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Self-consistent approach to Coulombic effects on the quantum magnetotransport in a
nondegenerate two-dimensional electron liquid
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To eliminate locally a strong quasiuniform many-electron field and to restore the applicability of the self-
consistent approximation, we propose the transcription into frames moving ultrafast along with each orbit
center. This allows us to find new formulas for the magnetoconductivity and collision broadening of Landau
levels affected by strong Coulomb interaction. As a test for the new theory, in the same experiment, we have
measured the magnetoconductivity and cyclotron resonance linewidth of surface electrons on liquid helium.
Obtained data are in good agreement with the theoretical concept.@S0163-1829~99!04524-5#
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Electrons trapped at the surface of liquid helium1 form a
remarkable two-dimensional~2D! electron liquid with prac-
tically unscreened Coulomb interactionVC , which is at av-
erage tens or even a hundred times larger than the m
kinetic energykBT. Such extreme coupling conditions wit
regard toVC are unique among electron systems studied
the presence of a strong magnetic fieldB oriented normally
(\vc@kBT), the system represents a quantum nondege
ate Coulomb liquid that exhibits interesting magnetotra
port properties.2–4 When the effect of strong Coulomb inte
action is considered for such a system, it is difficult to avo
naturally arisen questions:~1! To what extent can we rely on
the discrete Landau spectrum«n5\vc(n11/2), if VC
.\vc? ~2! How do internal forces affect the Landau-lev
width, or, is it Coulomb broadening or Coulomb narrowin
that is caused by mutual interactions?

Historically, the fact that electron-electron interactio
broadens the Landau levels and affects the conductivity
noted in Ref. 5. The important insight into the problem of t
many-electron magnetotransport was made by Dykman
Khazan6 ~DK!. According to them, the many-electron flu
tuational fieldEf can be considered approximately as a q
siuniform electric field which makes the electron spectr
continuous«n,X5\vc(n11/2)2eEfX ~hereX is the coordi-
nate of the center of the cyclotron orbit along the field!. This
affects the electron scattering rate at vapor atoms~a sort of
short-range impurities! or ripplons ~capillary wave quanta!.
In Ref. 6, no collision broadening of Landau levels is intr
duced, which means that the energy range where an elec
can be scatteredeEf(X82X)5eEfqyl

2;D f[eEf l should
be much larger than the Landau-level broadeningGse

5\A(2/p)vcn0 defined by the self-consistent Bor
approximation7 ~SCBA! ~here \q is the momentum ex-
change,l 5A\/mvc is the magnetic length andn0 is the
collision frequency forB50). With the increase of the mag
netic field B, the system eventually enters the opposite
gime (D f,Gse), sinceGse}AB andD f}1/AB. Therefore, a
more extended theory is necessary to describe electron t
port properties in the ultraquantum limit.
PRB 590163-1829/99/59~23!/14884~4!/$15.00
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In Refs. 3 and 8, a qualitative self-consistent proced
involving Gse, D f and the Einstein diffusion equation for th
conductivity was introduced to describe the transition fro
the extreme many-electron theory6 to the extended single
electron SCBA.2 Two equations proposed in this way3,8 dif-
fer from each other by approximately 30%, which is to
much for the quantitative comparison with an experiment.
Refs. 4 and 9, the same ideas were analyzed phenomeno
cally. The Coulomb correction to the magnetoconductiv
was described by means of the replacementGse

→AGse
2 1b2D f

2 (b;1) in the electron-density structure fac
tor ~DSF! S(q,0)}1/Gse defined for the center-of-mas
frame. To reproduce the results of Ref. 6, the numerical
rameterb should be fixed to 23/2/Ap. In this treatment the
‘‘Coulomb broadening’’ represents the energy range wh
an electron can be scattered due to the quasiuniform fluc
tional field eEfqyl

2, which depends onq and therefore can
be considered only as an effective broadening for a partic
frame. It is clear that an uniform electric field cannot rea
broaden Landau levels, since it can be eliminated by a pro
choice of the reference frameEf85Ef21/cB3uf50 ~in our
case, it is the frame that moves along with the orbit cen
with the velocityuf).

The intrinsic problem of combining the DK theory wit
the SCBA is that the notions of the continuous spectrum
the discrete spectrum broadened due to collisions are in
tradiction with each other, and to be logically consistent
should keep to only one of them. In this paper, we repor
many-electron theory of quantum magnetotransport in a
electron liquid that avoids the introduction of the continuo
electron spectrum as well as Coulomb broadening and n
rally includes the many-electron fluctuational field into t
SCBA. The theory proposed is valid for any relation betwe
Gse andD f , and reproduces the results of the DK theory a
SCBA as extreme limiting cases (Gse!D f andGse@D f). In
this treatment, the Coulomb reduction of the electron m
netoconductivity comes rather from the sharp frequency
pendence of the single-electron DSFS1e(q,v) than from the
14 884 ©1999 The American Physical Society
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change of the real broadening of the density of states.
show that the narrowing of the Landau-level width produc
by the ultrafast drift velocity of the orbit center acts in th
opposite way, reducing the many-electron effect in the
traquantum limit. At weak magnetic fields, the transition
the Drude conductivity behavior occurs without smearing
Landau levels. The experimental data for the magnetoc
ductivity and the cyclotron resonance~CR! linewidth pre-
sented here are in agreement~even quantitative! with the
theory.

We confine ourselves to the electron-vapor ato
scattering regime, and assume the fluctuational field ac
on an electron when it encounters scatterers to be ne
uniform. Each electron feels its own fluctuational field pr
duced by other electronsEf

( i ), the direction of which is ran-
domly distributed along the isotropic liquid. As for the abs
lute valuesEf , the Gaussian distribution can be used. Th
the transport of strongly interacting electrons can be form
lated as the transport of independent electrons exposed t
fields Ef

( i ) . First, we note that the discrete Landau spectr
of a 2D electron in a magnetic field and the conditions of
SCBA can be locally restored by the transcription into
proper frame moving with the drift velocityuf

( i )5cEf
( i )/B,

whereEf
( i )850. This frame can be considered as a frame

local equilibrium for a particular electron.
In the extended SCBA,2 the conductivity tensor is found

from the quantum-mechanical momentum balance equa
which includes the total kinetic friction acting on electro
by vapor atomsFf r . Since the momentum exchange at
collision \q and the probability of scattering are independe
of the frame considered~we employ the nonrelativistic
limit !, in our case,Ff r can be found as a sum of avera
momentum loss of each electron per unit time evaluated
the moving frames where the spectrum of a particular e
tron is purely discrete. Indeed, the kinetic friction of an ele
tron depends only on the relative velocity of the electron a
the scatterers. Then the main difference from the exten
SCBA is that the scatterers are moving as a whole with
velocity 2uf

( i )2udr with regard to the local frames~hereudr

is the drift velocity of the whole electron liquid in crosse
external fields; we assumeudr!uf). It should be noted tha
in moving frames the electron energy is not preserved
collision with an impurity ~vapor atoms!, since in these
frames an impurity hits the electron with the veloci
2uf

( i ) . This affects significantly the energy exchange, due
the usual correction\q•uf;D f , and reduces the probabilit
of electron scattering, ifD f*Gse.

In the linear theory,Ff r is proportional to udr : Ff r

5Nemn(B,$uf%)udr . The effective collision frequencyn is
affected byuf distributed accordingly and can be found
terms of the electron DSFS(q,v). Mathematically, the ap-
proximation used here means that in the laboratory fra
the single-electron DSF defined by the one-particle den
operator nq

(1e)5exp(2iq•r ) can be written asSL(q,v)
5S1e@q,v2q•(uf1udr)#, where S1e(q,v) is the single-
electron DSF in the absence of electric fields. Following
way proposed for the extended SCBA~Ref. 2! and cold non-
linear transport,9,10 we can find
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nme~B!5
n0\3

2m2kBT
(

q
qx

2^S1e~q,2q•uf !& f , ~1!

here^& f means an average over the fluctuational fieldEf . As
usual, the frequency argument of the DSF of Eq.~1! reflects
the energy exchange at a collision. In the elementary eq
tions for the conductivity tensor or in the resistivity equati
(rxx5mn/ne2), the effective collision frequency of Eq.~1!
should be employed instead ofnse(B) of the extended
SCBA.2

Thus, in the presence of a strong fluctuational field
many-electron DSF can be approximated asSme(q,v)
5^S1e(q,v2q•uf)& f . In the ultraquantum limit, employing
the Gaussian shape of the Landau levels and averaging
the direction of uf gives: Sme(q,0)/S1e(q,0)
5^(Gse/G0)exp(2lf

2)I0(lf
2)&f , whereG0 is the real broaden-

ing of the ground Landau level affected byuf , I 0(z) is the
Bessel function, andl f5\quf /A2G0. In the limit l f@1,
the new equation for the DSF reproduces the DSF of extre
many-electron theory.11

In the general case,S1e(q,v) can be represented as
double sum of integrals*d« f («)Im Gn(«)Im Gn8(«1\v)
with proper coefficients,9 whereGn(«) is the single-electron
Green’s function, andf («) is the distribution function. The
diagonal terms (n5n8), which correspond to electron tran
sitions within Landau levels, decrease with the energy
changeq•uf . The off-diagonal terms are very small if th
Landau-level broadeningGn!\vc andD f!\vc . If D f be-
comes comparable with the level separation\vc , these
terms describe the transition to the Drude conductivity
havior due to electron scattering between different Land
levels.

Aiming mostly at describing the quantum-transport r
gime, we evaluate exactly the termn5n850. For the off-
diagonal terms (n8.0) we use the approximationGn→0,
valid at\vc@Gn . It should be noted that for nondegenera
electrons, both semielliptic and Gaussian shapes of ImG0(«)
give numerically very close results ifG0!kBT. Here we em-
ploy the Gaussian shape, since it allows us to present mo
our results analytically. After averaging over the directio
of uf , the final result can be written in the form

nme~B!/nse~B!5^Gse~G0
21D f

2!/@G0
212D f

2#3/2& f

1^GseD0~xf !/~A2D f !& f . ~2!

Here we introduced the following notations:

D0~x!5
1

Ap
(
n51

`
1

n!
e2x•n2E

0

`

~ t1xn2!n11e2t
dt

At
,

xf5
1
2 (\vc /D f)

2. D0(x) can be analytically approximate
asD0(x).e2x(x21x20.0513.5/x).

The first term of Eq.~2! describes the reduction of th
electron magnetoconductivity or resistivity due to the man
electron effect. The second term restores the Drude con
tivity behavior at weak-magnetic fields. It is important
note that the strong many-electron reduction ofnme and the
transition to the result of the DK theory exist even for t
unchanged Landau-level broadeningG05Gse. The proper
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14 886 PRB 59BRIEF REPORTS
graph is shown in Fig. 1 as a dash curve. We use
Gaussian distribution of Ef with A^Ef

2&5Ef
(0)

[0.84A4pkBTens
3/2,8 andD f

(0)5eEf
(0)l ; herens is the elec-

tron density.
The self-consistent equation for the broadening of

ground Landau levelG0522 ImS0(«0) @hereSn(«) is the
electron self-energy# affected by the ultrafast drift velocity o
scatterers2uf can be written as9

G0
2/Gse

2 5 (
n50

`
1

n! E0

2pdw

2pE0

`

dxxne2x

3Im Gn@«02A2xD fcos~w!#/Im G0~«0!. ~3!

Contrary to the conventional SCBA, here the argument
the electron Green’s function is affected by the Doppler s
correction.

The equation forG0(«) is actually an integral equatio
and the shape of ImG0(«) differs from the semielliptic func-
tion of the SCBA. Since the strict solution of the se
consistent equation is a very difficult problem and the c
rection to nme due to the dependenceG0(uf) is relatively
small compared with the effect described above, we emp
the Gaussian shape for solving Eq.~3!. We assume also tha
the mixing of Landau levels becomes important (xf&1) at
D f@Gse, sinceGse!\vc . Then Eq.~3! yields

G0
25A@11C0~xf !#

2
•Gse

4 14D f
422D f

2 , ~4!

where

C0~x!5
1

Ap
(
n51

`
1

n!
e2x•n2E

0

`

~ t1xn2!ne2t
dt

At

represents the effect of mixing of Landau levels caused
the energy exchange\q•uf and can be analytically approx
mated asC0(x).e2x(x20.613/Apx).

Typical magnetic-field dependences ofG0 normalized to
both Gse ~solid! and \vc ~dash! are shown in Fig. 2. With
the decrease ofB, the Coulomb effect first reduces th
Landau-level broadening due toD f*Gse; then, atxf&1, the
effect of mixing of Landau levels starts to increase the c
lision broadening. In the high-field region, the Coulomb

FIG. 1. The normalized effective collision frequency
D f

(0)/Gse: the many-electron theory employingG0 defined by Eq.
~4! ~solid! andG0 fixed to Gse ~dash!; previously used approxima
tions of Ref. 3~curve 1! and Ref. 8~curve 2!; the phenomenologica
treatment of Ref. 9 withb fixed as described in the text~dot!.
e

e
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y
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fect makes the level broadening strongly dependent on
level numbern, while in the weak-field limit this dependenc
is practically vanishing. According to the dashed curve,
Landau levels are well defined (G0 /\vc!1) at least down
to B;0.2 T, and the strong increase of the collision fr
quency~dotted curve!, restoring the Drude conductivity be
havior, occurs without smearing of Landau levels.

The inclusion of Eq.~4! into Eq. ~2! reduces partly the
many-electron effect onnme(B)/nse(B) as is shown in Fig. 1
~solid curve!. This curve become very close to the depe
denceGse/AGse

2 1b2D f
2 ~dot curve! proposed in Ref. 9 phe

nomenologically, if the numerical parameterb is fixed to
23/2/Ap. At the same time, the solid curve lies between t
curves 1 and 2 representing the equations proposed in Re
and 8. The difference between the solid and both of th
curves ranges within 15%.

We measuredsxx employing the usual Corbino techniqu
described elsewhere~Ref. 8!. The conductivity data are ob
tained by means of the conventional transmission line mo
To conduct CR measurements in the same experiment,
Corbino electrodes were placed inside a cavity in the form
an upright cylinder resonating in theTE011 mode at 40 GHz.
The details of the CR experiment and the complete CR d
are presented in a separate publication.12 The experimental
data for the magnetoconductivity are shown in Fig. 3
gether with different theoretical models. The agreement
tween the data and the theory~solid curve! is quite convinc-

FIG. 3. 1/sxx vs B: data~circles!, the new many-electron theor
~solid!, extended SCBA~dash!, and Drude equation~dotted!.

FIG. 2. The magnetic-field dependence of normalized Land
level broadening~solid and dash! and effective collision frequency
~dot! for n5108 cm22 andT51.36 K. A circle is the CR linewidth
w datum normalized toA2Gse.
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ing. The CR conditionB51.4 T corresponds to the quantu
regime. At such conditions, according to Ref. 13, the C
linewidth is determined by the Landau-level width itself: t
Gaussian width parameterw5AG0

21G1
2. In the wide density

range 107 cm22,ns,23108 cm22, our CR linewidth data
reported in Ref. 12 behave in accordance withG0 and G1
determined by the theory. As an example, the linewidth
tum ~normalized asw/A2Gse) that corresponds to the cond
tion of Fig. 2 is shown there as a circle point. As it should b
the latter is placed in between the solid curves forG0 /Gse
andG1 /Gse.

Concluding, we feel that our paper gives answers to
basic questions mentioned in the introduction. As far as
internal forces can be considered as quasiuniform ones
discrete Landau spectrum is well defined in the frames m
ing along with the electron orbit center, in spite of the stro
interaction. Moreover, the ultrafast drift velocity of the ele
tron orbit center caused by the Coulomb interaction produ
u
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a narrowing of the Landau-level width. In this regime, ac
cording to the theory, the main Coulomb reduction ofsxx is
not due to any change of the Landau-level broadening
due to the conflict of the energy exchange at a collis
\q•uf ~with regard to the moving frames! and the level
broadening~a sort of inelastic effect!. We performed conduc-
tivity measurements in which the Landau-level broaden
was controlled separately by a CR experiment. Obtainedsxx

and CR linewidth data are in good agreement with the n
theory, if D f

(0)!kBT, which is just the criterion6 for the in-
ternal forces to be uniform. Beyond this criterion the C
linewidth increases with electron density faster than acco
ing to the effect of mixing of Landau levels described abo
which might be attributed to a nonuniform internal field co
rection.

This work was partly supported by the INTAS-97-164
project.
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