now quite close
5 5 ee @ : to the experimental valués®® The scattering of different
ol points reflects the fact that the degree of disorder can be
O =S o0 %0 40 50 60 7m0 80 more or less pronounced in a small unit cell even if the

T(K)

parameter is the same.

The local S(T) enhancements calculated for the cases
FIG. 5. Magnetic susceptibility for FeSi. The full line is cal-  \yith largest disorder, varies from 3.5 to 6. This is not far
culated from the ordered DOS with electronic excitations only. Thet,om the enhancement in fcc Palladiu@bout 7.2t can
broken line is the result using the DOS model of Ref. 10, Whichbe understood from the large lodplara-magneticDOS val-
closely reproduces the experimental susceptibility. Calculations usfjes of 11-18 states/Ry/Fe-atom at this large T. This is com-

ing the DOS from nine different disordered configuratidosrre- . . . L
sponding to different T using 8-atom cells, but without th&(T) parable to the DOS in many transition metals, like Niobium.

factors, are shown as circles. The results including the exc:hang-‘ghe very r?‘Pid Variation of the DOS near the gap(m' .
enhancements(T) from spin-polarized calculations are shown as dered FeSi is extraordinary. Just above the gap it varies
Crosses. from zero to about 50 states/Ry/Fe-atom within 3 mRy. In

bcc FeN(Eg) is smaller than this peak value, but clearly
an attractive Madelung shift of the potential. The Fermi levelsufficient to put Fe beyond the limit of infinit6.%® This fact
tends to enter into the high DOS above therma) gap on is important for an understanding of the unusual increase of
such sites, while on other sit&: will be at or below the dip  Nef(E,T) when T is increased, and for the transformation of
in the DOS. From this one can understand why the StonereSi from a semiconductor at low T to an exchange en-
enhancement, which is sensitive to the D@@% Eq. (1)], hanced paramagnet above room temperature. If a moderate
shows local variations from site to site. A striking exampleélectron doping is done, so tht enters into this high peak
of local variations of DOS and enhancements, are the differwithout causing structural instabilities or peak broadening, it
ences on Fe and Si sites. The DOS in disordécedioped seems possible to have a ferromagnetic state at low T. This
FeSi is typically more than a factor 10 larger on Fe than orpossibility is investigated via the supercell calculations.
Si, and the Si moments in spin-polarized cases are almost It has been proposed that spin fluctuations are responsible
zero or slightly negativ8.As a result of this there are large for the large magnetic response at larg€ &ind formation of
differences in local exchange splittings. magnetic moments at high T has been detected from neutron

The magnetic susceptibility can be written as scattering3'.O This seems plausible in view of the spacial
) spread of Stoner enhancement. The variation of exchange
X(T)=upNet(Er , T)S(T). (6)

splittings on different Fe sites supports the picture of spin
The effective DOSN,¢¢ takes into account electronic excita- :‘:II_uctuatlons, if the d|s_order IS SO Ia_rge that the Ioﬁ_aénd to
tions given by the Fermi-Dirac functiof(E, Ex .T) iverge at some region at some instance. T_he time scz_ale of
such fluctuations would be coupled to vibrational time
If(E,Ex,T) scales, wherea; other types of spin ﬂuctuations need not to
—ZE be related to vibrations. The calculations here did not find
examples of diverging or spontaneous magnetization coex-
Here E¢ varies with T so that the number of electrons isisting with non-magnetic regions within the same unit cell,
conserved, and the band DOKE, T) varies with the degree but it could be expected to see such cases for very large
of disorder at the given T, i.e., the DOS is calculated for adisorders. o
disordered lattice. IN(E,0) is the DOS for FO0, i.e., for a The Stoner factorsS) for the three doped cases were
perfect lattice, andS(T) is 1 (no exchange enhancemgnt calculated to be 0.35, 0.47, and 1.16, for,$iAl,
x(T) increases from zero to abouti&/eV at 400 K, as i Fe;,Siz;Al, and Fa,lrSis,, respectively. In the former case,
the full line of Fig. 5. The broken line in Fig. 5 is the result with a small 8-atom unit cell, it was possible to calcul&e
if N(E) is given by the DOS model of Ref. 1®vo rectan- directly and compare the results from the two methods de-
gular DOS functions, 5-mRy wide, 880-states/Ry/cell high,scribed in Sec. Il A. In this case the Stoner fadiobtained
and separated by a 6-mRy gawhich is known to reproduce by inverting Eq.(1)] was slightly increased to 0.43. This
the experimental results. The peak heights in this model neeshows that not only the exchange and kinetic energies should
to be so large since no exchange enhancement is includedetermine the Stoner factor, and a full calculation slightly
Without the effect of DOS smearing and exchange enhancdavors the tendency towards magnetism. Still, even with an

de. (7)

Neff(EFaT):f N(E,T)
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when Ng¢(Eg,T) is respresented by panels form various
different disordered cases, as is shown by the crosses in Fig.
6, a minimum emerges somewhere around 200—-300 K. The
scattering of points is a result of the statistical fluctuations of
disorder in small cells as mentioned earlier. The appearance
of a minimum can be understood from the positiorEgfon
the edge of the peak for this composition, so that smearing
il will tend to increase the effective DOS only at the highest T.
The Stoner factor will enhance the structures further. The
Fegolfy4Si 1 tendency towards magnetic ordering is even more pro-
nounced at intermediate Ir concentrationsx&t0.04—0.05,
just above the concentration of the 64-atom unit cell, when
the DOS has its maximum. It is therefore likely that the raw
data mentioned in Ref. 11 represent the intrinsic behavior of
0 100 200 300 200 500 600 Feydro 1S i.

T One spin-polarized calculation was done for the Ir-doped,

FIG. 6. Effective DOS aE for Fe, Jr ;Si obtained from shift- ~ ordered supercell, BgrSiz;. The self-consistent calcula-
ing E to account for the Ir doping. The full and broken lines are tions are very slow and only fekpoints could be used. The
the result using ordered and disorder@bout 550 K structures, partially converged results indicate that the total magnetic
respectively. By using panels corresponding to different intermedimoment is able to reach theg that is needed to make the
ate disorders one obtains the crosses, where vaguely a minimuguperce” semimetallic for this composition, so tit falls
can found somewhere near 200-300 K. The effective DOS times thg, the gap for minority spins. This is at low T when the gap
Stoner enhancement describes the susceptii(). Experiments || is sharp. The moment is of the order 0.93 per Fe
show a minimum ofy(T) near 120 K(Ref. 11. atom. This moment seems very small in view of the reason-

uncertainty of~15% in the calculated Stoner factors for the @PIy large Stoner factor, but it can be understood from the
larger cells, they predict that ErSis,, but not Fe,SisAl, fact that the peak in the DOS is so narrow. At larger T, tails

should have a magnetic transition. In terms of the DOS, é)f_ the_ DOS V‘_"" enter the 9ap f’”_‘d both the majority and
transition is likely whenN(Eg) per FeSi exceeds about 25 minority Fermi I_evels are W|th|n_f|n|te DOS valyes. The mo-
states per Ry. With this limit, it is for Al concentrations of ment can remain for some doping concentrations as long as
0.07-0.08 when the DOS peak just below the gap is close tg‘e peak in the DOS s large. . .

the required height, that a magnetic transition is most prob- The local variations of the magnetic momen.t n the Ir-
able with hole-doped FeSi. The DOS peak above the gap i40Ped supercell show a clear trend. Near the impurity the
higher, making magnetic transitions more likely for electron” €-Moments are largest, while at the most distant Fe sites,

doping, if the broadening of the peaks due to strain and disthe moment is only about a third as large. Similarly, the local

order is small as in the calculations shown here Fe-DOS values in the nonpolarized results are highest near

The measured magnetic susceptiblity of, fg,Si was Elt‘: I: Sit%’ ]:Nh”e far frorln it the Fe-DOS” valueg atrr(]a Sg.‘a”‘i.s‘-
presented in Fig. 4 of Ref. 11. It has a similar shapg ({®) € trend Tor an €ven larger super cell goes In the direction

in pure FeSi. However, those data had been corrected for ag having an electronic structure like undoped FeSi far from

assumed paramagnetic iron component corresponding e impurity site, so.that only the regipn near the impurity
1.5% Fe, and the raw data were quoted as having a minimury; ould bgcpme polarized. As was mentioned above, the rela-
at 120 K, and the amplitude of this minimum was compa-t've variations of the local moments are larger than for the
rable with the maximum of the susceptibility of pure FeSi.DOS, which is consistent with the relation between DSS,
Unfortunately no other details are given concerning the unand S, given by Eq.(1). Further, the similarity of having
corrected data. The calculations produce an almost magnetiecal variations of the DOS in disordered pure FeSi and in
state for this Ir concentration. Rigid bands, using both thedoped FeSi, supports the idea that spin fluctuations can be
FeSi and FglrSis, DOS, puts the shiftedr just on the coupled to vibrational disorder. However, with the cases of
right-hand side of the high peak above the gap, above or ne&eneral disorder studied here, the local variations have no
the Stoner criterion for magnetic order Bt0. long-range correlations as in the case with the dilute impu-
A calculation of the susceptibilty needs to take into ac-Tity, and the degree of disorder is limited so that no cases of
count both Stoner enhancement and thermal disorder, as waBontaneous magnetization are found.
concluded for pure FeSi. In the doped case this will be dif- Strong ferromagnetism is found in other transition metal
ficult, since the magnetic ordering, expressed by a divergingilicides of the same B20 structure. MnSi, for instance, has
S(T), is so close, and spin-polarized calculations for several@rgé magnetic moments in agreement with spin-polarized
disordered configurations are too cumbersome. Some insigh@nd calculatior, and the paramagnetic DOS on Mn is
is provided by the evolution dfl;{(Eg,T). Figure 6 shows large to make the value @& larger than one.
this quantity for Fgdlrg ;Si as function of T, using rigid-band Finally a comment should be made about the possibility
shifts on the DOS from various disordered cases. No miniof a metamagnetic transition. It has been argued that meta-
mum as a function of T is found when the same DOS is usedhagnetism can occur as a result of strong correldtiBhis
over the whole T range. But when the disorder is increaseds plausible already from the LDA results, if an applied field
it first diminishes the DOS and than increases it again, sis able to close the gap at low T, when the DOS peaks are
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sharpest. The problem is that the applied field has to be very ¢ ' ' : ' ' ' ; ' '
strong and that the magnetic state goes away if the field i
removed, at least according to the LDA calculations. Thus st
the total energy seems to be lowest for the non-magneti
case, with no barrier towards a magnetic one. However, ma¢  «f
netic impurities can provide a field via hybridization, and
this might explain the upturn iy(T) at very low T, that is
found in most FeSi samples. The case of Ir doping as mer
tioned above is one example of impurity-induced extendec
magnetism, when the impurity play the role of electron do-
nor. Magnetic impurities with localized states act differently .|
via their exchange splitting, and the magnetization is likely

to be localized around the impurity because of the shor |
reach of hybridization. At lowT, the role of localized states
in impurities will certainly influence the properties of other- , , , . , , ,
wise undoped FeSi. This has been investigated experimer ©° % 10 10 2T°°(K) %o e a0 s s

tally by Hunt et al'® A recent experimental work studied

FeSi in extremely high field, up to 450 T, at 773KNo FIG. 7. Specific heat calculated from the band results for or-
metamagnetic transition was found, but the conductivitydered structures as described in the text. The result using the DOS
showed a spectacular increase for one order of magnitudeom the small cell is shown by the circles, and from the 64-atom

when the field was increased from 200 to 450 T. These recell by the crosses. The results are somewhat unstable at low T. The
sults will be discussed in Sec. Il D. full line is from a DOS model made to reproduce the experimental

points forAC,(T) shown in Ref. 10.

C(T) (J/mol Fe /K)

C. Heat capacity ration is used, it will increase the heat capacity more at low
) - o ) T, while at larger T the result is not so different from what is
The electronic specific heat is linear in T at low tempera-shown in Fig. 7.
ture; Co= yT=(m?/3)kgTNest(Er , T)(1+X), as long as the It is worth noting that the DOS model made by Mandrus
DOS has a weak T dependence. A comparison of the specifist al. to fit x(T)-data required higher and wider DOS peaks
heatC, between FeSi and CoSi revealed an “anomaly” in than the model made to ﬁfICp(T).lo The spectral weights in
FeSi of about 3-5 J/mol/K above about 200 K. It was as-the DOS were 4.4 and 0.8 electrons, respectively. The dif-
sumed that the vibrational part @, in the two compounds ference can be interpreted as if an exchange enhancement of
are identical, so that the difference should be due to elecabout 5 is included only iry. This is consistent with our
tronic part only:1° finding which has an enhancement of this org#r Fig. 5 in
The anomaly with respect to CoSi is calculated from thex, but is absent in the heat capacity.

(electronig kinetic energyl4, as in the model of Ref. 10. At~ The low-T specific heat of doped FeSjAl, for x
high T A vanishe& and one obtains =0.025 and 0.015 was measured by DiTusall? They
noted a large effective mass of about 14 for the largest dop-
ing concentration. This was concluded from the langef
about 7 and 5 mJ/mol FéKfor the two concentrations. The
calculation for the FgSis;Al supercell has a DOS of about
700 states per cell Ry, andis calculated in RMTA to be 0.2
for a Debye temperature of 313 K, taken from Ref. 16. Rigid
11_)and shifts ofEg on the DOS from pure 64 or 8 atom FeSi

ferent disordered configurations'he results from the DOS calculations do not change these estimates much. This gives
of the small and large cell, are shown in Fig. 7 together with”:4'6 mJ/mol FeR, which IS smaller than what can be

a model made to resemble the experimental data in Ref. 1f[xtrapo!ated fror_n the experimental results.. Enhancement
although the model parameters are different from the ones i om spin fluctuations could make up for the difference since
that reference. The results follow the model quite well with aS iS quite large. IfE¢ is adjusted in a rigid-band manner to
maximum not far from~300 K, where the measuretiC,, account forx=0.015 one finds a reduction of to about 3
anomaly has its maximum. At large T it is expected that MJ/mol Fe K (instead of 5 experimentally Thus, the rela-
(which probably is small anywayshould decreas®,and this ~ tive change iny betwegn the two concentrations is reflected
should concern the reference system as well. A possibl#? the sharp change in DOS between the two cases. The
complication is thatyT for the reference system, CoSi, may different amplitudes in experiment and theory can be trans-
show a strong nonlinear evolution at high T because of vilated into a 30—40 % lowem* in the theory. Compared to
brational disorder. Indeed, the calculated DOS for CoSHOping of conventional semiconductors, FeSi is exceptional
shows thaE is situated right at the DOS shoulder about 40because of the high-DOS peaks at the gap edges. This is
mRy above the gap, and that the effective DOS tends téeflected in the large band mass of doped FeSi.

increase when the DOS is broadened. However, this is only a
qualitative observation; calculations of differencesdp is
difficult and the agreement with experiment shown in Fig. 7 The thermopower, expressed by the Seebeck constant
is surprisingly good. If the DOS from a disordered configu-S(T) is calculated from the band structure of ordefedry

u=f N(E)Ef(E,Er,T)dE (8)

and AC(T)=(d/dT)U. (The DOS of ordered structures are
used, because of the problem of connecting results from di

D. Transport properties
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FIG. 8. The calculated Seebeck coefficient fordered FeSi, FIG. 9. The calculated Seebeck coefficient for ordered and dis-

where E¢ has been adjusted for slight hole and electron dopingQrdered Fgdlro;Si. The band structure is for the 8-atom cell, with

the experimental data in Ref. 11, suggests that effects of therm&rdered stucture. The crosses sh§() when it is made up from
disorder are minor up to 150—200 K. different panels with different degree of disorder. Compared to the

ordered case, it is seen how the minimum is displaced to lower T.
The full line is for the ordered RgrSi;,. These results can be
slightly hole dopell FeSi” It agrees very well with experi- compared with the experimental results shown in Ref. 11 on
mental data Of Salw al.,ll bOth Concerning amp"tudes and FQ).Q?”O.OSSi: The experimentas('r) curve starts at O at zero tem-
T dependence up to 100-150"Kthe experiment is for sup- perature, decreases t00.11 mV/K at 50 K, has a wide minimum
posedly pure FeSi, but the agreement with the calculatedf about—0.14 mV/K near 100 K, goes up toware<0.08 mV/K at
S(T) shown in Fig. 8 suggests that there is a slight hole150 K, and approches smoothly zero fo=250 K.
doping. A slight hole dopingwhich could even be smaller
than 0.005 holes per cglis needed to make a shift B(T)  each one representative of the corresponding interval in T.
from near the top of the valence band at low T, to a little Despite the scattering of points, it is possible to identify a
below the middle of the gap at high T. Exact stoichiometryminimum near 300 K, which is not found in the curve based
implies a smaller shift oE(T), sinceEr at T=0 would be  on the T=0 bands only(the broken ling The amplitude
just at the middle of the gap, and the amplitude variation ofagrees well with experiment, but the minimum is still at too
S(T) would be smaller. Doping with electrons makes a largehigh T. A possible explanation of this is that non rigid-band
difference, sincé&g(T) then shifts downwards from the edge effects and spin polarization will modify the peak structures
of the conduction band to just below the midgap, as T in-at this relatively high-doping concentration.
creases, an@(T) takes an opposite shape, as shown in Fig. A similar trend concerning the peak positions, is obtained
8. for the resistivityp(T) in Fe,_,Ir,Si for x=0.03, cf. Fig. 10.
The good agreement between experiment and theory for
S(T) for Tupto~150 K, gives an indication that effects of = ;
vibrational disorder are not very important up to this tem-

perature, at least not for pure FeS(T) is small and flat for 81
higher T, and calculations cannot distinguish clearly betweel o s
different disorders. e 097008 1

Experimental data for Ir-doped FeSi wit+ 0.03 show a
completely differenS(T),'! as is expected from an electron-
doped case. The calculated result, shown in Fig. 9, using th
(ordered FeSi band withHEg moved to account for the elec-
tron doping atx=0.03, shows a very similar shape as in the
measured curve in Ref. 11, with a minimum of

)

kS
T

p(T} (arbitrary units
5
T

~0.15 mVI/K, except for the fact that the temperature scale ost Feo.g"of‘ ____________ .
is different by a factor 3 roughly. The dip B(T) isnear300 | __.-=="7"
K, while near 100 experimentally. Qualitatively, it is ex- % «o.---="" ]

pected that additional DOS smearing above 100-150 K, wil

compress the T scale, to agree better with experiment. Buti *% 100 200 200 w00 500 500

is difficult to put together results from several band struc- T

tures with different T-dependent disorder, to make a conti- F|G. 10. Relative evolution of the resistivity in & Sis, and
nous, quantitative plot of the thermopower. Nevertheless, ifFg, Jr, ,Si. In the latter casé& is shifted to account for the in-
Fig. 9 is shown the result o8(T) for x=0.1, when it is creased Ir-doping. Experimental data in Ref. 11 show a resistivity
collected from several different disordered configurationspeak at lower T.
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FIG. 12. The calculated Seebeck coefficient for ordered and
disordered FegiAly . The band structure for the 64-atom super-
cell containing one Al atom was used wify adjusted to account
for the higher Al concentration. It is seen that the effect of disorder
is to compress the T scale.

FIG. 11. Relative evolution of the conductivity in Fg&Alg ,
for ordered structurébold line), and with disorder of about 250 K
(thin line). The latter agrees with the experimental data in Ref. 12
which show a conductivity minimum at about 100 K. The minimum
tends to lower T, and give lower conductivity whé&i is moved
closer to the gap by accounting for 0.00®oken ling and 0.006
(dotted holes per FeSi. In the case of ordered structuréends to
zero atT=0 when FeSi is undoped.

A very recent experimental work of Kudaset al>? re-
ports a semiconductor-metal transition in FeSi in ultra-high
magnetic fields. Pulsed fields as high as 450 T could be
) . o applied to FeSi at 77 K, with almost no heating. The con-
The experimental peak is found near 9Gwhile it is near  guctivity showed a continous increase of “approximately
300 K from the band results. Far=0.1 p(T) is increasing  two orders of magnitude in a 450 T field as compared to at
with T, both in the experiment and the calculati@ssuming  zero field.” These findings can be compared to what is ex-
a constant life timer), with no maximum within a wide-T  pected from the calculated exchange enhancement for sto-
range. ichiometric, ordered FeSi of Ref. 4. At low T when thermal

Measurements of the conductivity of hole-dopeddisorder is limited, practically no low-field exchange en-
FeSi_,Al, with x=0.1 has been published by Saksal,'*  hancement is expected and even a field-@f50 T (about 2
and recently within the concentration range[0—0.08],  MRY) cannot overcome a gap of about 6 mRy. However, the
by DiTusaet al? The conductivity has a minimum in the T findings of Ref. 32 can be understood if the sample is
range 50-100 K whemw exceeds-0.05. The calculated con- Slightly doped and if the zero-point motion is sufficiently
ductivity shows the minimum, but again as in the case withl@rgeé to make the band egdes to extend into the gap. Then
electron doping, the peak position is displaced towarddhere will be some states availiable négf to enforce an
higher T, when the calculations are based on rigid-ban@PPlied field by exchange enhancement, and the material will
shifts of Eg on the bands of an ordered structure. An ex-300Nn approa_ch a_closed gap situation as |_nd|9ateq in Ref. 4.
ample is shown in Fig. 11. The conductivity is much enhanced in this situation, com-

Figure 12 shows the evolution &(T) in Al-doped FeSi pared to the almost insulating zero field case. This mean-

with and without considerations of thermal disorder. As be-e/d mechanism for the field-induced conductivity is an al-
. . N ternative to the explanation via spin fluctuations as was
fore, the T scalt_a is compressed by disorder, while the experEuggested in Ref. 32, but detailed calculations using Boltz-
mental peak is follfnd at even lower T for the Al panh theory and band results for different nonstoichiomet-
concentratiorx=0.1. _ ric, disordered cases are needed for a quantitative compari-
Thus, pure FeSi shows very good agreement with experison with experiment. In any case, the absence of an abrupt
ment, while in the doped cases, the T scale is somewhghcrease of the conductivity for a particular field in Ref. 32,
renormalized due to disorder. This can be understood fronhdicate that the semiconductor-metal transition is continous
the fact thatEg is within the DOS at all T when the doping and depends on rounded off band-gap edges, rather than be-

is important. In pure FeSi, the position Bt is in the gap  ing the signature of a metastable transition.
and it is not until a certain T that the band edges come close

to it. Therefore, as long aSg is within the gap region, the

properties are not so sensitive to broadening due to disorder.
With doping, Eg is within the DOS even at low T, and In conclusion, we have performed nonmagnetic as well as
smearing has an immediate effect on the properties. Thispin-polarized band calculations for ordered and disordered
often show up as a difference in T scale in measured an8eSi with different dopings. Various properties are calcu-
calculated transport properties. On the other hand, the calclated from the band results, and the agreement with experi-
lated amplitudes o§(T) are always in good agreement with ment is, in general, very good. Most importantly, it has been
experiment. possible to show that the unusual behavior of the suscepti-

IV. CONCLUSION
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bility can be described within LDA. Structural disorder, vibrational disorder, the band results lead even to a good
which can be linked to the temperature, leads to a graduajuantitative description of many properties. Future work
closing of the narrow gap, so that the effective D@®8r F¢  should improve the calculations of the phonon part, and
at the Fermi energy becomes comparable to that of Nb or Pdarger unit cells and/or more disordered configurations are
for T larger than~400 K. The increased DOS has a directrequired to achieve less scatter in the calculated results. But
impact on the Pauli susceptibilty, and on the exchange ersuch elaborations are not expected to modify the qualitative
hancement. By taking these effects into account one obtainmgsults very much for intermediate T. The exact behavior at
a x(T) which is of the correct amplitude. This is true for the the lowest T, which is not studied here, is delicate because of
heat capacity as well, where no Stoner enhancement entetbe relative importance of zero-point motion and Igw-
and the calculation based on the normal DOS reproduces thghonons. Different types of disorder have some influence on
essential part of the anomaly. The direct observation ofhe results, but it is especially the difference between having
bands and DOS in photoemission and optical experimentdisorder or not, which is most important in this paper. Ther-
are consistent with the calculated electronic structure whemal disorder is always present above a certain temperature,
disorder is considered. The transport properties are well deand the consequencies are particularily striking in FeSi be-
scribed, except for what seems to be a somewhat too exzcause of its sharp DOS features near the narrow gap. These
tended T scale in the case of doped FeSi. The thermopoweesults imply that no assumptions of strong correlation are
in pure FeSi shows that thermal disorder is not crucial belowneeded to explain the properties of FeSi.

~150 K, for this undoped case.

Thus, as a \_/vhole we oibtain avery satisfactory explanation ACKNOWLEDGMENTS
of the properties of FeSi from LDA, provided that thermal
disorder is taken into account. The band calculationsaére | am grateful to S. Dugdale for a careful reading of the

initio so the only uncertainty concerns the exact form ofmanuscript and to J.F. DiTusa for sending the preprint in
disorder. Despite the simplicity of the harmonic model for Ref. 12.
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