
PHYSICAL REVIEW B 1 JUNE 1999-IIVOLUME 59, NUMBER 22
Phase-dependent energy spectrum in Josephson weak links
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The quasiparticles energy spectrum in clean Josephson weak links is studied theoretically. The density of
states~DOS! is calculated for various situations:s-wave ord-wave symmetry of the order parameter in the
superconducting electrodes, the barrier consisting of a normal or a monodomain ferromagnetic metal. The
number of peaks in DOS, corresponding to the Andreev bound states, in the anisotropicd-wave case can be
greater than in the isotropics-wave case, provided that the barrier acceptance angle is not too small. Energy
levels of the bound states are explicitly obtained as a function of the barrier thickness and exchange field and
in the d-wave case of the orientation of the crystalline axes of the electrodes. The spectra are strongly
influenced by the macroscopic phase difference at the link.@S0163-1829~99!12621-3#
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I. INTRODUCTION

Quasiparticle states in nonuniform superconductors h
been studied since the early days of superconductivity
conventional superconductor–normal-metal~S/N! junctions,
in which the order parameter amplitude abruptly changes,
bound states discovered first by de Gennes and Saint Jam1

and studied afterwards by Arnold2 and many other author
are a consequence of Andreev reflection.3 The quasiparticle
states ins-wave S/N/S junctions were studied more recen
by Furusaki and Tsukada,4 who found that the energy spec
trum depends strongly on the pair potential phase differe
between two superconductors, and that the Josephson cu
flows via the bound states. In high-Tc superconductors
where a growing amount of evidence points to thedx22y2

symmetry of the order parameter, the pair potential enco
ters a phase change between thea- and b-axis directions.5

One particular feature related to thed-wave symmetry is the
existence of the zero-energy states~ZES! at the surface of a
d-wave superconductor,6,7 closely related to the experimen
tally observed zero-bias conductance peaks~ZBCP! in tun-
neling spectroscopy measurements.8 The origin of ZBCP in
theab-plane tunneling conductance ind-wave superconduct
ors is the same as that of thep phase shift in the Josephso
interference experiments.9 However,p shift may arise in a
junction with magnetic impurities in the barrier,10 or in
superconductor-ferromagnet~S/F! multilayers.11,12 When the
magnetic scattering is involved, one has a special cas
Andreev reflection, since the magnetic exchange field is
posite for two spin orientations of the carriers forming
Cooper pair. In the past tunneling through S/Fi/S junctio
where Fi is a magnetic insulator, has been stud
experimentally13 and theoretically.14,15 More recently, An-
dreev reflection has been studied in S/F junctions by de J
and Beenakker,16 and in S/F/S junctions where F is a ferr
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magnetic metal by Kuplevakhskii and Fal’ko.17 Magnetic
scattering effects ins-wave andd-wave S/N junctions with a
Kondo-like magnetic barrier or containing a ferromagne
scattering layer have been calculated by Zhu and Wang.18

In the present paper we calculate the quasiparticle den
of states in Josephson weak links with a metallic barr
which may consist of a normal metal~N! or of a ferromag-
netic metal~F! with constant exchange field. We consid
both s-wave symmetry anddx22y2-wave symmetry of the
superconducting order parameter. In the latter case, we
sume that the crystals in two~identical! superconducting
electrodes are misoriented, theira axes making an angleu.

Our main purpose is to investigate the influence of
phase difference at the junction on the quasiparticles ene
spectrum. This phase difference, due to the flow of the
percurrent, or to the misorientation of the electrodes
d-wave pairing, in presence of the exchange energyhÞ0 in
F acquires an additional ‘‘magnetic’’ contribution. We stud
the change in the spectra induced byh, as well as the condi-
tions for ZES in various situations mentioned above.

The paper is organized as follows. in Sec. II we pres
the general formalism, based on quasiclassical theory
superconductivity,19 and calculate the quasiclassical Green
functions for S/F/S weak link, generalizing the approach
Buzdin et al.20 to the case ofd-wave junctions with ferro-
magnetic barrier.21 From the obtained expressions easily fo
low simpler cases ofs-wave junctions, with an isotropic or
der parameter, and of a normal metal barrier, withh50. In
Sec. III we calculate the resulting densities of states.
show how the local densities of states can be expresse
terms of energies of bound states and give the equations
the bound states, from which the condition for the formati
of ZES follows. Section IV contains a discussion of the o
tained results.
14 644 ©1999 The American Physical Society
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II. QUASICLASSICAL GREEN’S FUNCTIONS

An efficient method for calculating local spectral prope
ties of superconductors is the quasiclassical theory
superconductivity.19 In the clean limit, and assuming that th
magnetic influence on superconductivity is limited to that
the exchange field, one can use the Eilenberger quasiclas
matrix equations in the presence of the exchange en
h.20–22

The corresponding set of scalar equations for the qu
classical Green’s functionsg↓(r ,v0 ,vn), f ↑↓

1 (r ,v0 ,vn), and
f ↓↑(r ,v0 ,vn) is given by

2~wn1 ih ! f ↓↑1v0¹ f ↓↑52g↓D, ~2.1!

2~wn1 ih ! f ↑↓
1 2v0¹ f ↑↓

1 52g↓D* , ~2.2!

v0¹g↓5D* f ↓↑2 f ↑↓
1 D. ~2.3!

Here vn5pT(2n11) are the Matsubara frequencie
(kb5\51), v0 is the Fermi velocity, andD is given by the
self-consistency equation

D~r ,v0 ,vn!5pN0TE dVv0

2p
V~v0,v08! f ↓↑~r ,v08,vn!,

~2.4!

whereV(v0,v08) is the pairing interaction. For the opposi
spin direction, the set of corresponding equations is obtai
by changingh→2h.21

We solve the above equations for ad-wave S/F/S junc-
tion, where S is an anisotropic superconductor withdx22y2

symmetry andh50, and F is a monodomain ferromagne
metal with constant exchange energyh and withD50. We
assume both S and F metals clean, with same disper
relations and with same Fermi velocityv0 ~electron scatter-
ing on impurities in S can be neglected ifl @j0, wherel is
the electron mean free path andj0 superconducting coher
ence length, and ifh@v0 / l in F!.20

The barrier is assumed perpendicular to thea axis in the
ab plane of the left-hand monocrystalSL , which may be
misoriented with respect to the right-hand oneSR , their a
axes making an angleu ~see Fig. 1!. For anisotropic pairing,

FIG. 1. Schematic illustration of the weak link. Ford-wave
pairing in S electrodes the fourfold symmetry of the pair potentia
indicated.
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the pair potential and the shape of quasiparticle spectra
pend on the misorientation. Fordx22y2 symmetry,23 the pair-
ing interaction and the pair potential inSL are, respectively,
V(v0,v08)} cos 2w cos 2w8 andD(v0)} cos2w, wherew is the
angle the quasiparticle momentum makes with thea axis.
Similarly, in SR , D(v0)} cos 2(w2u).

Assuming a thin and short barrier of thickness 2d and
with constanth, we find an analytical solution of Eqs.~2.1!–
~2.3! taking a step-function variation of the pair potenti
along thex axis perpendicular to the barrier,21

D~x!5DL~f!Q~2d2x!1DR~f!Q~x2d!. ~2.5!

In the barrier, whereD50, f Þ0 due to the proximity effect.
In the left- and right-hand superconductors, the pair poten
can be taken in the form21

DL,R~f!5DL,Re6 if/2, ~2.6!

wheref is an intrinsic phase difference at the contact rela
to the supercurrent flow,

DL5D0~T!cos 2w, ~2.7!

and

DR5D0~T!cos 2~w2u! ~2.8!

for d-wave pairing. Fors-wave pairingDL5DR5D0(T). In
the following we denoteD0(0)5D0 since we calculate den
sity of states atT50 only.24

We note that in principle the pair potential should be d
termined self-consistently. However, the self-consistent
proach would greatly complicate the calculations witho
shedding much light on the exchange-interaction-indu
states in the S/F/S case,14,17which is the main subject of this
paper. In the S/N/S case, the validity of our model require
weak proximity effect in S, as it may be the case atT50.

Far from the barrier the Green’s functionsf ↓↑ and g↓
approach their respective bulk values

g0
L,R5

vn

Vn
L,R , ~2.9!

f 0
L,R5~ f 0

1L,R!* 5
DL,R~f!

Vn
L,R

, ~2.10!

where

Vn
L,R5AuDL,Ru21vn

2. ~2.11!

Looking for solutions of the formg↓5g01g1(x), f ↓↑5 f 0
1 f 1(x) in S, and using the continuity conditions at the ba
rier interfaces to relate them to the solution in F, one find
position-independent normal Green’s function in F,uxu<d,

s

g↓~w,vn!52
DL~vn2Vn

R!1DR~vn1Vn
L!exp„if14d~vn1 ih !/v0 cosw…

DL~vn2Vn
R!2DR~vn1Vn

L!exp„if14d~vn1 ih !/v0 cosw…
~2.12!
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FIG. 2. DOS in the barrier of the reduced thicknessd̄51 for S/N/S@~a!,~b!# and S/F/S,h50.5 @~c!,~d!# junction with s-wave pairing in
S and cylindrical Fermi surface. The ground statef50 @~a!,~c!#, and nonequilibrium state with ZES,f5p ~b! andf5p21 ~d!. PDOS for
w50 ~dotted curves! is shown for S/N/S junction@~a!,~b!#. Spin splitting,s5↑ ~solid curves! ands5↓ ~dashed curves!, is evident for S/F/S
junction.
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andg↑(w,v) is obtained from the above expression putti
h→2h.21

For uxu>d we find

gs
L,R~x,w,vn!5gs~w,vn!ean

L,R(d6x)1
vn

Vn
L,R ~12ean

L,R(d6x)!,

~2.13!

wherean
L,R52Vn

L,R/v0 cosw ands5↑,↓.
From Eqs.~2.12! and~2.13! it is easy to obtain the corre

sponding results for ad-wave junction with normal meta
barrier, puttingh→0, and fors-wave junction, taking isotro-
pic pair potentialDL5DR5D0, with ferromagnetic (hÞ0)
or normal metal (h50) barrier. Note that here there is n
backscattering allowed, i.e., the transmission coeffici
through the interface is taken equal to unity.
t

III. DENSITY OF STATES

The quasiparticle spectrum follows from the retard
Green’s functions, obtained by the analytical continuation
g↓(h) and g↓(2h)5g↑(h). In our notation,21 the partial
density of states~PDOS!, which is the angle-resolved DOS
is given by

Ns~x,w,E!5 lim
d→0

Regs~x,w,iwn→E1 id!, ~3.1!

wherew is the angle between the direction ofv0 and thex
axis, andE is the quasiparticle energy measured from t
Fermi level.

DOS is obtained by averaging PDOS over the anglew,
assuming spherical Fermi surface for the three-dimensio
~3D! case ~conventional superconductors!, and cylindrical
for the two-dimensional case~high-Tc superconductors!. In
the 2D case
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FIG. 3. DOS in the normal metal barrier of the reduced thicknessd̄51 for S/N/S junction withd-wave pairing in S . The acceptance
angle iswc570°. PDOS,w50 ~dotted curves! and DOS for cylindrical Fermi surface~solid curves!, for the misorientation angle:u50 @~a!,
~b!#, u5p/8 @~c!,~d!# andu5p/4 @~e!,~f!#. The ground state,f50 @~a!,~c!#, andf5p/2 ~e!, and the nonequilibrium state,f5p @~b!,~d!#
andf50;p ~f!. For u5p/2 ~a! corresponds tof5p, and~b! to f50.
Ns~x,E!/N05E
2p/2

p/2

dwD~w!Ns~x,w,E!, ~3.2!

whereN05m/2p, and in the 3D case
Ns~x,E!/N05E
0

p/2

dw sinwD~w!Ns~x,w,E!, ~3.3!

whereN05mkF /2p2. We model the barrier with a uniform
probability distribution9 D(w)51/*

2w
wc dw for the 2D case,
c
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FIG. 4. DOS, for cylindrical Fermi surface, in the ferromagnetic barrier, with the reduced exchange energyh50.5, and the reduced

thicknessd̄51, for S/F/S junction withd-wave pairing in S . The misorientation angle isu50, and the acceptance anglewc570°. Spin
splitting: s5↑ @~a!,~b!# ands5↓ @~c!,~d!#. The ground state,f50 @~a!,~c!#, and the nonequilibrium state with ZES,f5p21 @~b!,~d!#.
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andD(w)51/*0
wc sinwdw for the 3D within an acceptanc

cone of angle 2wc about the interface normal, and zero ou
side the cone. The anglewc depends on the dimensions
the barrier, which we assume thin and short. We note
that for uEu<min(uDLu,uDRu) at givenw and u, Eqs.~2.13!
and ~3.1! give a relation between PDOS inSL,R and in the
barrier

Ns
L,R~x,w,E!5eaL,R(d6x)Ns~w,E!, ~3.4!

whereaL,R52VL,R/v0 cosw, VL,R5AuDL,Ru22E2.
The influence of the barrier is seen only in the vicinity

the interface, due to the exponential factor. Deep in S
obtain, as expected, a spin-orientation independent bulk
sult

NL,R~w,E!5
uEu

VL,R
Q~ uEu2uDL,Ru!. ~3.5!
st

e
e-

Since PDOS in the electrodes and in the barrier are rela
by Eq.~3.4!, we consider in the following only~the position-
independent! PDOS and DOS in the barrieruxu<d. The con-
ditions for the appearance of the Andreev bound states in
quasiparticle spectra are obtained analytically, including Z
and the spin splitting. However, for the explicit evaluation
the densities of states we performed numerical calculati
directly from Eqs.~2.12! and ~3.1!.

To find the density of states for ad-wave junction, we
take anisotropic pair potentialsDL,R depending onw andu,
Eqs.~2.7! and~2.8!. For both spin directions we find that i
the regionuEu.min$uDLu,uDRu% at given w and u, PDOS is
continuous without discrete levels. ForuEu,min$uDLu,uDRu%
PDOS in the barrier is

N↓~w,E!5@2E~X2VL1VR!

22X sin 2g~VLVR1E2!#d~V!. ~3.6!

Here
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FIG. 5. Same as in Fig. 4, foru5p/8.
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V5~XVL2VR!22E2~11X!214X cos2g~VLVR1E2!,

X5DR/DL5cos 2~w2u!/cos 2w, ~3.7!

g5f/22d̄~E2h!/cosw,

where d̄52dD0 /v05(2/p)d/j0 , j05v0 /pD0, and N↑(h)
5N↓(2h).

Using the formula

d@V~w!#5(
i

d~w2w i !

uV8~w i !u
,

where V85]V/]w and w i are solutions of the equatio
V(w i ,E)50, Eq. ~3.6! for PDOS becomes

N↓~w,E!5@2E~X2VL1VR!222X sin 2g~VLVR1E2!#

3(
i

d~w2w i !

uV8~w i !u
. ~3.8!
Therefore, bound states appear at energiesE such that
V8(w i ,E)50 andV(w i ,E)50 and after averaging over th
anglew, may give rise to peaks and/or divergences in DO
In thes-wave case, where the pair potentaial is isotropic,
averaging over quasiparticles propagation anglew results in
an average over one-channel junctions of different leng
and PDOS forw50 is qualitatevely same as DOS. This
not the case for anisotropicd-wave pairing, where in DOS
peaks corresponding to other angles can be seen as we

This is easy to see whenu50. In this case Eq.~3.6!
becomes

N~w,E!5V(
i

d~w2w i !cos2w i cos 2w i

Dusinw i u
, ~3.9!

where

D5u4E cos3w i1Vd̄~E2h!cos 2w i u ~3.10!

andw i satisfies
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FIG. 6. DOS, for cylindrical Fermi surface, in the ferromagnetic barrier, with the reduced exchange energyh51.5, and the reduced

thicknessd̄51, for S/F/S junction withd-wave pairing in S . The misorientation angle isu50, and the acceptance anglewc570°. Spin
splitting: s5↑ @~a!,~b!# ands5↓ @~c!,~d!#. The ground state,f5p @~a!,~c!#, and the nonequilibrium state with ZES,f5p23 @~b!,~d!#.
s of
,
give

so-
at
cosS f

2
2

d̄~E2h!

cosw i
D 56

E

cos 2w i
. ~3.11!

In the s-wave case this reduces to

N~w,E!5(
i

d~w2w i !cos2w i

ud̄~E2h!sinw i u
~3.12!

and

cosS f

2
2d̄

~E2h!

cosw i
D56E. ~3.13!

In the latter case, PDOSN(w i50,E) diverges atE5Ei ob-
tained from Eq.~3.13! with w i50, but DOSN(Ei) is finite
in 3D, due to an extra factor, sinw in Eq. ~3.3!, whereas in
2D it diverges, see Eq.~3.2!.

By comparing Eqs.~3.12! and ~3.9!, we see that in the
d-wave case one may have divergences not only forw50, as
in the s-wave case, but also atE5Ei , corresponding tow
5wi , which are solutions of Eq.~3.11! with the condition
D50. In the general case of arbitraryu the formation of
bound states at the Fermi level,E50, is of particular inter-
est. These zero-energy states~called also midgap states! have
been predicted by Hu to exist at surfaces and interface
dx22y2 superconductors.7 As pointed out in the Introduction
an important consequence of these states is that they can
rise to a ZBCP in quasiparticle tunneling.

From V(w i ,E50)50 it follows that the conditions for
ZES are cosg(wi ,E50)50 for X.0 and cos2g51 for X
,0. Under above conditions,V8(w i ,E50)50 as well. Af-
ter the integration over the propagation angle, these re
nances may lead to divergences or finite peaks in DOS
E50, since the nominator in Eq.~3.8! vanishes for cosg
50 or sing50. Explicitly, the conditions for ZES are

f

2
1

d̄h

cosw
5

~2k11!p

2
~3.14!

for X.0 and
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f

2
1

d̄h

cosw
5kp ~3.15!

for X,0, wherek is an integer.
For h50, normal metal barrier, the physical meaning

these conditions is evident, if we invoke the fundamen
concept that an Andreev reflection can sense the phase o
sign of a superconducting order parameter. When the
potentialsDL(f)5DLe2 if/2 andDR(f)5DReif/2 are of dif-
ferent signs for the same directionw, a ZES is formed when
the transmission coefficient through the interface is unity~no
back scattering!. This is exactly what follows from the abov
conditions forh50: in both casesf50 and X,0, or f
5p andX.0, DR(f)/DL(f)5Xeif,0. In particular, ZES
can be formed in thes-wave case, provided thatf5p, simi-
larly as in S/N superlattices.4 In the d-wave case, forh5f
50 anduÞ0, the condition for ZES is satisfied for everyw
such thatX,0.

For a transmission coefficient smaller than 1, the Andre
bound states for somew may no longer have zero energy, b
there would be still a finite area density of ZES, albeit low
than for full transparency. The difference would be only
the heights of the observed ZBCP.7 For hÞ0, we have a
special case of Andreev reflection, and ZES can appea
fÞ0,p due to the ‘‘magnetic’’ phase shift, proportional t
6d̄h, for two spin orientations.

IV. RESULTS AND DISCUSSION

In superconducting weak links (s-wave ord-wave pair-
ing, normal or ferromagnet metal barrier! the quasiparticle
spectrum in the barrier is gapless, and strongly phase de
dent. Results are illustrated in Figs. 2–6 for layered sup
conductors and a cylindrical Fermi surface.

For thes-wave case, the phase dependence is seen in
2~a! and 2~b! for a normal metal barrier, and in Figs. 2~c! and
2~d! for a ferromagnetic barrier. In the latter case the bou
states for two spin orientations are no more degenerate
sulting in larger number of peaks in DOS. The peaks in D
are at the same energies as those in PDOS forw50. This is
shown explicitely forh50, but holds forhÞ0 as well. For
s-wave pairing, ZES appear only outside the ground state
this case, the condition for ZES, Eq.~3.14!, becomesf5p

22d̄h for w50. Sincefeq50 for 0<2d̄h<1, and feq

5p for 1,2d̄h<3.66, fÞfeq always.21 Large values of
2d̄h@1 correspond to the decoupling of S electrodes.17

In the anisotropicd-wave case, where the pair potenti
depends on the injection angle, the number of peaks in D
can be greater than in thes-wave case, see Figs. 3–6. It
important to note that the shape of spectra strongly depe
on the acceptance anglewc . For example, forwc,64° the
interior peaks in Fig. 3~a!, corresponding to largerw, would
be absent. For givenwc and reduced thicknessd̄, DOS
strongly depends on the exchange fieldh in the barrier, on
the misorientation angleu, and on the phase differencef.

For S/N/S junctions andu50, wherefeq50, ZES ap-
pears outside the ground state, forf5p @Fig. 3~b!#. For u
5p/2, there is ap shift of the equilibrium phase,21 feq
5p and Fig. 3~a! would correspond tof5p and Fig. 3~b!
to f50. For 0,u,p/2, ZES can be formed outside th
f
l
the
ir

v

r

or

n-
r-

gs.

d
re-
S

In

S

ds

ground state, as shown in Fig. 3~d! for f5p ~for u5p/8 the
equilibrium phase difference21 is feq50) and in Fig. 3~f! for
f50,p ~for u5p/4, feq5p/2). However, ZES may appea
in the ground state as well, corresponding towÞ0, Fig. 3~c!.

The combined effect ofd-wave symmetry and of the fer
romagnetic order in the barrier in S/F/S junctions is shown
Figs. 4, 5, and 6. There is again the spin splitting of bou
states, and ZES appears depending on the spin orienta
This is shown in Figs. 4~d! and 5~d! for f5p21 (feq50
for h50.5 in both casesu50 andu5p/8). The dependence
on the misorienation is very strong, as in the S/N/S case.
example, foru5p/2, Figs. 4~a! and 4~c! would correspond
to f5feq5p, instead tof50 for u50. For larger values
of h, e.g.,h51.5, there is ap shift of the equilibrium phase
difference,21 feq5p for u50 andfeq50 for u5p/2. Oth-
erwise, the results are similar, with the corresponding cha
in f, compare Figs. 6 and 5.

For experimental verification of our results the standa
method is the tunneling spectroscopy.8,25 For nonmagnetic
barriers, we found, as expected, that ins-wave junctions
there would be no ZBCP in the equilibrium, whereas th
should appear ind-wave junctions foruÞ0, in accordance
with many experiments. In particular, this is clearly seen
experiments with bicrystal grain-boundary junctions, fab
cated with high-Tc superconductors and tunneling in theab
plane. A pronounced ZBCP was observed ford-wave super-
conductors YBa2Cu3O72d , Bi2Sr2CaCu2O81d and
La1.85Sr0.15CuO4, whereas in s-wave superconducto
Nd1.85Ce0.15CuO42y it was absent.8

For ferromagnetic-metal barriers there is still no measu
ments of DOS by tunneling spectroscopy. The fabrication
such S/F/S junctions with conventional superconductors
performed in search of thep shift. Several systems, such a
V/Fe, Nb/Gd, Nb/Fe,26 and V/Co, Nb/Co,27 multilayers and
trilayers have been prepared. For experimental checking
our results, we note that both S and F metals should be cl
The fabrication of S/F/S junctions with oxide high-Tc super-
conductors is much more difficult. However, ramp-type jun
tions with superconducting electrodes coupled in theab
plane recently were produced by heteroepithaxial growth
cuprates and manganates, such as YBa2Cu3O7, and
LaxCu12xMnO3.28

If a spectrum with several peaks is observed experim
tally in a relatively thin contact,d̄;1, this can be due to the
d-wave symmetry in S electrodes, of an S/N/S contact w
wc not too small, or to the presence of the ferromagne
order in the barrier in a S/F/S contact, withs-wave pairing in
S electrodes. A similar conclusion that the conductance o
s-wave junction with ferromagnetic barrier may ressem
that of ad-wave junction with a nonmagnetic barrier, wa
reached for S/N junctions.18 To resolve between these poss
bilities, one should be able to prepare junctions which dif
in the misorientation angleu only. Changingu would induce
a change in DOS~and in the conductance! only in the case of
d-wave symmetry. In contrast to the conclusion of Ref. 1
that the conductance of ad-wave N/F/S junction with ferro-
magnetic barrier may ressemble to that of ans-wave junction
with a nonmagnetic barrier, we find that ind-wave S/F/S
junctions the spectra are much more complicated than in
s-wave S/N/S case, since the number of bound states is
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creased due to both order parameter anisotropy and
splitting.

In conclusion, the shape of DOS strongly depends on
order parameter symmetry, on the presence of the magn
.
h
f.
in

e
tic

scattering in the barrier, and on the phase difference at
junction. For both ferromagnetic and normal metal barri
we have found conditions for the formation of Andree
bound states and of peaks at Fermi energy in DOS.
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