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Magnetic Raman scattering of insulating cuprates
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~Received 5 November 1997!

We study the B1g and A1g Raman profiles of M2CuO4 ~with M5La, Pr, Nd, Sm, Gd!,
Bi2Sr2Ca0.5Y0.5Cu2O81y , YBa2Cu3O6.2, and PrBa2Cu2.7Al0.3O7 insulating cuprates within the Loudon-Fleury
theory, in the framework of an extended Hubbard model for moderate on-site Coulomb interactionU. We
calculate the nonresonant contribution to these Raman profiles by using exact diagonalization techniques and
analyze two types of contributing mechanisms to the line shapes: four-spin cyclic exchange and spin-phonon
interactions. Although these interactions contribute to different parts of the spectra, together, they account for
the enhanced linewidth and asymmetry of theB1g mode, as well as the non-negligible intensity of theA1g

Raman line observed in these materials.@S0163-1829~99!00901-7#
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I. INTRODUCTION

Inelastic Raman and neutron-scattering experiments
insulating cuprates provide information about the spin
namic of the CuO2 planes of high-Tc precursors.1 The ob-
served short- and long-wavelength low-energy excitati
have been described using the two-dimensional spin-1

2 anti-
ferromagnetic Heisenberg model~AFH!, and the standard
theory of Raman scattering based on the Loudon-Fleu2

~LF! coupling between the light and the spin system. With
this theoretical scheme, the value of the Cu-Cu excha
constantJ has been estimated from the first momentM1 of
theB1g Raman line and, in virtual agreement, from neutro
scattering measurements of the spin velocity. For insula
materials having the Cu atom on different chemical envir
ments, the estimated value ofJ results in the range
;(0.10– 0.14) eV.

Within the AFH framework, numerical and analytical ca
culations have been able to describe the temperature de
dence of the spin-spin correlation length obtained fr
neutron-scattering data,3,4 the temperature dependence of t
spin-lattice-relaxation rate 1/T1 measured by nuclear mag
netic resonance,5,6 and a prominent structure, ascribed
two-magnon scattering, of theB1g Raman line.7–11 Although
all these theoretical results suggest the AFH on the sq
lattice as avery good starting pointfor describing the spin
dynamic of the insulating cuprates, some features of the
man lines remain to be explained within the LF theory.
particular, the AFH-LF failure to describe theB1g spectral
shape and its enhanced width is not yet understood, an
course, the AFH-LF cannot reproduce a nonvanishingA1g
response.

The shape of theB1g line presents some characteris
features common to several insulating cuprates. In fact
room temperature, avery similar line shape has been ob
served for all members of theM2CuO4 series (M5La, Pr,
Nd, Sm, Gd!, Bi2Sr2Ca0.5Y0.5Cu2O81y ~BSCYCO!,
YBa2Cu3O6.2, and PrBa2Cu2.7Al0.3O7 ~PRBACUALO!.12–16

In all cases, the line extends up to;8J, which in the Ising
limit, can be ascribed to multimagnon excitations involvi
16 spins. Unfortunately, calculations on the AFH show
negligible contribution of multimagnon processes not o
PRB 590163-1829/99/59~2!/1468~6!/$15.00
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for the Raman line but also for the spin structure factor at
antiferromagnetic wave vector. Another feature is a very
tensive peak located atv;3J, identified as two-magnon
scattering.7–10 Now, it is believed that the asymmetry of th
line originates on a second hidden peak on the high-ene
side of the spectrum atv;4J whose intensity is;25%
smaller than the intensity of the two-magnon peak.14 In the
Ising limit, the energy of these magnetic excitations cor
sponds to four-magnon scattering. For the AFH model, th
give a very small contribution to the intensity of the spe
trum. On other geometries interesting features also app
The A1g line has a maximum at a slightly high frequenc
with respect to the two-magnon peak,17 while for theA2g and
B2g symmetries the center of the spectrum is located av
;5J and v;4J, respectively.18 Finally, a slight tempera-
ture dependence of the scattering intensities of theB1g line
in the insulating cuprates has been found. In fact, the ris
temperature from 30 to 273 K causes the two-magnon p
intensity to decrease by only;10%, in contrast to;50%
for the S51 system La2NiO4.

12 Consistently, previous cal
culations show a weak temperature dependence of theB1g
spectrum forT,J ~Ref. 19! for the spin-12 AFH model,
which in turn suggests the importance of short-range sp
spin correlations.

In the Fleury-Loudon theory, the state emerging from t
application of the current operator on the ground state
considered as an eigenstate. In this intermediate eigens
the electron and the hole, produced by the photon scatte
are very close in real space, creating a charge-transfer ex
and the individual propagation of each particle is neglect
This approximation could be appropriated for the case of
cuprates due to the presence of an electron-electron inte
tion (Upd) between nearest-neighbor sites~oxygen and cop-
per sites!. This interaction, not included in the Hubbar
Hamiltonian, is important to describe the charge excitatio
of the cuprates and induces an attractive interaction betw
the hole and the electron.20 Due to this interaction, the hole
and the electron are close in space and there is not free
dividual propagation of them.21 Furthermore, the disorde
present in the cuprates22 tends to localize the electron-hol
pairs. Chubukov and Frenkel tried to include the reson
effects in the frame of the one-band Hubbard mode23
1468 ©1999 The American Physical Society
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PRB 59 1469MAGNETIC RAMAN SCATTERING OF INSULATING CUPRATES
Schönfeld et al.24 calculated the resonant contributions b
they could not properly describe theB1g profile, and the
observedA1g line remains to be explained. In both case
they did not include the effect of theUpd interaction to de-
scribe the charge excitations and considered that the elec
and the hole propagate individually. For the reasons gi
above, we think that the Fleury-Loudon theory is an app
priated framework to describe the Raman spectra of the
prates.

Even when the resonant effects may be needed to exp
the dependence of the Raman spectra on the incoming
frequency, the main features of the line studied in our w
persist over the wide range of frequencies used in
experiments12,13,16,17,25,26and are essentially the same as th
out of resonance. This point is shown in, e.g., the rec
work in PrBa2Cu2.7Al0.3,

16 where the Raman spectra out
resonance was measured and the main features of theB1g
line shape remain unaltered. Besides, the LF theory has
the standard framework to describe the Raman spectr
other antiferromagneticS51/2 compounds.27,28 So, it is an
interesting issue whether the persistent aspects of the Ra
line can be well described within the LF theory with an a
propriate model.

Previous theoretical work using LF theory tackled t
problem of the line’s shape by using series expansio
variational Monte Carlo, interacting spin waves, and ex
diagonalization techniques on small clusters.7–11

Different theoretical scenarios have been proposed for
scribing the anomalously enhanced width of theB1g line,
and although at a first sight, quantum fluctuations could
the main contribution to the width of theB1g line, this last
hypothesis has been rejected after measurements on tS
51 system NiPS3 for which a relative width comparable t
the insulating cuprates has been observed.29 A different pro-
posal has been motivated by the temperature dependen
the two-magnon peak, namely, an increase of the Ra
linewidth with increasing temperatures.30 This has been con
sidered as a strong indication of a phonon mechanism for
line’s broadening and its effect has been analyzed throug
non-uniform renormalization of the exchange constantJ.31

Another argument which supports the phonon mechanism
that although the second cumulantM2 of the B1g Raman
spectrum is almostJ independent for the materials me
tioned above, its exchange constant changes by;20%. This
indicates a linewidth dominated by nonmagnetic contrib
tions such as intrinsic disorder of the spin lattice, defects
phonons. Of course, this does not rule out other magn
mechanism providing scattering at frequencies higher t
the two-magnon peak.

So far, the phonon mechanism alone is insufficient to
scribe the line asymmetry due to important contributions
four-magnon scattering.30 This requires us to go beyond th
minimal AFH model. An effective description of the insula
ing cuprates based on the single-band Hubbard model32 re-
cently appeared, giving a theoretical framework with whi
to go beyond the AFH model and provides additional mu
spin interactions which finally could contribute not only
the Raman spectra but also to the midinfrared phon
assisted optical conductivity.33 In this work, we extend pre-
vious calculations of theB1g and A1g lines based on the
minimal AFH model by including multispin and spin-phono
t
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interactions. We calculate the Raman spectra on finite-
systems using the now standard Lanczos method34 for the
series of materials mentioned above. Since inelastic lig
scattering measurements probe short-wavelength spin
tuations, we expect finite-size effects to be small.35 We find
that two mechanisms, multispin and spin-phonon inter
tions, contribute to the width and shape of theB1g Raman
line, and at the same time, allow an otherwise forbiddenA1g
response.

II. RAMAN SPECTRA AND EFFECTIVE SPIN MODEL

The scattering of light from insulating antiferromagnets
energies smaller than the charge-transfer gap;(1.5– 2) eV
can be described phenomenologically, by introducing a
man operator, based on the symmetries of the magnetic p
lem. For the one-dimensional irreducible representations
the square, these operators are given by

OB1g
5(

i
SW i •~SW i1ex

2SW i1ey
!,

OA1g
5(

i
SW i •~SW i1ex

1SW i1ey
!,

OB2g
5(

i
~SW i •SW i1ex1ey

2SW i1ex
•SW i1ey

!,

OA2g
5(

i
emnSW i •~SW i1em

3SW i1en
!.

wherem56x,6y, andemn52enm52e2mn . Hereex and
ey denote unit vectors inx,y directions of a square lattice
The Raman Hamiltonian is proportional to one of these
erators, being the prefactor matrix elements of the dipo
moment, and therefore, depends on microscopic detail
the system. Here, we will assume them all equal to one
therefore we will be unable to compare the relative inten
ties of spectra of different symmetries. Microscopical
these Raman operators can be derived from the theor
Raman scattering in Mott-Hubbard systems.36 In the strong-
coupling limit of the Hubbard model, they appear quite na
rally as the leading-order contributions in an expansion
D5t/(U2v). Of course, for the two-dimensional~2D!
AFH model, theOA1g

operator commutes with the Hami

tonian, so theA1g response vanishes at the lowest order a
terms of orderD3 are required to have a small but finit
response.

The Raman spectrumRG(v) at T50, is given by

RG~v!5(
n

u^f0uOGufn&u2d~v2En1E0!,

whereG is A1g ,B1g ,A2g or B2g , uf0& is the ground state,E0
is the ground-state energy, andufn& is an excited state of the
system with energyEn . The spectrumRG(v) can be ob-
tained from a continued fraction expansion of the diago
matrix element of the resolvent operator 1/(v1E01 id
2H) between the stateOGuf0&. Hered is a small imaginary
part added to move the poles away from the real axis.34
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TABLE I. Values of the single-band parameters for the different insulators.

YBa2Cu3O6.2 Pr2CuO4 Nd2CuO4 Sm2CuO4 La2CuO4 Gd2CuO4 BSCYCO PRBACALO

U/t 9.5 9.5 9.5 9.5 10.5 9.5 10.5 9.5
t8/t 0.28 0.30 0.28 0.30 0.30 0.30 0.30 0.30
t ~eV! 0.40 0.42 0.42 0.435 0.475 0.435 0.45 0.37
J ~eV! 0.138 0.145 0.145 0.150 0.154 0.150 0.146 0.140
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Let us describe first theB1g Raman spectrum of the 2D
antiferromagnetic Heisenberg model. It has mainly two c
tributions:~a! a very strongtwo-magnonstructure located a
v;3J and ~b! a weakerfour-magnonprocesses at highe
energies.

In a recent work, Sandviket al.11 calculated numerically
the HeisenbergB1g spectrum for lattices up to 636 sites.
They found a change in the strong structure atv;3J in the
exact spectrum going from 434, with a single two-magnon
dominant peak, to 636, where two equal-sized peaks a
pear. Unfortunately this is the bigger system available no
days and it is not clear if these two peaks are not a spur
characteristic of this cluster since this kind of structure is
observed in bigger systems calculated with Monte Carlo m
entropy.11 They concluded that the Heisenberg model can
describe the broadB1g spectrum and, of course, it gives
zeroA1g profile even for that size of clusters. The four-sp
excitations are generated by flipping two pairs of spins of
Néel background in a plaquete or in a column with an ene
cost of 4J and 5J, respectively. The intensity of these hig
frequency processes isvery small,10%,8,35 and cannot ac-
count for the asymmetry observed for this mode37 on the
high-frequency side of the spectrum. Since a distinct sho
der appears atv;4J, it has been proposed that the fou
magnon channel is enhanced by four-spin cyclic excha
interactions.12 In fact, finite cluster calculations38,39 for the
undoped compound have shown that although within
CuO2 planes the leading term in the effective spin Ham
tonian is the antiferromagnetic Heisenberg exchange inte
tion, other terms are required to describe the low-energy s
excitations. These higher-order terms appear naturally
performing a canonical transformation up to fourth order
the Hubbard model.40 A single-band Hubbard model can s
multaneously describe the low-energy charge and spin
sponses of insulating Sr2CuO2Cl2.

32 Hence, our starting
model to describe the spin dynamic of all the compoun
mentioned before, is an extended Hubbard Hamiltonian,
cluding next-nearest-neighbor~NNN! hoppingt8. By means
of a canonical transformation to fourth order int and second
order in t8, the effective spin Hamiltonian is written as fo
lows:

Heff5J(
i ,d

S SiSi 1d2
1

4D1J8(
i ,d8

S SiSi 1d82
1

4D
1K (

^ i , j ,k,l &
~SiSj !~SkSl !1~SiSl !~SjSk!2~SiSk!~SjSl !

with J54t2/U264t4/U3, J854t82/U14t4/U3, and K
580t4/U3. d (d8) runs over NN~NNN! and^ i , j ,k,l & means
the sum over groups of four spins in a unit square. The ef
of the cyclic exchange interaction on the antiferromagne
-
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ground state of the 2D Heisenberg model has been stu
showing that for small values ofK/J, the antiferromagnetic
phase is stable.41 The staggered magnetization increases
K/J is increased, has a maximum at;0.75, and then de-
creases showing a transition to a spin-canted region. In
ticular, for the value ofK estimated for the cuprates, th
system is still in the antiferromagnetic phase and its st
gered magnetization ismst;0.58. The reduction of the three
band model onto the single-band Hubbard model for reali
values of the multiband parameters, indicates that the ef
tive hopping t is bounded between 0.3 and 0.5 eV, wh
U/t;7 – 10.42 Furthermore, the derivation of the one-ban
Hubbard Hamiltonian given by Simo´n and Aligia ~see Ref.
42! for the parameters obtained from local-density appro
mation calculations for La2CuO4, gives t;0.45 eV, U/t
;7.6, t8/t;0.15. Deviations from these values are expec
for different materials, in particular, for the values of th
long-range hoppings. In Table I, we show the values of
parameters for the eight systems studied in this work.

III. RESULTS

Let us examine first the role of multispin interactions
the spectra. Figure 1 shows the calculated Raman spec
at different symmetries forU59.5t and t850.28t. The B1g
line shows the same features as for the Heisenberg mo
being the main difference the gain of spectral weight at h
frequencies, Fig. 1~a!. The four-magnon processes are no
enhanced having a relative intensity to the two-magnon p
of ;20%. This is in agreement with Ref. 14, where it h
been found that the deviation from the symmetric part of
B1g mode is mainly due to a peak located atv;4J whose
intensity is about 20% of the two-magnon peak. For theA2g
andB2g modes, Fig. 1~c!, the center of gravity of the spectr
agree rather well with the experimental data.18

However, calculations for theA1g line, Fig. 1~b!, shows
that the maximum is shifted by;J respect to the two mag
non peak, in disagreement with the experimental shift.
though the four-spin cyclic exchange interaction provide
mechanism for some features of theB1g mode and yields
responses in the correct frequency range for theA2g andB2g
lines, it does not give correctly the frequency range for
A1g spectrum neither the full linewidth of theB1g line. As
was mentioned before, this can be due to sample inhomo
neities, additional strong interactions with the spin exci
tions and/or disorder. Among all of them, the spin-phon
interaction seem to be the best candidate.

The occurrence of a strong Peierls-type Fermi-surface
stability involving breathing-type displacements of the ox
gen atoms of the CuO2 planes suggests that spin-phonon
teractions could contribute to the damping of the sp
excitations of the insulating compounds. The in-plane p
non modes have small energy compared to the excha
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interaction. Indeed, infrared data for La2CuO4 gives frequen-
cies of the O stretch modes as 550 and 690 cm21. This cor-
responds to a bond-stretching force constantK of ;7.5 and
;11 eV/Å2, respectively,43 i.e., A^x2&;0.1 Å. The
electron-phonon interaction on the real material, modifies
exchange interaction parameter of the effective spin Ham
tonianmainly through the dependence oftpd and the charge-
transfer energy on the Cu-O distancedCu-O.44 In the spin-
wave approximation, the lowest order contribution to t
damping of spin excitations due to the spin-phonon inter
tion is proportional tou¹Ju2.45 Because along theM2CuO4
family, J changes almost linearly withdCu-O, u¹Ju takes the
constantvalue ;4350 cm21/Å, so the maximum contribu-
tion to the exchange constant due to the spin-phonon c
pling is DJ;6435 cm21.

The spin-phonon interaction produces, through quan
fluctuations, some kind of dynamically induced disord
which can be seen by short-wavelength spin excitatio
While the spin dynamic is driven by\vs5J, the phonon
movement is by\vph;(20– 60) meV,J, then in the spin
system it appears that the oxygen atoms are frozen in di
ent positions duringeachspin-exchange process. Since t
phonon energy is much smaller than the exchange param
as a first approximation, the phonon energy can be take
zero, then the spin-phonon interaction shows up thro
fluctuations of the phonon field. In this limit phonons can

FIG. 1. B1g andA1g Raman spectra for 16 and 20 sites cluste
Calculations were done for the effective spin model with no sp
phonon interaction. The microscopic parameters correspond
YBa2Cu3O6.2 ~see Table I!.
e
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modeled by static disorder,46 in other words, the fluctuations
of the phonon field can be modeled by a random distribut
P(J,D) of the exchange parameter of widthD centered
aroundJ. For the one-band Hubbard model this correspo
to a distribution for hoppings, centered aroundt(t8) with
dispersionDt(Dt8). In what follows we assume a Gaussia
distribution for them. The value ofD is of orderlA^x2&/t
;(0.07– 0.7) eV for an electron-phonon couplingl
;(0.3– 3.0).43 Since the real value ofD depends on the
details of the microscopic model used for the planes as w
as the material itself, we fixedD50.13 which gives the bet-
ter overall description of the mentioned insulators.

Figure 2 shows a comparison between experimental
calculatedA1g and B1g spectra for seven different com
pounds. Table II presents the calculated and experime
values for the first two cumulants. All the spectra of Fig.
results from a quenched averaged over 150 samples.
calculatedB1g response shows many of the experimenta
observed features. Indeed, the characteristic two-mag
peak is located atv;3J, the spectra extend up to 8J and
significant spectral weight is found atv;(3.5– 4)J. The
A1g scattering appears in the same frequency range of
B1g response 2J,v,4J and the center of gravity of this
line is slightly shifted to the right with respect to the two

.
-
to

FIG. 2. B1g andA1g Raman spectra for the 20 sites cluster. T
value of the parameters are given in Table I andD50.13. Scattered
symbols correspond to experimental data taken from Refs. 12
while solid lines are the result of theoretical calculations using
effective spin model taking into account fluctuations of the phon
field.
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TABLE II. Values of the cumulantsM1 andM2 for Raman linesB1g andA1g . First lines correspond to
experimental values taken from Refs. 12–15.

YBaCuO Pr2CuO4 Nd2CuO4 Sm2CuO4 La2CuO4 GdCuO BSCYCO PRBACAL

M1 1.11 1.01 1.03 1.00 0.96 0.97 0.95 0.93
1.02 0.96 1.03 1.00 0.97 0.99 0.93 0.96

B1 M2 0.40 0.33 0.37 0.37 0.30 0.32 0.27 0.28
0.42 0.30 0.39 0.40 0.38 0.42 0.27 0.30

M2 /M1 0.36 0.33 0.36 0.37 0.31 0.32 0.29 0.30
0.41 0.31 0.39 0.40 0.39 0.42 0.29 0.31

M1 1.30 1.13 1.15 1.04 1.05 1.23 1.20
1.10 1.07 1.13 1.09 1.03 1.10 1.03

A1 M2 0.42 0.39 0.45 0.37 0.38 0.42 0.46
0.35 0.33 0.37 0.36 0.33 0.37 0.35

M2 /M1 0.32 0.35 0.39 0.36 0.36 0.34 0.39
0.32 0.30 0.33 0.33 0.32 0.33 0.34
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magnon peak. As it was stated in Ref. 14, theB1g line can be
well fitted with two Gaussian curves. One centered atv
;3J, and the other atv;4J with a relative intensity of
25% respect to the first one. Hence, from the explana
given above and the results presented in Ref. 31, it is c
that the Heisenberg model, even with the inclusion of sp
phonon interaction, cannot reproduce simultaneously
width and the asymmetry of theB1g peak. It is necessary to
take unrealistic values of disorder (D50.5J) ~Ref. 31! in
order to transfer spectral weight from the two-magnon p
to higher energies. From Figs. 1 and 2, it becomes clear
the inclusion of additional terms (J8 andK) are necessary to
reproduce the whole shape of theB1g line. These terms gen
erate the whole structure of theA1g line becauseOA1

does
not commute with the Heisenberg Hamiltonian. This stru
ture has two main contributions of approximately the sa
weight. The first is the same as the two-magnonB1g peak,
now allowed in this representation due to the broken sy
metry introduced by the fluctuations of the phonon fie
Therefore, the intensity of this peak increases withD. The
second contribution corresponds to four-magnon states@see
Fig. 1~b!# mainly introduced by theJ8 and K terms of the
Hamiltonian. Contrary to theB1g contribution, this one does
not have a regular behavior withD. If we depart fromD
50.13~the dispersion used to describe allB1g lines! the two
main A1g peaks will not have the same intensity and t
agreement with experiment will pair off. This point is clear
seen by comparing Fig. 2 with Fig. 1 of Ref. 31 where t
A1g line, using a Heisenberg model plus disorder, is give

IV. SUMMARY

Summarizing, we have studied the role of spin-phon
and multispin interactions on the line shapes of lig
scattering experiments within the Loudon-Fleury theory
the insulating cuprates. For the insulating parent material
high-temperature superconductors, by contrast to conv
tional antiferromagnets, the energy of short-wavelength s
excitations is greater than the characteristic energy of op
phonons so a non-negligible contribution of the spin-phon
interaction is expected for the damping of spin excitatio
n
ar
-
e
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.

n
-
r
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n-
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Good qualitative agreement for theB1g an the A1g was
found.

As it was noted before, to describe the dependence of
spectrum with the incident laser, a resonant theory should
used. But, as it was shown in a recent experiment
PrBa2Cu2.7Al0.3O7 ~Ref. 16! ~see Fig. 2!, resonant effects be
come weak as the laser frequency is decreased. For
enough frequencies, the system is out of resonance.
main characteristics of theB1g line measured in these con
ditions, the width of the main peak and the shoulder at hig
energies, remain unaltered. By including spin-phonon in
actions in the framework of the single-band Hubbard mo
we can reproduce quantitatively these features. TheA1g
spectra are also well described within this theory. This i
theory with realistic parameters which can reproduce theB1g
and A1g measured spectra. Therefore, we conclude that
Loudon-Fleury theory is a good starting point to describe
Raman spectra of the insulating cuprates.

In a recent work, a numerical calculation of the Heise
berg model in clusters as big as 636 was performed and two
two-magnon peaks were found. If this is confirmed for b
ger clusters~note that Monte Carlo max entropy calculatio
on bigger clusters do not show such structures!, this could
lower the phonon-magnon coupling needed to adjust the
periments. Unfortunately this is far from current numeric
possibilities.

Finite-cluster calculations for eight insulating cuprat
support the view of two contributing mechanisms to theB1g
andA1g Raman lines. Although they contribute to differe
parts of the spectra, together they account for the enhan
linewidth and the asymmetry of theB1g mode, as well as for
a non-negligible response for theA1g Raman line observed
in these materials.

ACKNOWLEDGMENTS

We would like to thank E. Fradkin, R. M. Martin, and M
Klein for useful discussions at early stages of this work. A
of us are supported by the Consejo Nacional de Invest
ciones Cientı´ficas y Técnicas, Argentina. Partial suppo
from Fundacio´n Antorchas under Grant No. 13016/1 an
from Agencia Nacional de Promocio´n Cientı́fica y Tecno-
lógica under Grant No. PMT-PICT0005 are gratefully a
knowledged.



-

. B

ki

ys

s

.

,

,

Lett.

ys.

v. B

E.

PRB 59 1473MAGNETIC RAMAN SCATTERING OF INSULATING CUPRATES
1See, for example, S. Chakravarty, inHigh Temperature Super
conductivity, edited by K. S. Bedellet al. ~Addison-Wesley,
Palo Alto CA, 1990!; E. Manousakis, Rev. Mod. Phys.63, 1
~1991!.

2P. A. Fleury and R. Loudon, Phys. Rev.166, 514 ~1968!.
3H.-Q. Ding and M. Makivic, Phys. Rev. Lett.64, 1449~1990!; M.

Makivic and M. Jarrell,ibid. 68, 1770~1990!.
4S. Chakravarty, B. I. Halperin, and D. R. Nelson, Phys. Rev

39, 2344~1989!.
5A. Sokol, E. Gagliano, and S. Bacci, Phys. Rev. B47, 14 646

~1993!.
6T. Imai et al., Phys. Rev. Lett.70, 1002~1993!.
7R. R. P. Singh, P. A. Fleury, K. B. Lyons, and P. E. Sulews

Phys. Rev. Lett.62, 2736~1989!.
8E. Gagliano and S. Bacci, Phys. Rev. B42, 8772 ~1990!; E.

Dagotto and D. Poilblanc,ibid. 42, 7940~1990!.
9Z. Liu and E. Manousakis, Phys. Rev. B43, 13 246~1990!.

10C. M. Canali and S. M. Girvin, Phys. Rev. B45, 7127~1991!.
11A. W. Sandvik, S. Capponi, D. Poilblanc, and E. Dagotto, Ph

Rev. B57, 8478~1998!.
12S. Sugaiet al., Phys. Rev. B42, 1045~1990!.
13P. E. Sulewskiet al., Phys. Rev. B41, 225 ~1990!.
14I. Tomenoet al., Phys. Rev. B43, 3009~1991!.
15P. E. Sulewskiet al., Phys. Rev. Lett.67, 3864~1991!.
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