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Equation of state for hydrogen below 10000 K: From the fluid to the plasma
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We combine equations of state valid for the dense, neutral fluid and the dense, fully ionized plasma to obtain
an equation of state for the intermediate region where partial dissociation and ionization occur. A region of
thermodynamic instability is found which is known as plasma phase transition. The corresponding coexistence
region and the coexistence line are derived. As a first application of the new equation of state, Hugoniot curves
are calculated and compared with experiments and other thel®@563-18229)09821-5

I. INTRODUCTION ture of a molecular and a metallic phase. The free energy of
the fluid mixture is determined by a composition average of
Knowledge of the equation of stat€09 of dense hy- the free energy of the pure molecular and metallic phases
drogen is of central importance for astrophysics as well awithin the linear mixing approximation.
for the general understanding of the behavior of matter at Alternatively, the behavior of dense hydrogen is derived
extreme conditions. At low temperatures and pressures, h)f[om numerical simulations, which treat a system consisting
drogen is a molecular solid or fluid. At high pressures abov&f @ finite number of electrons and protons, starting with

100 GPa, hydrogen is supposed to undergo a transition to @'y quantum Monte Carlo calculatiofsModern methods

- 13,12
highly conducting state which has been verified experimenlike guantum molecular dynamic$,* wave-packet molecu-

tally in shock-compressed fluid around 140 GPa and 3006 dynamlcsf,?'”_or path-integral Monte Car’ré'lsal_low one

K.! Similar conductivity data have been reported recently fort® study equilibrium as well as transport properties of de_nse

the high-pressure fluid domafn. hydrogen. In somg_of these S|mulat|0ns., prec]?éjrsors of a first-
The physical nature of this transition at extreme condi—Order phase transition, have been obtaitted:

tions remains still unexplained. The interesting question— We present in this paper an EOS. .for dense’ low-

whether or not this transition is accompanied by aﬁrst-orde‘emperature hydrogen plasma by combining earlier results

. . . < _19 .
phase transition with a corresponding instability region, aor the partially and fully ionized plasma_doméfﬁ W'Fh .
coexistence line, and a critical point—has been treate proved data for the dense, neutral fluid obtained within a

within advanced many-particle methods adopting a chemicafissociation model”?! Results for the dissociation and ion

picture (see, e.g., Refs. 337 There, the different compo- Ization degree,_ the equ_ation of state, the instability region,

nents in a dense, partially ionized plasma such as moleculé_@d the coggmstence Img are given forére]mperatuTes

H,, atoms H, molecular ions Hor H™, electronse, and =(2-10)x10" K and densities up to 1.1 g/ck

protonsp interact via effective pair potentials. It was found

that the theoretical re;sult; for thg EOS in that region depend Il. EOS FOR DENSE HYDROGEN

strongly on the effective interactions for the neutral compo-

nents, molecules, and atoms as well as on the Coulomb in- The EOS employed in this paper is based on the free

teractions between the charged particles. energy densityf =F/V for a two-component system of neu-
Applying concepts of solid state theory, the observedral (index O and charged particleéndex *),

transition can be explained by band gap closure, not accom-

panied by a first-order phase transitidor a review, see Ref.

8). Band structure calculations which are strictly valid only

for the solid atT=0 K were performed for various struc-

tures. Comparing the energies of a hypothetical bcc metdlVe take into account in an explicit way the interactions in

with a close-packed lattice of hydrogen atoms or moleculeshe neutral and charged subsystems, respectively, whereas

interacting via effective short-range potentials, the metalliche interaction between charges and neutrals is accounted for

structure becomes more stable than the molecular solid amnly by the reduced-volume concépt?

high densities. Furthermore, the atomic solid has always a We have performed classical Monte Carlo simulations for

higher energy than the metallic solid. neutral, partially dissociated, fluid hydrogen for a grid of
Ros$ adjusts this picture for the solid &t=0 K to the temperature and density points in the parameter redion

case of a shock-compressed liquid at finite temperaturess (2—10)x 10° K and 0.2 g/cm<py,<1.1 g/lcn? where p,

supposing that partially dissociated hydrogen fluid is a mix-denotes the total mass density of the neutral particles. Effec-

f=fo+f.. (1)
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TABLE I. Coefficients of the interpolation formuld8) and(4). fo= fig+ f{;“,
The pressure is obtained in GPa and the free energy density in
GJ/n? when inserting the temperature in units of*10 and the

rw ‘ Tif2p) Ti2p!
density in g/crm. fint_ . °Lc. O i~ 1N on—1
- 0 iz' 521 |](i_1)2[( )Inpg—1]
I Cio Ci1 Cio Ci (4)
2 2055 -335.1 688.2 —198.6 The ideal part depends on the dissociation equilibrium,
3 0 388.2 2395 3
4 — 2469 0 0 0 da_ (nHAﬁ) don el Nu, AR, .
=n n - n n -1].
5 547.2 0 0 0 0 HRB OpBL H,*B on,
&)

tive pair potentials of the exponential-6 form have been used’he thermal de Broglie wavelength for speciesvith mass

)

to model the interactions between the molecules and atoms, is defined byA ,=h/\27m_kgT . The excited states of
in the dense fluid® The dissociation equilibrium #=2 H  the atoms are accounted for by the Planck-Brillouin-Larkin
has been solved, taking into account the correlation parts gfartition functiorf®

the chemical potentials using fluid variational the@igr de-

tails, see Refs. 20 and R1Dissociation becomes already I I

important in the dense fluid above 20 GPa due to the lower-  9pel(T)= 21 4s? ex;{ " Tsz) —-1- T2

ing of the dissociation energy with increasing density. The = B B

degree of dissociatior8 is defined viag=ny/ng, where wherel=13.598 eV is the ionization energy of hydrogen
Ng=nNy+ 2nH2 is the total number density of hydrogen nuclei atoms in the ground state. The molecular partition function
in the neutral component; andn,,, are the partial densities Consists of a binding, a rotational, and a vibrational part,

of atoms and molecules, respectively.
! 16kgT/hcB 2|+ Dy+hcw/2
We have shown previousiythat the results for the pres- o= BkgT/he exp{ ot heo/
sure of the neutral fluid as a function of density are in rea- 2 1—exp(—hcwlkgT) kgT

sonable agreement with the available shock-wave
experimentsthat have reached temperatures around 3000 K
and with the similar linear-mixing model of Ro$$or den- whereB=60.853 cm!,w=4401 cm !, andD,=4.735 eV;
sities and temperatures leading to a low degree of dissocigee Ref. 20.

tion the pressure agrees well with the data given by Saumon The free energy density of the charged component is split
and Chabrief. These authors have used a stiffer atom-atomin a similar way as Eq(4):

potential and, as discussed in Refs. 21 and 25, systematic , , , _

deviations occur with an increasing fraction of dissociated fo= 0 0= F 8 it e (8

molecules for higher temperatures and/or densities. id id . I
The resulting pressure of the neutral subsyspgnean be e andf; d(_enote the ideal _cor_1tr|but|on of the eIectrons a}nd
ons as derived from Fermi-Dirac and Boltzmann statistics,

split into the ideal contributions of the atoms and moleculed tivelv. The int i tributiofis and f ¢
and an interaction contribution, respectively. The interaction contributiohs and f; accoun

for the correlations and the exchange in the electronic and
— ' ionic subsystem, whilé;. describes the electron-ion screen-
_ProkeT (1 B)pokBT+p'(;‘t(p0,T). (2)  ing. They are treated in terms of Padpproximation’
which are based on analytical results for the quantum virial
The Monte Carlo data can be interpolated accurately usingxpansiof’® and are given and discussed in detail in Ref. 18.
an expansion of the interaction contribution with respect tdn comparison to these formulas, we have used an improved
the density and temperature according to expression for the electronic contributiép by considering
additional thermal correctiorf$. At low densities and/or high
- o o temperatures, the Padgproximations reproduce the quan-
pgt(Po'T)zi;j (¢ T"po+ CiT2ppInpo). (3 tum corrections to the Debye law. With increasing density,
' ions and electrons behave in quite different ways. The ions
The advantage of the expansi®) is that all other thermo- form a subsystem of classical, strongly coupled particles
dynamic quantities are now at hand in a similar analyticalwith a latticelike structure screened by a patrtially degenerate
form. An eight-parameter fit with=2,3,4,5 andj=0,1 is  electron liquid. There, the present Paajgproximation con-
sufficient to reproduce the Monte Carlo data within typicalverges to the results of respective Monte Carlo simulations
errors of less than 4% for the pressure and less than O#r the ion-ion and ion-electron interactions. The analysis
eV/atom for the internal energy within the regioh performed in Ref. 27 yields also good agreement with the
=(2-10)x10° K and 0.2 glcmi<po=<1.1 g/cni. The re- quantum Monte Carlo simulations available so*far.
spective coefficients, derived from a simultaneous least- The asterisk in Eq(8) indicates that the corresponding
squares fit of the pressures and internal energy densities at xpression is rescaled according to the concept of reduced
grid points in the density-temperature region given aboveyolume for the free electror€:>2 This means in brief that the
are listed in Table I. For the free energy density of the neuaccessible system volume is reduced by the hard-sphere vol-
tral subsystem we obtain umes of atoms and molecules. The effective hard-sphere ra-

+ contribution of excited electronic states, (7)

Po=", 2my
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. . . FIG. 2. Coexistence pressure and lines of constant degree of
FIG. 1. Pressure as function of the density for various temperadissociation,é’ and ionizatione, respectively, as function of the

tures. A Maxwell construction was performed in the instability re- temperature. The conditions where Wetr al. (Ref. 1) observed
gion, leading to constant pressure in the coexistence region. metallic conductivity are indicated by a diamond.

dii are determined within fluid variational theory for the re- degree of ionization jumps to a value of about one-third
spective one-component systems. There, the free energy vghich is connected with a rather high, plasmalike conductiv-
obtained by minimizing a free energy functional with respectity. Therefore, the behavior of the electrical conductivity as
to the packing fraction of a hard-sphere reference sydfem.found in the multiple shock experimehis qualitatively re-
This way density- and temperature-dependent hard-sphemroduced using the present EOS as shown in Ref. 28. Figure
radii are derived. 3 shows the density region where the two phases coexist; the
coexistence region is rather narrow. The experimental point
IIl. RESULTS where Weiret all obser_ved a metal-like cor_wductivity lies
above the present coexistence line, supporting our result of
Based on the formulas given above, the ionization equiconsiderable ionization in this region.
librium of the plasma was calculated by minimizing the total At much lower temperatures in the solid phase, a transi-
free energy. In the density region where the EOS shows ation from the molecular crystal to hydrogen metal is com-
instability, i.e., @p/dV)+>0, a Maxwell construction in monly expected. Although solid metallic hydrogen has not
terms of the pressure and the chemical potential was appliegiet been observed in diamond anvil cell experiméhtset-
allization is likely to occur above 300 GPa. For higher tem-
p(p), T)=p(py,T) and w(p,, T)=u(py,T), (9  peraturesT=10" K in the plasma state, the location of the
_ _ _ PPT has been studied extensiv&ly.The coexistence line
where u=uet ui=un=pmn,/2 is the combined chemical angs in a critical point around,~(15-17)x 1¢% K, a pres-
potential'® Figure 1 shows the results for the EQ®p,T). sure of abouip.~(50-70) GPa, and a density of abqut
As the pressure is primarily caused by correlation effects, the-(0.1-0.5) g/cr; see Ref. 30 for an overview. Extrapola-
density dependence is much more pronounced than the terion of our results to higher temperatures matches these pre-
perature dependence. The phase transition which occurs Hictions.
our model is well known as th@lasma phase transition
(PPT). In the coexistence region below 10 000 K, the plasma 1
consists of two phases | and Il that differ in mass densities by
about 0.2 g/crh The densities of the coexisting phasgs
and p, have the general tendency to decline with the tem- o9 |
perature. The PPT is characterized by a jump in the mass
density, in the degree of ionization, and in the degree of ,.—
dissociation. In the temperature region studied here, phase g 07 |
is an atomic-molecular fluid with almost no ionization while =
phase Il is a partially ionized plasma. The transition pressure <
is decreasing with the temperature and varies between 12(
GPa and 110 GPa foF=(2-10)x 10° K. Figure 2 shows 05 ¢ p=50 Gpa 1
the respective coexistence lipE”(T) of the two phases as
well as lines of constant degree of dissociation and ioniza-
tion. The degree of ionization is defined as the mass frac- 0-%000 2000 6000 8000 10000
tion of the charged particles. In the partially dissociated fluid TIK]
below the coexistence line it is always lower than 10
Correspondingly, the conductivity is rather low, describing a FIG. 3. Coexistence region and three isobars as function of the
semiconducting behavior. Crossing the coexistence line, themperature.

Coexistence Region




14 180 DIETER BEULEet al. PRB 59

10000 tures, our model recovers the Hugoniot curve for a highly
TI[K] / ionized plasma, calculated by means of the ‘Papprox-
I imations in a chemical picturéACH) for the EOS of the
0 0.5 charged component used also here. In this area the PACH
B model shows a good agreement with the activity expan-
00 sion (ACTEX) method of Rogers® The results of the LM,
- N ' ' ACTEX, SC, and PACH models are in reasonable agreement
T e e | R o with the experimentally observed turnaround of the Hugoniot
— — TBMD A \T‘\ | * curve for high temperatures.
- LM / 4 X . Jr___o__‘
.......... PIMC Lo P 1
—each |G e b— | IV. CONCLUSIONS
- — ACTEX ' | \
|| —--sC , Fﬁv—\ i In this paper, we have proposed an EOS for dense hydro-
100 S ropo; > o€ Ty
.’| |—/2,"—‘ ] gen plasma folT<10* K which gives a realistic behavior for
_ e J.=*“”-=4| | low (neutral molecular fluigd and high temperaturegully
5_“ '// e ionized plasma A thermodynamic instability occurs in the
o, #/T/ intermediate region that is connected with a first-order phase
o / - transition. Theplasma phase transitiodescribes a transition
® Coliins et at. 98 from a partially dissociated fluid to a partially ionized
©DaSivaetal. 97 plasma. We have derived the corresponding coexistence line
X Holmes et al. 95 . .
+Nellis et al. 83 and the coexistence region for=(2—-10)x 10° K. The co-
6 existence line might end in a critical point as other theories
1 / P, have predicted-® For a detailed study of the region near the

%_40' 0_'60 0_'80' 1_'00 critical point, the present EOS has to be extended to higher
p [g/em’] temperatures. Furthermore, the charged-neutral interaction
has to be considered in addition.

FIG. 4. Pressure, degree of dissociatiog, and temperatur@ Compared with previous approactieé the correlations
along a single-shock Hugoniot curve Bf, vs density: & and @ in the dense, neutral component are now considered in a
denote data from laser-driven shock-wave experiméRefs. 32  Systematic way, going beyond rather approximative methods
and 33, while X and+ are taken from gas gun experimefiefs. ~ such as the hard-sphere reference system or perturbation
24 and 25. The present resulighick solid ling are compared with  theory. The applicability of the dissociation model for not
Hugoniot curves derived from a semiempirical linear-mixing modeltoo high temperatures and densities has been demonstrated
(LM) (Ref. 9, the SESAME tablegRef. 39, tight-binding molecu- by comparing the respective proton-proton distribution func-
lar dynamics(TBMD) (Ref. 12, and path-integral Monte Carlo tions with results from computer simulatioffs.
simulations (PIMC) (Ref. 35, from Padeapproximations in a As discussed above, the present EOS vyields a first-order
chemical picturPACH) (Ref. 17, the activity expansion method phase transition with a corresponding separation between
(ACTEX) (Ref. 36, and the hydrogen equation of st48C) given  two phases of different mass density and degree of ioniza-
in Ref. 4. tion. This so-far hypothetical phase transition might be

closely related to the experimentally observed electronic

To compare the results of the present EOS directly withtransition to metalliclike conductivities in fluid hydrogén.
available experimental data, we have calculated the pressuiidhe present EOS vyields a transition pressure of about 120—
p, the degree of dissociatigh, and the temperaturBalong 110 GPa in that region. Numerical simulatiéh¥ also sup-

a Hugoniot curve oD, using an initial pressure and density port the occurrence of a first-order phase transition in hydro-
as typical for single shock experimerfs32*3see Fig. 4. gen. Such a behavior would be very similar to that of
Temperatures up to 10 000 K correspond to a maximum derexpanded fluid alkali metals where an electronic metal-
sity of about 0.8 g/cr In this range our model is in good insulator transition occurs near the critical point of the ordi-
agreement with the experimental d¥taand the linear- nary liquid-vapor phase transition; see Ref. 37. A final deci-
mixing (LM) model of RosS. Strong deviations from the sion about the nature of the observed transition from a
behavior predicted by the SESAME tabtésccur due to  semiconducting fluid to a highly conducting phase at tem-
dissociation. The tight-binding molecular dynam{@8MD) peraturesT=(2-10)x 10° K requires still more precise ex-
simulation? do not reproduce the strong compression beperiments as well as more refined theories.

tween 30 GPa and about 100 GPa as observed experimen-In order to check the accuracy of the present EOS, we
tally. Applying the hydrogen EOS given by Saumon andhave calculated the respective Hugoniot curves and com-
Chabrief (SO) for the calculation of the Hugoniot curve, an pared with available data from recent shock-compression
almost abrupt compression at about 70 GPa occurs which isxperiment¥>3as well as other theoriés:'?33%we have

not verified by the experimental data. The path-integrashown that our model—in the region of densities studied
Monte Carlo (PIMC) simulations® become increasingly here (p<0.8 g/cni)—provides a good representation of the
reliable as the temperature increases, but fail to reproduce trexperimental data points and can well be compared with the
neutral fluid behavior at low temperatures. At high temperatesults of the linear-mixing model of RoSs.
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