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Electron-phonon interaction in the cuprates: Breathing versus buckling mode
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Using a cell perturbation method, we investigate the role played by two important phonon modes in high-
temperature superconductors, namely, the in-plane-oxygen breathing and buckling modes. We demonstrate that
diagonal electron-phonon interactions, present in both modes, lead to opposite interactions: attraction for the
buckling and repulsion for the breathing mode. When the nondiagonal electron-phonon interaction is included
with the breathing mode, the possibility of attraction also arises within this mode. We also show that the
effective Hamiltonian may be reduced to a Hubbard-like model with a simple, renormalized electron-phonon
interaction.@S0163-1829~99!14121-3#
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There are three distinctive features of high-temperat
superconducting cuprates1: strong correlations on copper2

pronounced anisotropy,3,4 and large electron-phono
interactions.5 In the simplest case, correlations may be a
counted for by a single-band Hubbard model.6 However, un-
der hole doping, the extra holes are mainly of oxygenps

character, and this has led to a debate as to whether a
fective single-band model could adequately describe the
sential physical properties of the cuprates. Emery7 and
Varma, Schmitt-Rink, and Abrahams8 proposed a three-ban
(d-p) model that includes 3dx2-y2 and 2ps orbitals explic-
itly. Subsequently, Zhang and Rice~ZR!9 argued that an ex
tra hole, introduced by doping, is shared between four o
gen atoms and couples strongly to a central Cu spin, t
forming a local singlet. In this framework, the motion
holes is equivalent to the hopping of singlets between
nearest-neighbor~NN! copper sites. Further work on the re
duction ofd-p models to an effective single-band model f
low-energy physics has provided convincing support for t
physically appealing picture.10,11

The main physics of the cuprates takes place in the C2
planes, with relatively weak interplanar coupling.3 Therefore,
to a first approximation, one may start by considering
single CuO2 plane, as we do in this paper. However, in
more accurate treatment, the so-called apical oxygens sh
be also taken into account.12–14

There is now general agreement that the electron-pho
~e-ph! interaction in the cuprates is large, though the imp
tance of its role, in competition with strong correlations a
anisotropy, remains uncertain and controversial, particul
its possible contribution to superconductivity. Here we ju
mention that theoretical, self-consistent, band-structure
culations give a largee-ph coupling ofl;121.5,5 and that
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experimental results suggest a substantiale-ph coupling in
the cuprates.15 In particular, the oxygen isotope effect ha
been observed in both underdoped and overdoped syste16

and site-selective measurements17 show that the dominan
contribution (.80%) is from in-plane oxygen. The po
laronic nature of doped charge carriers in the cuprates,
served in various optical experiments,18 is further evidence
of stronge-ph coupling in these materials. Tunneling expe
ments, mainly of Bi2212 systems, also directly show t
phonon contribution to high-TC superconductivity,19 and de-
tailed comparison of the spectral-function of thee-ph inter-
actiona2F(v) with the phonon spectrum of Bi2212 revea
that the low-frequency vibrations contribute mostly to t
e-ph coupling.20 These are the axial~buckling! oxygen
modes and cation vibrations~Cu, Ca, and Sr!. There is also a
considerable contribution toa2F(v) from the high-
frequency oxygen breathing modes.

In this paper we study a single CuO2 plane, described by
a three-band model, together with two important phon
modes. They are related to the oxygen vibrations, and th
are the breathing and buckling modes. We consider th
electron-phonon interactions, two~diagonal and non-
diagonal! associated with breathing and one~diagonal! asso-
ciated with the buckling mode. Using the cell perturbati
method, which proved useful in deriving the effective Ham
tonians for electronic systems,10,11 we study the effects of
these couplings on the effective interactions between
charge carriers in the CuO2 plane. We also derive the form
of an effective Hubbard-like Hamiltonian, in the presence
the electron-phonon interactions considered.

We start from the following three-band Hamiltonian of
single CuO2 plane with thee-ph couplings arising from in-
plane and axial motions of oxygen ions,
H5(
i

H «d1(
l

@~21!Slldul1lazl #J ni
d1(

j
«pnj

p1(
i

Udni ,↑ni ,↓1 (
i ,l ,s

~21!Ml@ tpd2~21!Slldpul #~di ,s
† pl ,s1H.c.!

1 (
j ,k,s

~21!Njktpp~pj ,s
† pk,s1H.c.!1

m

2 (
j

~ u̇ j
21vb

2uj
21 żj

21va
2zj

2!, ~1!
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where i runs over all Cu sitesr i of a tetragonal lattice with
primitive vectorsa andb, j andk run over all oxygen sites
and the sum overl enumerates the four oxygen sites arou
r i at positionsr i6a/2 and r i6b/2. Operatorsdi ,s

† and pj ,s
†

create holes in 3dx2-y2 orbitals on Cu andps orbitals on O,
with number operatorsni ,s

d 5di ,s
† di ,s andnj ,s

p 5pj ,s
† pj ,s for

spin s5↑ or ↓. We use a phase convention such that
orbitalsps transform likex or y, and hence the numbersMl
and Njk50 or 1, according to this convention. The para
eters«d and«p are on-site energies on Cu and O, whiletpd
and tpp are NN Cu-O and O-O hopping integrals, respe
tively, and Ud is the on-site Coulomb repulsion energy o
copper.

Hamiltonian~1! includes two types of oxygen vibrations
i.e., breathing and buckling modes, with frequenciesvb and
va , respectively, andm is the mass of oxygen. Thee-ph
interactions considered are linear in atomic displacement
the first term, the copper on-site energy is modulated by
oxygen displacements from their equlibrium positions:
planeul ~breathing mode,e-ph constantld)21,22 and axialzl
~buckling mode,e-ph constantla).22–24 Both these interac-
tions are diagonal in the sense that the displacements
coupled to the total occupation number at copper,ni

d5ni ,↑
d

1ni ,↓
d . In the coupling to the breathing mode, the ener

increases with Cu-O bond length, and henceSl50 for r l
5r i1e, andSl51 for r l5r i2e, wheree5a/2 or b/2. To be
consistent, we also consider the intersite, covalentlike c
pling, in which the NN, Cu-O hopping is modulated by th
displacemetsul , in such a way that longer~shorter! Cu-O
bond gives smaller~larger! Cu-O hybridization, the coupling
constant in this interaction is denoted byldp .21

A few further comments justifying the form of thee-ph
interaction are in order. First, the diagonale-ph interactions
result from changes of the copper ionic potential when
four NN oxygen ions move simultaneously. For both mod
considered, there is no linear change of the crystal poten
at the oxygen sites since these ions move about their e
librium positions. Hence there is no directe-ph coupling be-
tween doped holes on oxygen to first order in the oxyg
coordinatesxl and zl . This contrasts with the model of a
isolated CuO2 molecule considered in Ref. 13, relevant
vibrations of CuO chains in the YBa2Cu3O7 compounds.
Second, there is an indirect effect of the oxygen hole dop
on the copper ionic potential and thus on thee-ph interaction.
With doping on oxygen, the effectivee-ph couplingsla and
ld will thus change. However, this change is expected to
small and we neglect it, except in an average way by c
sidering different values of thee-ph couplings. We also limit
ourselves to oxygen vibrations only, since the oxygen io
are much lighter than the copper. Finally, the key differen
between the considered breathing and buckling modes lie
the phase factor (21)Sl @see Eq.~1!#. As we show below,
both modes give rise to different effective interactions b
tween charge carriers.

We introduce the boson representation for the phono
part of Eq.~1! by substitutions

ul5A \

2mvb
~el

11el !, 5
de f

jd~el
1el !, ~2a!
e
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zl5A \

2mva
~ f l

11 f l ! 5
de f

ja~ f l
11 f l !, ~2b!

where e and f are the bosonic operators. We apply a ce
perturbation method, which consists of the following. Fir
we transform all operators relating to oxygen sites, i.e., f
mionic pl ,s and bosonicel and f l operators, to a basis cen
tered on copper. For the fermionic oxygen orbitals, we c
struct orthogonal Wannier functionsai ,s and bi ,s by
transforming the original orbitals to the reciprocalq space,
then introducing ‘‘canonical fermions’’25,10

aq,s52
i

mq
~sq,ypq,x,s1sq,xpq,y,s!, ~3a!

bq,s5
i

mq
~sq,xpq,x,s2sq,ypq,y,s!, ~3b!

wheresq,x5sin(qx/2), sq,y5sin(qy/2), andmq5Asq,x
2 1sq,y

2 .
Transforming back to real space yieldsai ,s andbi ,s . Simi-
larly, phononic operators are introduced by the canon
transformations

Aq52
i

mq
~sq,xeq,x1sq,yeq,y!, ~4a!

Bq52
i

mq
~sq,yeq,x2sq,xeq,y!, ~4b!

Cq5
1

yq
~cq,xf q,x1cq,yf q,y!, ~4c!

Dq5
1

yq
~cq,yf q,x2cq,xf q,y!, ~4d!

where cq,x5cos(qx/2), cq,y5cos(qy/2), yq5Acq,x
2 1cq,y

2 ,
with eq,x , eq,y , f q,x and f q,y the Fourier transforms of the
corresponding phononic operators. Transforming back i
real space, the Hamiltonian may be expressed in the for

H5H01H1 , ~5!

whereH05( ihi0 is the Hamiltonian for noninteracting cells
with hi0 the Hamiltonian of thei th cell andH1 representing
cell-cell interactions.26 With this form of the Hamiltonian,
much of the correlation ande-ph effects are already include
in H0. Moreover, both these effects are treated on an eq
footing, unlike in the more usual adiabatic or antiadiaba
approximations.27

Before considering the effective interaction between
charge carriers~holes!, the one-cell Hamiltonianhi0 has to
be solved, either analytically or~more usually! numerically.
The detailed procedure of obtaining the solution will be p
sented elsewhere.26 Here we point out that it is sufficient to
solve hi0 for zero, one, and two holes, as states with mo
holes are much higher in energy. For the underlyingd-p
model of the electron subsystem, we take the ‘‘standard s
of parameters, i.e.,tpd51.3 eV, tpp50.65 eV,«p2«d53.5
eV, andU5Ud59 eV.28 In numerical calculations, phono
energies are taken as\vb50.1 eV and\va50.05 eV for
the breathing and buckling modes, respectively. These
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respond closely to the measured frequencies.20 The lowest-
energy states which belong to different subspaces are
noted asu0k&, ugk&, anduSk&, being the generalized vacuum
doublet, and ZR singlet states, respectively. The indexk la-
bels the phonon-induced ladder of vibronic states, belong
to a particular electronic state.

We stress that in the cell-perturbation method, the o
cell solutions already contain not only the main correlat
effects,10,11 but also most of the effect of the stronge-ph
interaction. We have investigated the behavior of the o
and two-hole solutions in detail. Detailed results of this
vestigation will be presented elsewhere,29 with only the main
qualitative findings given here. First, the polaronic effe
are stronger for larger values of the diagonale-ph interaction
(ld andla), while the off-diagonale-ph coupling makes the
one-cell solution less polaronic. This is consistent with
single-band single-phonon-mode model, where all the
laron effects are diagonal in origin.30 Second, we have found
a very weak phonon frequency renormalization (,1%).
Third, it appears that in a multiband, multiple-phonon-mo
model, the polaronic effects are less pronounced than
comparable single-band single-phonon-mode model.29

Generally,H15T11V1, whereT1 and V1 represent the
hopping and the static interactions between cells, resp
tively. In this paper, we do not consider the hopping part
the Hamiltonian, but concentrate on the effect ofe-ph cou-
plings on static interactions between charges. These inte
tions result from the on-sitee-ph coupling to both the breath
ing and axial modes,

V15Hbr1Hax52ldjd(
i j

m i j ~Ai
†1Ai !nj

d

12laja(
i j

f i j ~Ci
†1Ci !nj

d

5
de f

(
i j

Vi j , ~6!

where m i j 51/N(qmq exp@2iq(r i2r j )# and f i j
51/N(qyq exp@2iq(r i2r j )# are the coefficients resultin
from the canonical transformation@Eqs.~4a!–~4d!#. Further-
more, this term may be expressed in terms of Hubbard
erators,Xi

ab5ua,i &^b,i u, as follows:

V15(
i j

(
abgd

^a,i ;b, j uVi j ug,i ;d, j &Xi
agXj

bd , ~7!

whereVi j is given by Eq.~6!, with a, b, g, andd denoting
all quantum numbers of the eigenstates. Equation~7! may be
written in the simple form

V15(̂
i j &

(
ab

@vabXi
aaXj

bb1LabXj
bb~Ci ,a

† 1Ci ,a!

1LbaXi
aa~Cj ,b

† 1Cj ,b!#, ~8!

where vab5^a,i ;b, j uVi j ua,i ;b, j & are the diagonal matrix
elements (a,b50, g, or S); Lab are effectivee-ph interac-
tion strengths, which are quite small~e.g., Lgg50.02 eV,
LSS50.03 eV!; andCi ,a5(k(6)AkXi

ak21ak are bosonic op-
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erators. Thus the static interaction takes a very simple fo
which would be precisely that of a single band if allLab
were equal.31 This is analogous to the derivation of the e
fective single-band model from a multiple-band model,11 but
with phonon modes included.

Let us examine particular terms inV1, which arise from
the e-ph coupling to the breathing and buckling mode
These termsHbr and Hax have the same form but differen
coefficients, whose magnitudes depend on the phonon
quencies with sign determined bym i j andf i j , respectively.
For NN interaction, we prove that

m015
1

N (
k
Asin2

kx

2
1sin2

ky

2
coskx

52
1

N (
q
Acos2

qx

2
1cos2

qy

2
cosqx

52f01. ~9!

Since the sign of the effective hole-hole interaction induc
by the e-ph couplings is determined by the sign of coef
cients m01 or f01, the two phonon modes, breathing an
buckling, generate interaction energies of opposite s
From the numerical calculations we have shown that,
ldp50, the breathing mode results in repulsive interact
between holes and the buckling mode in attractive inter
tion between holes. These findings are illustrated in Fig
where the values ofvgg , vSg, and vSS for NN cells are
plotted in two different situationsldÞ0, la50 and ld
50, laÞ0. Similarly, in Fig. 2 we plot the effective NN
interaction between holesVhh5vgg1vSS22vSg ~Ref. 11! as
functions of twoe-ph couplingsld andla . The magnitude
of the attraction induced by the buckling mode is compara
to that obtained by Nazarenko and Dagotto,23 and supports
results of other investigations.24 The case in which both
modes contribute to the effective interactions will b
checked numerically in a subsequent paper. In Fig. 3,

FIG. 1. Effective interactionsvgg , vSg, and andvSS between
the charge carriers, as functions of the electron-phonon coupli
All curves are forldp50. The upper three curves are the functio
of ld with la50, while the lower ones are the functions ofla with
for ld50.
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show the effect of the nondiagonal part of thee-ph interac-
tion. We see that, for a given value ofld , the hole-hole
interaction becomes attractive for large enoughldp , which
enters the effective interaction only through the one-cell
lution. The presence of the attractive interaction between
charge carriers, in the presence of the breathing mode
the non-diagonale-ph interaction, is a result which in ou
opinion may strongly support the idea that thee-ph interac-
tion is one of the key factors for understanding the hig
temperature superconductivity. The contribution of bo
modes, breathing and buckling, to the pairing mechanism
in agreement with the tunneling spectroscopy, which reve
the important role of these phonon modes in the superc
ducting state.19,20

In this paper we have considered a Hamiltonian fo
single CuO2 plane with two phonon modes, breathing a
buckling, and the associated electron-phonon interactio
diagonal for both modes and nondiagonal for the breath
mode. We have shown that the diagonal parts of the elect
phonon interactions have opposite effects for the effec
interactions between the charge carriers: attraction for
buckling mode and repulsion for the breathing mode. Ho
ever, when the nondiagonal interaction is included, it appe

FIG. 2. Effective hole-hole interactionsVhh , between the
charge carriers, as functions of the electron-phonon couplings. B
curves are forldp50. The upper curve is the function ofld with
la50, while the lower one is the function ofla with ld50.
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that also the breathing mode may lead to attraction. We h
also presented a simple, effective one-band Hamiltonian
a CuO2 plane, which takes the form of a single-band Hu
bard model with small electron-phonon interactions.

Since the model we have considered is restricted t
CuO2 plane, only phononic modes resulting from the mov
ment of the in-plane oxygens are taken into account. T
only symetric modes contribute to the effective interactio
between charge carriers. However, as mentioned in the in
duction, there is convincing experimental and theoreti
evidence12–14 that a more accurate treatment including t
apical oxygen ions could give rise to significant correctio
Indeed, recent experimental findings show that both in-pl
and apical oxygen ions are occupied with holes in optima
doped compounds.14 Including the apical oxygens would re
quire another important oxygen phonon mode to be includ
namely, that in which the in-plane oxygen ions moving
one direction~in or out with respect to the central copp
ion! with the apical oxygen moving in the opposite directio
~out or in, respectively!. This is a subject for further researc

This paper was partially supported by the EC sponso
project PECO. P.P. and J.K. also acknowledge the pa
support by the Polish Committee for Scientific Resea
~KBN!, Project No. 2 P03B 175 14.

FIG. 3. The same as in Fig. 2, but as the functions ofldp for
four values ofld ; la50.th
te
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