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Calculation of theoretical strengths and bulk moduli of bcc metals
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A first-principles method based on the local-density approximation using discrete variational clusters has
been used to study the electronic structure of bcc metals, Li, Na, K, V, Nb, Ta, Cr, Mo, and W. The binding
energy of these metals was calculated, and the relationship between the binding energy and the volume of a
unit cell for a given metal was determined. The results show that the contribution of the interaction beyond the
third nearest-neighbor atoms to the binding energy is small for transition metals, but large for alkali metals.
The theoretical triaxial tensile strength and bulk modulus of these metals were estimated from the electronic
structure and binding-energy calculations. The present results of the bulk modulus for Li, Na, K, Nb, Ta, Mo,
and W are in good agreement with experiments and other available theoretical data, but the bulk modulus for
V and Cr is somewhat overestimated. The theoretical strength obtained in the present work is in good agree-
ment with the results of the linear muffin-tin-orbitals method.@S0163-1829~99!14521-1#
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I. INTRODUCTION

By means of first-principles self-consistent calculations
is now possible to calculate readily the binding energy
volume curves for a group of atoms on a given lattic
Analysis of such curves for elements and for simple allo
yields theoretical ground-state properties such as cohe
energy, bulk modulus, and strength. The strength of an id
crystal sets an upper limit of attainable stresses, and a kn
edge of it is useful for the estimation of ideal work of fra
ture stresses needed for homogeneous nucleation of dis
tions. Most calculations of the theoretical strength have b
based on empirical potentials with the parameters adjuste
the experimental data corresponding to the equilibri
ground state. However, the theoretical strength is usually
sociated with an inflexion point on the total-energy curve
relation to deformation parameters, which is far from t
equilibrium state. The calculation of ideal strength from fir
principles electronic structure is rarely reported. Recen
Sanderaet al. have conducted a calculation of ideal streng
for some pure metals by using the linear muffin-tin-orbit
method.1 The authors of this paper have estimated the th
retical strength of some practical and hypothetical bin
b-type titanium alloys based on the calculations of electro
structure with the discrete variational cluster method.2–4

Elastic modulus is another quantity that determines
response of a crystal to external forces. The shear mod
provides valuable information on the bonding characteris
between adjacent atomic planes and the anisotropic char
of the bonding. There are some calculations of bulk a
shear moduli for pure metals with tight-binding interatom
potentials5,6 and full-potential,7 for intermetallic compounds
with the full-potential linear-muffin-tin-orbital method,8 and
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for practical and hypotheticalb-type titanium alloys.2–4

In this paper, the electronic structure and binding ene
of some bcc metals, Li, Na, K, V, Nb, Ta, Cr, Mo, and W
are calculated using the discrete variational cluster meth
The theoretical strength and bulk modulus are estimated,
compared with experimental data and with relevant theo
ical values obtained by other methods.

II. METHOD OF CALCULATION

The discrete variational cluster method~DVM ! was origi-
nally introduced by Ellis and his co-workers.9 Detailed docu-
mentation of the DVM can be found elsewhere,9,10 so only
the details pertinent to this work are given here. The clus
are chosen so that they contain 35 atoms including
fourth-nearest neighbors for light elements, such as Li,
K, V, and Cr, but only contain 15 atoms including th
second-nearest neighbors for heavy elements owing to
ited computing power. Both core states and valence st
are treated nonrelativistically. The exchange-correlation
teraction is represented by the Hedin-Lundqvist function
non-spin-polarized systems.11 The elements of the Hamil
tonian matrix and the overlap integrations are calculated b
weighted sum over a set of sampling points, and the num
of the sampling points for the considered systems is 27
in the present calculations. The self-consistent charge
proximation is introduced and the convergence criterion
charge self-consistent integration is chosen as lower t
1024.

Binding energyEb
s is estimated from the difference be

tween the total energy of the system under consideration
the sum of energies of all the atoms constituting the syst
i.e.,
14 220 ©1999 The American Physical Society



of atoms
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FIG. 1. Calculated binding energy per atom as a function of the unit-cell volume. The number in brackets indicates the number
in the cluster employed here.
an
he

c-
Eb
s5Etot2(

i
Eatom

i . ~1!

For bcc crystals, the relationship between binding energy
the volume of a unit cell is determined by calculating t
binding energy as a function of the hydrostatic straine that
transforms the lattice vectors according to
d

a85S 11e 0 0

0 11e 0

0 0 11e
D a, ~2!

wherea8 anda are the new and old lattice vectors, respe
tively.
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Theoretical strength is related to the maximum for
which may be applied to the material without perturbing
stability. In order to determine the theoretical triaxial tens
strength, the electronic structure was calculated under
condition given by Eq.~2! at zero temperature (T50 K).
The internal pressure was calculated according top
52dEtot /dV, and the external stresss52p. The theoreti-
cal strength of triaxial tension can, therefore, be estimated
the relation1

s th5n
dEb~V!

dV U
V5Vi

, ~3!

whereEb is the binding energy per atom (Eb5Eb
s/N, N is

the total number of atoms in the considered cluster syste!,
V is the volume of a unit cell,Vi is the volume of a unit cell
at the inflexion point of the binding-energy curve, andn is
the number of atoms in the unit cell. The bulk modulus
determined as

TABLE I. Comparison of calculated lattice constantac with
experimental lattice constantae. The experimental data are take
from Ref. 16.

Metal ac~nm! ae~nm! u(ae2ac)/aeu~%!

Li 0.3471 0.3508 1.1
Na 0.4094 0.4291 4.6
K 0.4932 0.5344 7.7
V 0.2805 0.3026 7.3
Nb 0.3079 0.3294 6.5
Ta 0.3144 0.3303 4.8
Cr 0.2650 0.2884 8.1
Mo 0.2988 0.3147 5.1
W 0.3072 0.3165 2.9

TABLE II. Bulk modulusB ~GPa!: comparison of our results o
discrete variational cluster method~DVM ! with tight-binding total
energy~TB! calculations, first-principles local-density approxim
tion ~LDA ! results, pseudopotential model~PM! calculations, and
experiment~Expt.!.

Theory Experiment
Metal DVM TB a LDA a PM b Expt.c

Li 10.6 13.5 11.57
Na 6.96 7.52 6.81
K 3.07 3.72 3.18
V 205 211 196 162
Nb 166 187 193 170
Ta 188 185 224 200
Cr 308 283 190
Mo 263 282 291 272
W 286 319 333 323

aReference 6.
bReference 12.
cReference 13.
he

y

B5nV
d2Eb~V!

dV2 U
V5V0

, ~4!

whereV0 is the volume of the unit cell at the equilibrium
point.

III. NUMERICAL RESULTS AND DISCUSSION

A. Binding energy

Using the method described above, we calculated
electronic structure and the binding energy of bcc metals,
Na, K, V, Nb, Ta, Cr, Mo, and W. The calculated bindin
energy data are shown in Fig. 1. The curves of the bind
energy plotted against the volume of the unit cell were o
tained by means of a polynomial fit. The polynomial fit w
truncated after the third-order term. The correlation coe
cient is in the range of 0.9960–0.9997. To investigate
contribution of the interaction beyond the third-neare
neighbor atoms to the binding energy, the calculations for
Na, K, V, and Cr were performed by using the cluster th
contains 15 atoms including the second-nearest-neighbo
oms ~shown by open squares in Fig. 1!, 27 atoms including
the third-nearest-neighbor atoms~open circles in Fig. 1!, and
35 atoms including the fourth-nearest-neighbor atoms~solid
circles in Fig. 1!, respectively. The alkali metals have ones
valence electron and the interaction between the vale
electron and the nucleus in alkali metals is weak. The ch
acteristics of the interactions can be seen in Fig. 1. For al
metals, the large separation between the curves in Fig
indicates that the contribution from the interaction of t
third- and fourth-nearest-neighbor atoms to the binding
ergy per atom cannot be ignored. For transition metals,
the other hand, the influence of these interactions on
binding energy per atom is smaller than that for alkali met
~Fig. 1!. So in the present calculations, the cluster is cho
so that it contains 35 atoms including the fourth-neare
neighbor atoms for light elements, Li, Na, K, V, and Cr, b
only contains 15 atoms including the second-neare
neighbor atoms for heavy elements, Nb, Mo, Ta, and
mainly because of limited computing power. Fortunately,
contribution of the interactions beyond the third-neare
neighbor atoms to the binding energy per atom is not so la
and, therefore, does not seriously influence the accurac

TABLE III. Calculated theoretical strengths th ~GPa! as com-
pared to values calculated by other methods~Ref. 1!.

First principles Semiempirical theory
Metal DVM LMTO a Sinusa Morsea Polynomiala

Li 1.92
Na 1.77 1.72 1.86 1.20 1.86
K 0.10
V 38.3
Nb 34.1
Ta 41.3
Cr 47.4
Mo 42.2
W 53.1 57.4 80.1 42.4 58.9

aData taken from Ref. 1.



s.

PRB 59 14 223CALCULATION OF THEORETICAL STRENGTHS AND . . .
FIG. 2. Total~thick curve! and local~thin curve! density of states of the center atom at the equilibrium states of some bcc metal
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the calculations, as is clearly seen in the case of Cr illustra
in Fig. 1. The calculated lattice constants, obtained from
binding energy vs volume curves in Fig. 1, are compa
with experiments in Table I. The calculated results under
timate the lattice constants by as much as 8.1%. It is no
that the errors in the lattice constants calculated in
present work are larger than that with the standard lo
density approximation~LDA ! approaches, which is typically
less than 3% for transition metals.15 In the k-space LDA
approaches, a super unit cell is chosen to simulate a
material under periodic boundary conditions. In the DV
however, an atomic cluster with the same structure as
bulk material is used to perform the simulation, without a
plying the periodic boundary conditions. In practical DV
calculation, interactions beyond a certain nearest-neigh
d
e
d
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d
e
l-

lk
,
e

-

or

atomic shell are usually ignored~for example, beyond the
fourth-nearest-neighbor shell for alkali metals in the pres
calculation!. This procedure would cause an overestimat
of the interactions between atoms included in the clus
resulting in an underestimation of the lattice constants
compared to thek-space LDA approaches.

B. Bulk modulus and theoretical strength

The results of calculation for the bulk modulus are list
in Table II. The bulk modulus and theoretical strength a
estimated with the binding energy vs volume curves obtai
using the 35-atom cluster for Li, Na, K, V, and Cr, and t
15-atom cluster for Nb, Mo, Ta and W, respectively. F
comparison, the theoretical values obtained by the tig
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binding total energy~TB! calculations,6 the first-principles
local-density approximation calculations,6 the pseudopoten
tial model calculations12 and the experimental modulu
measurements13 are also listed. In the present paper, the b
modulus was calculated at the theoretical equilibrium v
ume, obtained by minimizing the binding energy per ato
The present bulk moduli are in good agreement with exp
mental measurements within 10% for alkali metals Li, N
K, and for 4d and 5d transition metals, Nb, Mo, Ta, and W
the exception being for 3d transition metals V and Cr. The
calculated bulk moduli for V and Cr show a large discre
ancy with experiments, but are in good agreement with
TB and LDA results within 5%. The large discrepancy f
3d transition metals might be due to the poor treatment
the 3d states. The results are expected to improve if
generalized gradient approximation14 for the exchange-
correlation function is used.

The possibilities of experimental verification of calculat
theoretical triaxial tensile strength are rather limited. Th
are some theoretical results based on the semiempi
potential, but few studies were based on first-princip
calculations.1 The present results of the theoretical streng
of bcc metals, Li, Na, K, V, Nb, Ta, Cr, Mo, and W
are listed in Table III. The semiempirical results and t
linear muffin-tin orbitals-atomic-sphere approximatio
calculations are also listed in this table. The present res
obtained with the DVM, are in good agreement with ava
able data obtained in other theoretical calculations for
and W.

C. Electronic structure

The ideal strength of materials is ultimately due to t
atomic bonding strength. The shearing along a certain di
tion involves the stretching of bonds, and the termination
the elastic regime involves the breaking of bonds. In orde
gain insight into the microscopic origin of the bonding b
tween atoms, it is helpful to examine the total density
states~DOS!. In Fig. 2, we plot the total and local density o
states for the bcc metals investigated here. The thick and
curves indicate the total density of states and the local d
sity of states at the central atom, respectively. It can be s
from Fig. 2 that the amplitude of the total DOS is higher th
that obtained by Moruzziet al.15 This might be due to an
insufficient number of atoms in the clusters used to simu
the bulk materials in the present work. Another feature s
in Fig. 2 is that the total DOS is different from the local DO
at the central atom. This means that the surrounding at
have an effect on both the shape and the amplitude of
total DOS. It can be seen from Fig. 2 that the differen
between the total and local DOS is larger for alkali met
Li, Na, and K than for 4d and 5d transition metals Nb, Mo,
k
-
.
i-
,

-
e

f
e

e
al
s
s

ts,
-
a

c-
f
o

f

in
n-
en

te
n

s
he
e
s

Ta, and W. This implies that the influence of the surroundi
atoms on the total DOS reduces with the number of electro
of the metals, consistent with the results of binding-ener
calculations~Fig. 1!. A further point worth clarifying relates
to the shape of the DOS curves. As shown by the work
Moruzzi et al.,15 the DOS in alkali metals is parabolic in
shape, and no peaks should be present under the Fermi le
To identify the origin of the abnormal peaks seen in Fig.
we have studied the variation of the shape of the total DO
in lithium with the cluster size. The results show that th
amplitude of the abnormal peaks under the Fermi level
duces with increasing number of atoms in the cluster; but
peaks are still present for a cluster containing as many as
atoms. We, therefore, conclude that these small peaks
due to a deficiency of the method used in the present wo
The foregoing discussion also suggests that the total DO
more representative of the electronic structure of the me
investigated in this work. For transition metals, there exist
valley near the Fermi energy level separating the bond
and antibonding states, and the depth of the valley increa
with the number of valence electrons in the metals. In ge
eral, the deeper the valley, the stronger the bonds betw
the atoms.

IV. CONCLUSIONS

The electronic structure and binding energy of bcc meta
Li, Na, K, V, Nb, Ta, Cr, Mo, and W, were calculated usin
the first-principles discrete variational cluster method bas
on the local-density approximation. The relationship betwe
the binding energy and the volume of a unit cell wa
determined for the group of metals. The results show that
contribution of the interaction beyond the third neares
neighbor atoms to the binding energy is small for transiti
metals, but is relatively large for alkali metals. Th
ideal strength and bulk modulus of these metals were e
mated on the basis of the binding-energy curves. It w
found that the strength and modulus of both the alkali a
transition metals are determined by the characteristics
bonding between atoms. The bonding feature can
qualitatively described by the total density of states
metals. The resulting predictions of modulus and theoreti
strength from the present work compared reasonably w
with experiments and with other available theoretical wo
in the literature. This suggests that the DVM is a suitab
method for the investigation of the mechanical properties
metals, even though the atomic configuration is far from t
equilibrium state.
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