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Penetration depth in conventional layered superconductors: A proximity-effect model

S. P. Zhao and Q. S. Yang
Institute of Physics and Center for Condensed Matter Physics, Chinese Academy of Sciences, Beijing 100080,

People’s Republic of China
~Received 12 January 1999!

We propose a theory for the penetration depthl(T) of superconducting bilayers and multilayers, which are
composed of two dissimilar superconducting layersS andS8 with arbitrary coupling strength, and with theS
layer thickness (Tc,S.Tc,S8) less than or comparable to its coherence length. Within the framework of the
theory, we discuss the influences of theS8 layer parameters, and of the coupling strength between theS8 and
S layers. We show that their variations lead to a variety of temperature dependences ofl(T). Many of the basic
features observed experimentally in conventionalSS8 structures have been reproduced. The theory begins with
an extension of the proximity-effect model developed by Golubovet al. @Phys. Rev. B51, 1073~1995!#, which
is based on the Usadel equations. It therefore applies to the dirtySS8 system, and provides a description of the
superconducting properties over the entire temperature range belowTc , the transition temperature of the
system. We shall compare our model with a phenomenological model developed within the proximity-effect
theory which is applicable nearTc . A brief discussion on the highly anisotropic systems in connection with the
intrinsically layered high-Tc superconductors is also presented.@S0163-1829~99!05923-8#
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I. INTRODUCTION

Magnetic penetration depthl(T) of superconducting
bilayers1–4 and multilayers5 is known to have temperatur
dependences that are quite different from those of bulk B
superconductors. In particular, recent measurements
Nb/Al,1 Nb/Cu,2,3 and NbN/Al ~Ref. 3! bilayer structures in-
dicate that in a wide temperature range, thel(T) curve can
have a linear or sublinear temperature dependence, or ob
power law.6 These results deviate substantially from the B
exponential behavior~at low temperatures!, and are believed
to be associated with the spatial variations of the superc
ducting properties. In an earlier attempt to explain these p
nomena, Pambianchi, Mao, and Anlage7 proposed a phenom
enological model utilizing the proximity-effect theory whic
is based upon the linearized self-consistency equation for
order parameter.8,9 Similar treatment was also used by Claa
senet al. in Ref. 3.

From these studies onSN ~superconductor/normal meta!
or SS8 ~we setTc,S8,Tc,S throughout this paper! structures,
it appears that the variations of the sample and material
rameters of theN or S8 layers and their coupling strength t
the S layers greatly affect the experimental observatio
This can be understood in part from the following simp
cases. Let us consider the in-plane penetration depthlab(T)
of an SS8 structure. If the coupling betweenS and S8 is
sufficiently weak so that they are not affected by each oth
one expects a clear two-gap structure in thelab(T) curve.
Namely, it undergoes a faster decrease around and b
Tc,S8 , which is a result of the onset of superconductivity
S8. When the coupling increases, such a feature should a
be obvious if theS8 layer thicknessdS8 is much larger com-
pared to its coherence lengthjS8 , since in this case, muc
part acrossdS8 remains unaffected. For less extreme cas
the lab(T) curve is expected to become ‘‘smoother,’’ but
decrease with decreasing temperature in a way that sh
differ from the behavior of a single BCS superconduct
PRB 590163-1829/99/59~22!/14630~9!/$15.00
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Apparently, the magnitude ofTc,S8 relative to Tc,S should
play an important role in the overall shape of thelab(T)
curve.

In this paper, starting from an extension of the proximit
effect model developed by Golubov and co-workers,10,11 we
present an approach for the calculations of both in-plane
out-of-plane penetration depths inSS8 bilayers and multilay-
ers, which takes the above considerations into account.
properties ofSN systems are discussed in the limit asTc,S8
→0. In our model, we assume that theS8 layer thickness is
arbitrary, while theS layer thickness should be less than
comparable to its coherence length. The coupling stren
betweenS and S8 layers is arbitrary, and is equal on eac
interface for a multilayer. Based upon our approach, we s
discuss the roles of the thickness, resistivity, and transi
temperature of theS8 layers, and of their coupling strength t
theS layers. We shall show that our model leads to a vari
of temperature dependences ofl(T), from which many of
the basic features experimentally observed1–5 can be repro-
duced.

The present model is based upon the Usadel equatio12

which are the dirty-limit version of Eilenberger’s theory.13

Therefore our theory applies to the dirtySS8 systems. For
the systems to which the theory applies, it provides a
scription of the superconducting properties over the en
temperature range belowTc , the transition temperature o
the system. We shall compare our results with those p
dicted by the phenomenological model of Pambianchi, M
and Anlage,7 which is strictly valid only nearTc .

A frequently observed feature oflab(T) in the intrinsi-
cally layered high-Tc superconductors14 has been its linear
and quadratic temperature dependences at low and very
temperatures,15,16which are often interpreted in terms of im
purity scattering17 or nonlocal effects18 for a d-wave super-
conductor. This linear plus quadratic feature is also obtai
in our calculations in certain parameter range. Although
high-Tc superconductors can hardly be described by
14 630 ©1999 The American Physical Society
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PRB 59 14 631PENETRATION DEPTH IN CONVENTIONAL LAYERED . . .
present simples-wave SS8 multilayer, our results indicate
that the proximity effect may play an important role in th
l(T) behavior of these materials, a point already sugges
by Pambianchi, Mao, and Anlage,7 by Adrianet al.,19 and by
Klemm and Liu.20

The paper proceeds as follows. We first present the b
equations for dirtySS8 layered superconductors and ma
the thinS layer approximation. ThenTc is evaluated in two
different ways, from which we discuss the validity of th
approximation made. Next, we compute both in-plane a
out-of-plane penetration depths and present the nume
results, which are then compared with the phenomenolog
model of Pambianchi, Mao, and Anlage.7 Finally, a brief
discussion in connection with the highly anisotropic sup
conducting multilayers and high-Tc cuprates is presented.

II. BASIC EQUATIONS FOR SS8 LAYERED
SUPERCONDUCTORS AND THIN S LAYER

APPROXIMATION

In Fig. 1 we show a multilayer with constituent laye
thicknesses of 2dS,S8 . Due to the symmetric configuration,
is sufficient to consider the bilayer confined between the
dashed lines, and the Usadel equations can be written a10,11

FS85DS81jS8
2 1

vnGS8

~GS8
2 FS8

8 !8, ~1a!

DS8 ln
T

Tc,S8

12
T

Tc
(
vn

DS82FS8GS8
vn

50, ~1b!

for 0,z,dS8 , and

FS5DS1jS
2 1

vnGS
~GS

2FS8!8, ~2a!

DS ln
T

Tc,S
12

T

Tc
(
vn

DS2FSGS

vn
50, ~2b!

FIG. 1. An SS8 multilayer system with constituent layer thick
nesses of 2dS and 2dS8 , and Tc,S8,Tc,S . Due to its symmetric
configuration, it is sufficient to discuss the bilayer in the regi
2dS,z,dS8 , as indicated by two dashed lines, for our mod
calculation. The rectangular contourc is used to derivelc(T) in Eq.
~23! for the multilayer slab with thickness of 2w. The slab is sup-
posed to be infinite in bothy andz directions.
d

ic
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o

for 2dS,z,0. Here a prime denotes a derivative with r
spect to z, vn represents the Matsubara frequency,vn
5(2n11)(T/Tc), n50,1,2, . . . , andFS,S8 is defined by

FS,S85vnFS,S8 /GS,S8 . ~3!

In Eqs. ~1!–~3!, GS,S8 and FS,S8 are Gorkov’s Green func-
tions integrated over energy and averaged over the Fe
surface, which satisfyGS,S8

2
1FS,S8

2
51.12 Tc is the transition

temperature of the multilayer~or a bilayer, see below!. DS,S8
and jS,S8 are the order parameters and coherence leng
with

jS,S85A\DS,S8
2pkTc

5A p\k

6e2rS,S8gS,S8Tc

, ~4!

whererS,S8 , DS,S8 , andgS,S8 are the resistivities, diffusion
coefficients, and coefficients of the normal electronic spec
heat, respectively. All the quantities with a unit of energy
Eqs.~1!–~3! have been normalized topkTc . To solve these
equations, proper boundary conditions should be sup
mented, which have the forms21,10,11

rSGS8
2 FS8

8 5rS8GS
2FS8 , ~5a!

RBGSFS85rSGS8~FS82FS!, ~5b!

at the interfacez50, whereRB is the specific resistance o
the interface~i.e., the product of the interface resistance a
its area!. At z5dS8 andz52dS , we have11

FS8
8 ~dS8!50, ~6!

FS8~2dS!50. ~7!

In principle, Eqs.~1!, ~2!, and~5!–~7!, which should be ac-
curate, completely determine the properties of the superc
ducting multilayers.

In discussing anSS8 bilayer in which dS is large, but
dS8!jS8 so that the variation of the order parameters acr
dS8 is small, Golubovet al.10 showed that by taking a slow
variation approximation ofFS8 , it is possible to obtain a
boundary condition that includes the influences of theS8
layer. In this way, a complete solution can be obtained
solving the equations for theS layer alone. Notice that in a
bulk superconductor where there is no spatial variation,
second terms on the right-hand sides of Eqs.~1a! and ~2a!
disappear and we haveFS,S85DS,S8 , with Eqs. ~1b! and
~2b! reduced to the usual BCS gap equations. Therefore
Golubov’s treatment, Eq.~7! is replaced byFS5D0(T) at
the thick S layer surface, whereD0(T) is the BCS
temperature-dependent energy gap of bulkS material.

We now use the same approximation to Eqs.~1!, ~2!, and
~5!–~7! by assumingdS!jS . The closed-form equations in
the S8 region, when we introduceuS8 function satisfying

GS85 cosuS8 , FS85 sinuS8 , ~8!

can be written as

uS8
9 ~vn ,z!1DS8~z!cosuS8~vn ,z!2vn sinuS8~vn ,z!50,

0<z<dS8 /jS8 . ~9!

l
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z is normalized tojS8 . The boundary conditions read

uS8
8 ~vn ,dS8!50, ~10!

uS8
8 ~vn,0!5

gM†vn sinuS8~vn,0!2DS cosuS8~vn,0!‡

$11gB
2~vn

21DS
2!12gB†vn cosuS8~vn,0!1DS sinuS8~vn,0!‡%1/2

, ~11!
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in which gB describes the coupling strength, whilegM is a
measure of the strength of the proximity effect, betweeS
andS8 layers:10

gB5
RB

rSjS

dS

jS
, gM5

rS8jS8
rSjS

dS

jS
. ~12!

The order parametersDS,S8 are given by the recurrency ex
pressions

DS8
m11

~z!5VS8NS8~0!
2T

Tc
(

vn.0

vD,S8

FS8
m

~vn ,z!, ~13a!

FS8
m

~vn ,z!5 sinuS8
m

~vn ,z!, ~13b!

DS
m115VSNS~0!

2T

Tc
(

vn.0

vD,S

FS
m~vn!, ~14a!

FS
m~vn!5F11S cosuS8

m
~vn,0!1gBvn

sinuS8
m

~vn,0!1gBDS
mD 2G21/2

~14b!

in which vD,S,S8 are Debye frequencies of th
individual layers, and @VN(0)#S,S85@ ln(T/Tc,S,S8)
1(2T/Tc)(vn.0

vD,S,S8(1/vn)#21 are the BCS coupling

constants.13,22 In arriving at Eqs.~9!–~14!, the first step is to
take the slow gradient approximation of Eq.~2a! and to let
FS8(z)5vn@FS(0)2DS#(z1dS)/jS

2GS(0), which automati-
cally satisfies Eq.~7!. DS is considered to be space indepe
dent. From this and Eq.~5b!, one obtainsFS(0) expressed in
terms of the quantities in theS8 region and ofDS . One
further assumes a space independentFS(z)5FS(0). Insert-
ing it into Eq. ~2b! leads to Eq.~14!. Further, from Eq.~5a!
and the obtained expressions, we can derive Eq.~11!. Equa-
tions ~9!, ~10!, and~13! are Eqs.~1a!, ~6!, and~1b! rewritten
in terms ofuS8 , respectively.

We note that one of the main differences between
present formalism and that of Ref. 10 is reflected in
boundary condition Eq.~10!, since if we interchange the sub
scriptsSandS8, Eqs.~9!–~14! will essentially be identical to
those of that reference except that this condition is repla
by uS(vn ,dS→`)5arctan@D0(T)/vn#. This arises directly
from the thickS layer considered there, which is the oppos
of our case. An important consequence of this differenc
that Tc no longer equalsTc,S , but may vary betweenTc,S8
and Tc,S in our case. In addition, the boundary conditio
given in Eqs.~6! and~7! are more general in a sense that th
should apply both toSS8 multilayer systems~due to symme-
try! or to anisolated SS8 bilayer ~due to its free surfaces a
-

e
e

d

is

z5dS8 and2dS) ~see Fig. 1!. Hence our formalism applies
and the following results should be true, in both cases.

To solve the system of Eqs.~9!–~14!, which are the basic
equations for the following calculations, we begin by usi
certain starting values ofDS,S8 anduS8 and Eqs.~9!–~11! are
solved numerically. The resultinguS8 is inserted into Eqs.
~13! and ~14! to calculateDS,S8 , which are used for solving
Eqs.~9!–~11! again. This proceeds until a satisfactory acc
racy is reached. In the calculations, the input parameters
quired arevD,S , vD,S8 , Tc,S , Tc,S8 , dS8 , gB , andgM .

III. TRANSITION TEMPERATURE

Since we haveTc,S8,Tc,Tc,S in general,Tc needs to be
calculated first for given input parameters. One way for d
ing this is to setTc equal toT in Eqs.~13a! and~14a!. Then,
by solving the system of equations, the order parame
DS (.DS8) is found to decrease monotonically with in
creasingT, andTc can be defined asT at whichDS vanishes.
The typicalTc;dS8 curves are shown in Fig. 2, taking Nb/A
multilayers as an example. In the calculations, we have ta
vD,Nb5275 K, vD,Al5428 K. Bulk values ofTc,Nb59.2 K
andTc,Al51.2 K were also used regardless of their possi
suppression with Nb layer thickness;2jNb and with smaller
dAl . As can be seen in the figure,Tc increases with the
increase ofgM and ofgB . It tends toTc,Nb asdAl→0, and is
almost constant fordAl above 2 or 3jAl , as expected.

Another way for evaluatingTc from the Usadel equations
which is actually applicable for dirtySS8 multilayers with
arbitrary values of bothdS and dS8 , has been proposed b
Biagi, Kogan, and Clem23 for the case of zero interface re

FIG. 2. Transition temperatureTc vs dAl /jAl for Nb/Al layered
systems. We have assumeddNb;jNb , Tc,Al51.2 K, and Tc,Nb

59.2 K. See text for other material parameters.
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sistanceRB . The basic idea is that nearTc , one hasGS,S8
→1, andFS,S8 , DS,S8→0 so that Eqs.~1a! and ~2a! can be
linearized with respect toFS,S8 :

2
\DS8

2pkTc
FS8

9 5DS82vnFS8 , ~15a!

2
\DS

2pkTc
FS95DS2vnFS . ~15b!

Since bothFS,S8 and DS,S8 vanish nearTc , we assume a
solution of the form

FS,S85
DS,S8

vn1~T/Tc!dS,S8

. ~16!

Inserting these into Eqs.~1b! and~2b!, we find thatdS,S8 are
determined by the following expressions:

lnS T

Tc,S8
D 522(

n>0
S 1

2n11
2

1

2n111dS8
D , ~17a!

lnS T

Tc,S
D522(

n>0
S 1

2n11
2

1

2n111dS
D . ~17b!

The boundary conditions betweenS and S8, now with RB
Þ0, are Eq.~5!, which can be written in terms ofFS,S8 as

rS8FS85rSFS8
8 , ~5a8!

FS2FS85~RB /rS8!FS8
8 . ~5b8!

Using these relations, one is able to obtain the follow
simple transcendental equation governingTc :23

rSqS8 tanh~qS8dS8!2rS8qS tan~qSdS!

5RBqSqS8 tanh~qS8dS8!tan~qSdS!, ~18!

in which qS,S8 are given by

qS8
2

52
2pkTdS8

\DS8

, ~19a!

qS
25

2pkTdS

\DS
. ~19b!

Equations~17!–~19! can be used to evaluateTc for any
SS8 systems if the parameters ofTc,S,S8 , rS,S8 , dS,S8 , and
RB are known,24 and they reduce to the well-known resu
of de Gennes and Werthamer8,25,26 whenRB50. Moreover,
since they are derived directly from Eqs.~1!, ~2!, and~5!, the
method is therefore accurate. We have compared theTc data
evaluated in the above two different ways. We found t
whendS is smaller thanjS , say,dS5jS/5, the two methods
produce basically the same results with discrepancies be
0.5%, which is largely due to the accuracy we adopted in
calculations. WhendS5jS , the discrepancy increases to
;1.5%. These results indicate that Eqs.~9!–~14! are a rea-
sonable thinS layer approximation from the original Usad
equations, which could have an acceptable accuracy fordS as
large asjS . Since in this work we are mainly interested
g

t

w
e

the influence of theS8 layers onl(T), we shall for simplic-
ity fix the S layer parameters, and takedS5jS . Using Eqs.
~12! and ~4!, we have

gB5
RB

rSjS
, gM5ArS8gS

rSgS8

. ~20!

These simpler expressions will be used in the following n
merical calculations.

IV. PENETRATION DEPTHS

With known Tc , other superconducting quantities for th
given bilayer or multilayer system can be obtained by so
ing Eqs.~9!–~14!. In this section, we derive the formulas fo
the in-plane and out-of-plane penetration depths. We t
present some typical results for the Nb/Al and Nb/Cu laye
systems.

Since FS,S8 are real quantities in our case, the curre
density is directly proportional to the vector potential,12 i.e.,
we haveJ52(1/m0l2)A, with

1

lS,S8
2 5

m0e2nS,S8
m

5
2pm0kT

\rS,S8
(

vn.0

vD,S,S8

uFS,S8u
2, ~21!

wherenS,S8 are the superfluid densities,FS,S85 sinuS,S8 rep-
resent the end results of Eqs.~13b! and ~14b! ~removing all
superscripts!. Equation~21! defines the locallS,S8 andnS,S8
that vary along thez axis. The in-plane penetration dep
lab(T) is related to the areal superfluid densities*nS,S8dz,
and is given by

lab
2 ~T!5

dS1dS8

E
2dS

dS8
l22~T,z!dz

, ~22!

in which l is given by Eq.~21!. To evaluate the out-of-plane
componentlc(T), we follow Clem and Coffey,27 and con-
sider an infinite slab of multilayer, as shown in Fig. 1, wi
its thicknessw@l, and with an external magnetic fieldBy
applied along they axis. In this geometry, there exist supe
currentsJz along thez axis near the surfaces of the slab.
we assumel@dS,S8 , By and Jz will approximately be the
functions ofx only. If we make a contourC, the magnetic
flux within C is (dS1dS8)*0

xBy(x8)dx85*CA•dl. Using
London’s equation and Ampere’s law, and differentiati
with respect tox, we are led toBy5lc

2(]2By /]x2), with

lc
2~T!5

E
2dS

dS8
l2~T,z!dz

dS1dS8

. ~23!

Figure 3 shows the calculated results oflab(T) andlc(T)
for Nb/Al ~solid lines! and Nb/Cu~dashed lines! systems in
the temperature range below 0.92Tc . In Fig. 4, the low-
temperature region oflab(T) is plotted. For the calculation
of these data, we usedvD,Cu5343 K, and instead of the
experimental value ofTc,Cu50 K, we used the theoretica
value ofTc,Cu50.015 K,28 which is close to 0 K and makes
our model applicable.gNb , gAl , andgCu were taken to be



e

a

n

e

a
r-

es

case
the
sis-
chi

ys-

t in
-
re it

it

m

en-
ro-

eter.

ly

e

ov

as

14 634 PRB 59S. P. ZHAO AND Q. S. YANG
7.3, 1.36, and 0.9731024 J/cm3 K2, respectively. rNb
55mV cm was also used, whilerAl andrCu were calculated
from Eq. ~20! for given gM values. From Figs. 3 and 4, w
can see that, depending ondS8 , Tc,S8 , andgB , the form of

FIG. 3. Calculatedlab(T) for Nb/Al ~solid curves! and Nb/Cu
~dashed curves! layered structures. Open symbols:dS8 /jS8520;
solid symbols:dS8 /jS852.5. Triangles:gB50, gM55; squares:
gB5270, gM55. The inset shows the corresponding data oflc(T).
See text for other material parameters.

FIG. 4. Low-temperature part oflab(T) of Fig. 3: ~a! dS8 /jS8
520, ~b! dS8 /jS852.5. Results forgB550, gM55 are added
~circles!. The curve forgB550, gM55, dS8 /jS852.5 is also plot-
ted in the insets, and the variations withrS8 andTc,S8 are shown in
insets~a! and ~b!, respectively.
l(T) curves is very much varied. If we fit the dat
Dl(T)/l(0) in the lowest temperature region (<1 K! with
a power lawaTb, we find thatb would range from 1–6 for
lc(T). For lab(T), our fit also leads to the power law i
most cases, and an exponential behavior is obtained ifTc,S8
is well above 1 K.

In the temperature region below 3;4 K, we mention two
interesting features of thelab(T) data that result from the
calculations. First of all, a two-gap-likelab(T) can be seen
clearly in Fig. 4~a! for Nb/Al system with largestgB anddAl
~solid line plus open squares!. As gB decreases, such featur
becomes less clear, and so it does whendAl is smaller, as can
be seen in Fig. 4~b!. These might be anticipated from
simple physical consideration since for weaker Nb/Al inte
layer coupling and largerdAl , there will be larger volume of
Al that is less affected by Nb, which therefore contribut
more to the decrease oflab(T) aroundTc,Al . In the region
nearTc,Al where a faster decrease occurs, thelab(T) curve
shows a sublinear temperature dependence. This is the
also for the Nb/Cu system, as demonstrated by some of
dashed curves in Fig. 4. All these results seem to be con
tent with the data experimentally obtained by Pambian
and co-workers in Nb/Al~Ref. 1! and Nb/Cu~Ref. 2! bilay-
ers and the data obtained in NbN/Al and Nb/Cu bilayer s
tems by Claassenet al.3

A second interesting feature from the calculation is tha
some parameter range, thelab(T) curve shows a linear tem
perature dependence, and with decreasing temperatu
switches to a power law aroundTc,S8 . To see this more
clearly, we plot thelab(T) curve of solid line plus solid
circles in Fig. 4~b! again in the insets.lab(T) is shown to
decrease linearly from about 3.5–1.2 K, below which
switches to a power law withb;3. In inset~a!, we see that
changingrS8 @from Eq. ~20!, it means changinggM with
other parameters fixed# results in the change ofa, but notb.
In inset ~b!, the effect of changingTc,S8 is shown. In this
case,a andb and the point at which the curve switches fro
linear to power law will all change. ForTc,S850.5 and 0.015
K, b equals 2.3 and 2 approximately.

V. DISCUSSIONS

A. Comparison with phenomenological model

The rich characteristics in thel(T) data are a result of the
spatial variations of the superconducting properties, as m
tioned earlier. In Ref. 7, Pambianchi, Mao, and Anlage p
posed a phenomenological approach to evaluatel(T) that
utilizes a space- and temperature-dependent order param
Their model I considers an activeS8 ~or N) layer in screen-
ing due to proximity effect, while theS layer is unaffected by
the presence of theS8 ~or N) layer. The situation is actually
what we are considering in the present work if we simp
approximateDS(T) to D0(T) in our formalism@Eq. ~14! can
be removed under this approximation#.29 Their model II, on
the other hand, considers an opposite case in which thN
layer has a zero pair potential, and theS layer suffers a
suppressed order parameter within a distance of;jS near
the interface. This model is similar to the situation Golub
et al. discussed for anSN bilayer.30,31 We now discuss in
further detail their model I, in which the order parameter h
the form
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DS8~z,T!;
VS8
VS

D0~T!

D0~0!
e2Kz, ~24!

whereVS,S8 are the BCS coupling constants for individualS
andS8 layers, andK215KS8

21 is the decay length in theS8
layers which is given by

lnS T

Tc,S8
D 5cS 1

2D2cS 1

2
2

\DS8K
2

4pkT D ~25!

for T.Tc,S8 , wherec is the digamma function, and by

K215A\DS8
2pkT

5
jS8

At
, t5T/Tc ~26!

for Tc,S850. It is obvious that Eq.~25! is simply Eq.~17a!
with

dS85
K2jS8

2

t
. ~27!

The order parameter described by Eq.~24! has the expo-
nential decay characteristics in the space variations. The
cay lengths from Eqs.~25! and ~26!, when normalized to
jS8 , are, respectively,

K21

jS8

5
1

AdS8t
, ~28a!

K21

jS8

5
1

At
. ~28b!

The temperature variations, on the other hand, arise from
BCS temperature-dependent energy gap as well as the d
length as expressed in Eq.~28!.

Pambianchi’s model is found to explain successfully
experimental data on Nb/Al and Nb/Cu systems to a te
perature as low as 2 K.1,2 It will therefore be interesting to
compare our results with their model. In Fig. 5, we show
semilog plot of the spatial variations of the order parame
as given by Eq.~13!, at several reduced temperatures fo
Nb/Al structure with vanishing interface resistanceRB . We
see that nearTc , the order parameter shows a nice expon
tial decay behavior over a large distance, as described by
~24!, except for the boundary regions (;jAl) next to z50
and z520jAl. With decreasing temperature, these regio
expand, and at low temperatures the decay is no longer
ponential and is much slower. If we take the distances ac
which the order parameters decrease toe21 of their initial
values atz50 for the decay lengths, they would vary wit
temperature as is shown in the inset of Fig. 5~solid squares!.
The solid and dashed lines in the inset are the decay len
from Eqs. ~28a! and ~28b!, with dS8 computed from Eq.
~17a! for given Tc,S8 . While the two curves both tend t
infinite mathematically whenT approachesTc,S8 and zero,
the latter appears to be closer to our results as a whole.

Results plotted in Fig. 5 were obtained with the para
etersgB50, gM55, anddAl /jAl520, and they are rathe
general. From the figure, we can see an important, qualita
difference predicted by different models. The results fro
e-

he
cay

e
-

e
r,

-
q.

s
x-
ss

hs

-

ve

Eq. ~28! indicate that the decay length is divergent asT ap-
proachesTc,S8 or zero. This has been discussed in detail
the case of Nb/Cu bilayer systems.2 However, this divergent
behavior does not appear in our calculations, as can be
from Eq. ~13! that DS8 is expected to change smoothly asT
turns aroundTc,S8 . Although it is well known that the co-
herence length for a bulk material diverges near its transi
temperature, which is typical of the second-order phase t
sition in the Ginzburg-Landau theory,9 it is less clear
whether the decay length should be the case asT tends to
Tc,S8 or 0 for the spatially inhomogeneousSS8 or SN struc-
tures, since Eqs.~25! and~26! are derived from the linearized
self-consistency equation valid only for temperatures n
Tc .8 In fact, Eq.~25! is derived again in Sec. III from Eq
~1b! under the smallDS8 approximation nearTc . The picture
resulting from our calculations is that with decreasing te
perature, the decay gradually deviates from the exponen
behavior, and becomes very slow at low temperatures so
the influence of theS layer on theS8 or N layer can extend to
a large distance away from the interface, which is consis
with the experimental observations.

In Fig. 6 the temperature dependences of the order par
eters at several positions are shown~solid lines!. The dotted
line shows the data in the Nb layers, which is space indep
dent. The dashed lines are the results from Eq.~24!, with the
coefficient set to match the data atz/jAl5T/Tc50, while
K21 is given by Eq.~28b!. According to Eq.~24!, the tem-
perature dependence of the order parameter atz50 is that of
the rescaled BCS energy gapD0(T). Our data,DAl nearz
50 andDNb , follow closely such a dependence, as is seen
Fig. 6. As z increases, the order parameter decreases fa
with increasing temperature than expected fromD0(T),

FIG. 5. Space dependence ofDAl for several reduced tempera
tures in the case ofgB50, gM55, anddAl /jAl520. An exponen-
tial decay can be seen over a large portion acrossdAl provided that
the temperature is not very low. The decay lengthK21, taken as the
distance across whichDAl drops toe21 of its initial value atz50,
is plotted in the inset as solid squares. The solid and dashed lin
the inset are calculated according to Eqs.~28a! and ~28b!, respec-
tively.
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which is realized by a temperature-dependent decay le
K21 in Eq. ~24!. From Fig. 6 we can see that our results a
those from Pambianchi’s model give basically the sa
trends of the temperature dependences of the order pa
eters. At low temperatures, however, the deviations are c
siderable. AsT→0, all the dashed curves approachDAl(0,0),
due to the fact thatK21→` in this limit.

The inverse of the space- and temperature-dependent
etration depthlAl(z,T), computed from Eq.~21! for the
same parameters is shown in Fig. 7. ThelAl

21 data display
quite similar features asDAl shown in Fig. 6. In Ref. 1, a
simple way usingl21;D is employed to fit the Nb/Al data
The dashed lines are plotted in this way withDAl calculated
from Eq.~24!. Again the coefficient is chosen so that the tw
sets of data coincide atz/jAl5T/Tc50.

From the discussions above, we may conclude that
model and Pambianchi’s model can lead to similar results

FIG. 6. Temperature dependences ofDNb ~dotted line!, andDAl

~solid line! at several positions acrossdAl for the parameters o
gB50, gM55, anddAl /jAl520. The dashed lines are compute
according to Eqs.~24! and ~26! by adjusting the coefficient in Eq
~24! to match the solid curve atT/Tc5z/jAl50.

FIG. 7. Temperature dependences oflAl
21 at several positions

acrossdAl in the case ofgB50, gM55, and dAl /jAl520. The
dashed lines are from the simple relationl21;DAl , computed ac-
cording to Eqs.~24! and~26! by adjusting the coefficient in Eq.~24!
to match the solid curve atT/Tc5z/jAl50.
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far as the temperature is not very low. These include
exponential decay characteristics with a decay lengthK21

and space- and temperature-dependent supercondu
properties like the order parameters and penetration dep
In the low-temperature region, however, the predictions fr
the two models are qualitatively different. Further expe
ments will be required in testing the model predictions in t
temperature region.

B. Highly anisotropic multilayers and high-Tc superconductors

High-Tc superconductors are intrinsically layered mate
als which usually have highly anisotropic properties~in-
plane vs out-of-plane!.14 Experimental measurements of th
penetration depth on these materials have revealed a va
of temperature dependences. Some experiments indica
two-gap-like,32 or an exponential, behavior.33 Most experi-
ments show thatlc(T) obeys a power law,34 whereaslab(T)
is linear and quadratic at low and very low temperatures,15,16

which is often interpreted in terms of impurity scattering17 or
nonlocal effects18 within the framework ofd-wave supercon-
ductivity. In addition to thed-wave pairing symmetry,
Adrian et al.19 and Klemm and Liu20 demonstrated the im
portance of the proximity effect by considering a multilay
system consisting of oneS and oneN layer per unit cell.
They concluded that the exponential or power law19 and lin-
ear behavior20 can be produced, provided that the proximit
coupledN layers are taken into account. As can be seen
the previous section, our results support this picture. In
dition we have taken into account the finite thickness of
S8 layers, and their material parameters. We see that man
our results mimic those observed experimentally in the hi
Tc cuprates, although the work is based upon the sim
s-wave superconductivity, which alone can hardly be t
case for the cuprates.

We point out that anSS8 multilayer with anisotropies as
large as the cuprates will usually have the parameters ou
the range in which the distinct features like the linear p
quadratic behavior inlab(T) appear. This can be seen in th
following way. For a multilayer in Fig. 1, the macroscop
sample resistivitiesr' and r i can be easily shown to b
related torS,S8 , dS,S8 andRB as

rSdS1rS8dS81RB5r'~dS1dS8!, ~29!

rSrS8~dS1dS8!5r i~rSdS81rS8dS!. ~30!

Here RB5gBrSdS . For high-Tc materials, r'/r i ranges
from 40 to 83105.14 With this large anisotropy, Eqs.~29!
and ~30! would yield largegB or rS8 ~we assumerS8.rS),
which from Eq. ~20! means largegM , and from Eq.~21!
reducesS8 layer contribution tol(T). If we take 2dS8/2dS
58.4 Å /3.34 Å52.5, and the lowest ratior'/r i540 for
YBCO,14 for example, we havegB5270 andrS8 /rS53.31
or gB50 andrS8 /rS5193. According to our results, thes
will already make the linear plus quadratic feature disapp
altogether. Hence for a multilayer with highr'/r i ratio, usu-
ally two limiting cases are expected in thelab(T) character-
istics. One is a clear two-gap structure~for largegB values!,
the other is a nearly exponential behavior of a single B
superconductor~for largerS8 values!. The possibility of hav-
ing a ‘‘nontrivial’’ lab(T) characteristic in the highly aniso
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tropic multilayers exists if they are composed of certain k
of bilayers or structures~for instance, the region betweenz
522dS2dS8 and z5dS8 in Fig. 1! as unit cells, and high
r'/r i ratios are attributed to additional, stronger barriers
tween these unit cells, which do not necessarily enter into
calculation. Under the circumstances, a differentlc(T), as
compared to that of Eq.~23!, will result.

VI. SUMMARY

We have calculated the penetration depthsl(T) of con-
ventionalSS8 (Tc,S.Tc,S8) layered superconductors whic
contain both multilayers and bilayers. TheSN structures
have been discussed in the limit ofTc,S8→0. The variations
of the parameters of theS8 layers, which include the transi
tion temperature, layer thickness, and resistivity, as wel
their coupling strength to theS layers, are considered. Thes
factors influence in many ways the space and tempera
variations of the order parameters, which give rise to a v
ety of temperature dependences ofl(T). Many basic fea-
tures experimentally observed, like the linear, sublinear
power-law dependences, have been reproduced.

Our calculations are based upon Usadel’s quasiclass
equations, which are the dirty-limit version of Eilenberge
theory. The approach is therefore applicable to the dirtySS8
systems. Although we have obtained in this paper a sim
transcendental equation for the evaluation of the transi
temperature, which is rather general for arbitrary individu
layer thicknesses and can reduce to the well-known resul
de Gennes and Werthamer for zero interface resistance
rest of the calculations have been made on the thinS layer
. B
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approximationdS<jS . This may be the main constraint o
applying the approach to the real systems. However,
present model can be useful in describing the supercond
ing properties of theSS8 layered systems in the whole tem
perature range belowTc . In this paper, we have compare
our model with the phenomenological model of Pambian
et al. which is valid strictly nearTc . We find that the two
models yield results that are very similar if the temperature
not low ~say,T.0.3Tc), but in the low-temperature region
the results differ considerably. We note that in Pambianch
model, the order parameter of theS layer is approximated by
its bulk valueD0(T). If we use the same approximation, th
boundary problem Eqs.~9!–~11! can be solved withDS8
given by Eq.~13! and DS by D0(T), and Eq.~14! is not
required.

Within our formalism,l(T) can be accurately determine
if the material parameters like the transition temperatur
Debye frequencies, coefficients of the electronic spec
heat, and resistivities, and sample parameters like the i
vidual layer thicknesses and specific resistance of the in
face are known. This would allow for a quantitative compa
son between our model and experimental observations
particular interest will be thel(T) characteristics under th
variation of these parameters in the low-temperature reg
Further experimental work will be required in these studi
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