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Equation of state for hydrogen below 10000 K: From the fluid to the plasma
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We combine equations of state valid for the dense, neutral fluid and the dense, fully ionized plasma to obtain
an equation of state for the intermediate region where partial dissociation and ionization occur. A region of
thermodynamic instability is found which is known as plasma phase transition. The corresponding coexistence
region and the coexistence line are derived. As a first application of the new equation of state, Hugoniot curves
are calculated and compared with experiments and other theories.@S0163-1829~99!09821-5#
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I. INTRODUCTION

Knowledge of the equation of state~EOS! of dense hy-
drogen is of central importance for astrophysics as wel
for the general understanding of the behavior of matte
extreme conditions. At low temperatures and pressures,
drogen is a molecular solid or fluid. At high pressures abo
100 GPa, hydrogen is supposed to undergo a transition
highly conducting state which has been verified experim
tally in shock-compressed fluid around 140 GPa and 3
K.1 Similar conductivity data have been reported recently
the high-pressure fluid domain.2

The physical nature of this transition at extreme con
tions remains still unexplained. The interesting question
whether or not this transition is accompanied by a first-or
phase transition with a corresponding instability region
coexistence line, and a critical point—has been trea
within advanced many-particle methods adopting a chem
picture ~see, e.g., Refs. 3–7!. There, the different compo
nents in a dense, partially ionized plasma such as molec
H2, atoms H, molecular ions H2

1 or H2, electronse, and
protonsp interact via effective pair potentials. It was foun
that the theoretical results for the EOS in that region dep
strongly on the effective interactions for the neutral comp
nents, molecules, and atoms as well as on the Coulomb
teractions between the charged particles.

Applying concepts of solid state theory, the observ
transition can be explained by band gap closure, not acc
panied by a first-order phase transition~for a review, see Ref
8!. Band structure calculations which are strictly valid on
for the solid atT50 K were performed for various struc
tures. Comparing the energies of a hypothetical bcc m
with a close-packed lattice of hydrogen atoms or molecu
interacting via effective short-range potentials, the meta
structure becomes more stable than the molecular soli
high densities. Furthermore, the atomic solid has alway
higher energy than the metallic solid.

Ross9 adjusts this picture for the solid atT50 K to the
case of a shock-compressed liquid at finite temperatu
supposing that partially dissociated hydrogen fluid is a m
PRB 590163-1829/99/59~22!/14177~5!/$15.00
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ture of a molecular and a metallic phase. The free energ
the fluid mixture is determined by a composition average
the free energy of the pure molecular and metallic pha
within the linear mixing approximation.

Alternatively, the behavior of dense hydrogen is deriv
from numerical simulations, which treat a system consist
of a finite number of electrons and protons, starting w
early quantum Monte Carlo calculations.10 Modern methods
like quantum molecular dynamics,11,12 wave-packet molecu-
lar dynamics,13,14or path-integral Monte Carlo15,16allow one
to study equilibrium as well as transport properties of de
hydrogen. In some of these simulations, precursors of a fi
order phase transition, have been obtained.10,14,16

We present in this paper an EOS for dense, lo
temperature hydrogen plasma by combining earlier res
for the partially and fully ionized plasma domain3,17–19with
improved data for the dense, neutral fluid obtained within
dissociation model.20,21 Results for the dissociation and ion
ization degree, the equation of state, the instability regi
and the coexistence line are given for temperaturesT
5(2 –10)3103 K and densities up to 1.1 g/cm3.

II. EOS FOR DENSE HYDROGEN

The EOS employed in this paper is based on the f
energy densityf 5F/V for a two-component system of neu
tral ~index 0! and charged particles~index 6),

f 5 f 01 f 6 . ~1!

We take into account in an explicit way the interactions
the neutral and charged subsystems, respectively, whe
the interaction between charges and neutrals is accounte
only by the reduced-volume concept.18,22

We have performed classical Monte Carlo simulations
neutral, partially dissociated, fluid hydrogen for a grid
temperature and density points in the parameter regioT
5(2 –10)3103 K and 0.2 g/cm3<r0<1.1 g/cm3 wherer0
denotes the total mass density of the neutral particles. Ef
14 177 ©1999 The American Physical Society
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tive pair potentials of the exponential-6 form have been u
to model the interactions between the molecules and at
in the dense fluid.23 The dissociation equilibrium H2
2 H
has been solved, taking into account the correlation part
the chemical potentials using fluid variational theory~for de-
tails, see Refs. 20 and 21!. Dissociation becomes alread
important in the dense fluid above 20 GPa due to the low
ing of the dissociation energy with increasing density. T
degree of dissociationb is defined viab5nH /n0, where
n05nH12nH2

is the total number density of hydrogen nuc

in the neutral component;nH andnH2
are the partial densitie

of atoms and molecules, respectively.
We have shown previously20 that the results for the pres

sure of the neutral fluid as a function of density are in r
sonable agreement with the available shock-wa
experiments1 that have reached temperatures around 300
and with the similar linear-mixing model of Ross.9 For den-
sities and temperatures leading to a low degree of disso
tion the pressure agrees well with the data given by Saum
and Chabrier.4 These authors have used a stiffer atom-at
potential and, as discussed in Refs. 21 and 25, system
deviations occur with an increasing fraction of dissocia
molecules for higher temperatures and/or densities.

The resulting pressure of the neutral subsystemp0 can be
split into the ideal contributions of the atoms and molecu
and an interaction contribution,

p05
br0kBT

mH
1

~12b!r0kBT

2mH
1p0

int~r0 ,T!. ~2!

The Monte Carlo data can be interpolated accurately us
an expansion of the interaction contribution with respect
the density and temperature according to

p0
int~r0 ,T!5 (

i>2,j
~ci j T

j /2r0
i 1Ci j T

j /2r0
i ln r0!. ~3!

The advantage of the expansion~3! is that all other thermo-
dynamic quantities are now at hand in a similar analyti
form. An eight-parameter fit withi 52,3,4,5 andj 50,1 is
sufficient to reproduce the Monte Carlo data within typic
errors of less than 4% for the pressure and less than
eV/atom for the internal energy within the regionT
5(2 –10)3103 K and 0.2 g/cm3<r0<1.1 g/cm3. The re-
spective coefficients, derived from a simultaneous lea
squares fit of the pressures and internal energy densities
grid points in the density-temperature region given abo
are listed in Table I. For the free energy density of the n
tral subsystem we obtain

TABLE I. Coefficients of the interpolation formulas~3! and~4!.
The pressure is obtained in GPa and the free energy densi
GJ/m3 when inserting the temperature in units of 104 K and the
density in g/cm3.

i c i0 ci1 Ci0 Ci1

2 2055 2335.1 688.2 2198.6
3 0 388.2 2395 0
4 22469 0 0 0
5 547.2 0 0 0
d
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f 05 f 0
id1 f 0

int ,

f 0
int5 (

i>2,j
H ci j

Tj /2r0
i

i 21
1Ci j

Tj /2r0
i

~ i 21!2
@~ i 21!ln r021#J .

~4!

The ideal part depends on the dissociation equilibrium,

f 0
id5nHkBTF lnS nHLH

3

sPBL
D 21G1nH2

kBTF lnS nH2
LH2

3

sH2

D 21G .

~5!

The thermal de Broglie wavelength for speciesn with mass
mn is defined byLn5h/A2pmnkBT . The excited states o
the atoms are accounted for by the Planck-Brillouin-Lark
partition function26

sPBL~T!5(
s>1

4s2FexpS I

kBTs2D 212
I

kBTs2G , ~6!

where I 513.598 eV is the ionization energy of hydroge
atoms in the ground state. The molecular partition funct
consists of a binding, a rotational, and a vibrational part,

sH2
5

16kBT/hcB

12exp~2hcv/kBT!
expS 2I 1D01hcv/2

kBT D
1contribution of excited electronic states, ~7!

whereB560.853 cm21,v54401 cm21, andD054.735 eV;
see Ref. 20.

The free energy density of the charged component is s
in a similar way as Eq.~4!:

f 65 f 6
id1 f 6

int5 f e
id* 1 f i

id1 f e* 1 f i1 f ie . ~8!

f e
id and f i

id denote the ideal contribution of the electrons a
ions as derived from Fermi-Dirac and Boltzmann statisti
respectively. The interaction contributionsf e and f i account
for the correlations and the exchange in the electronic
ionic subsystem, whilef ie describes the electron-ion scree
ing. They are treated in terms of Pade´ approximations3,17

which are based on analytical results for the quantum vi
expansion26 and are given and discussed in detail in Ref. 1
In comparison to these formulas, we have used an impro
expression for the electronic contributionf e by considering
additional thermal corrections.27 At low densities and/or high
temperatures, the Pade´ approximations reproduce the qua
tum corrections to the Debye law. With increasing dens
ions and electrons behave in quite different ways. The i
form a subsystem of classical, strongly coupled partic
with a latticelike structure screened by a partially degene
electron liquid. There, the present Pade´ approximation con-
verges to the results of respective Monte Carlo simulati
for the ion-ion and ion-electron interactions. The analy
performed in Ref. 27 yields also good agreement with
quantum Monte Carlo simulations available so far.15

The asterisk in Eq.~8! indicates that the correspondin
expression is rescaled according to the concept of redu
volume for the free electrons.19,22This means in brief that the
accessible system volume is reduced by the hard-sphere
umes of atoms and molecules. The effective hard-sphere

in
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dii are determined within fluid variational theory for the r
spective one-component systems. There, the free energ
obtained by minimizing a free energy functional with resp
to the packing fraction of a hard-sphere reference syste23

This way density- and temperature-dependent hard-sp
radii are derived.

III. RESULTS

Based on the formulas given above, the ionization eq
librium of the plasma was calculated by minimizing the to
free energy. In the density region where the EOS shows
instability, i.e., (]p/]V)T.0, a Maxwell construction in
terms of the pressure and the chemical potential was app

p~r I ,T!5p~r II ,T! and m~r I ,T!5m~r II ,T!, ~9!

where m5me1m i5mH5mH2
/2 is the combined chemica

potential.19 Figure 1 shows the results for the EOSp(r,T).
As the pressure is primarily caused by correlation effects,
density dependence is much more pronounced than the
perature dependence. The phase transition which occu
our model is well known as theplasma phase transition
~PPT!. In the coexistence region below 10 000 K, the plas
consists of two phases I and II that differ in mass densities
about 0.2 g/cm3. The densities of the coexisting phasesr I
and r II have the general tendency to decline with the te
perature. The PPT is characterized by a jump in the m
density, in the degree of ionization, and in the degree
dissociation. In the temperature region studied here, pha
is an atomic-molecular fluid with almost no ionization whi
phase II is a partially ionized plasma. The transition press
is decreasing with the temperature and varies between
GPa and 110 GPa forT5(2 –10)3103 K. Figure 2 shows
the respective coexistence linepPPT(T) of the two phases a
well as lines of constant degree of dissociation and ion
tion. The degree of ionizationa is defined as the mass frac
tion of the charged particles. In the partially dissociated fl
below the coexistence line it is always lower than 1024.
Correspondingly, the conductivity is rather low, describing
semiconducting behavior. Crossing the coexistence line,

FIG. 1. Pressure as function of the density for various temp
tures. A Maxwell construction was performed in the instability r
gion, leading to constant pressure in the coexistence region.
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degree of ionization jumps to a value of about one-th
which is connected with a rather high, plasmalike conduc
ity. Therefore, the behavior of the electrical conductivity
found in the multiple shock experiments1 is qualitatively re-
produced using the present EOS as shown in Ref. 28. Fig
3 shows the density region where the two phases coexist
coexistence region is rather narrow. The experimental p
where Weiret al.1 observed a metal-like conductivity lie
above the present coexistence line, supporting our resu
considerable ionization in this region.

At much lower temperatures in the solid phase, a tran
tion from the molecular crystal to hydrogen metal is co
monly expected. Although solid metallic hydrogen has n
yet been observed in diamond anvil cell experiments,29 met-
allization is likely to occur above 300 GPa. For higher te
peraturesT>104 K in the plasma state, the location of th
PPT has been studied extensively.3–7 The coexistence line
ends in a critical point aroundTc'(15–17)3103 K, a pres-
sure of aboutpc'(50–70) GPa, and a density of aboutrc
'(0.1–0.5) g/cm3; see Ref. 30 for an overview. Extrapola
tion of our results to higher temperatures matches these
dictions.

a-
FIG. 2. Coexistence pressure and lines of constant degre

dissociationb and ionizationa, respectively, as function of the
temperature. The conditions where Weiret al. ~Ref. 1! observed
metallic conductivity are indicated by a diamond.

FIG. 3. Coexistence region and three isobars as function of
temperature.
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To compare the results of the present EOS directly w
available experimental data, we have calculated the pres
p, the degree of dissociationb, and the temperatureT along
a Hugoniot curve ofD2 using an initial pressure and densi
as typical for single shock experiments;25,32,33 see Fig. 4.
Temperatures up to 10 000 K correspond to a maximum d
sity of about 0.8 g/cm3. In this range our model is in goo
agreement with the experimental data32 and the linear-
mixing ~LM ! model of Ross.9 Strong deviations from the
behavior predicted by the SESAME tables34 occur due to
dissociation. The tight-binding molecular dynamics~TBMD!
simulations12 do not reproduce the strong compression
tween 30 GPa and about 100 GPa as observed experi
tally. Applying the hydrogen EOS given by Saumon a
Chabrier4 ~SC! for the calculation of the Hugoniot curve, a
almost abrupt compression at about 70 GPa occurs whic
not verified by the experimental data. The path-integ
Monte Carlo ~PIMC! simulations35 become increasingly
reliable as the temperature increases, but fail to reproduce
neutral fluid behavior at low temperatures. At high tempe

FIG. 4. Pressurep, degree of dissociationb, and temperatureT
along a single-shock Hugoniot curve ofD2 vs density:L and d

denote data from laser-driven shock-wave experiments~Refs. 32
and 33!, while 3 and1 are taken from gas gun experiments~Refs.
24 and 25!. The present results~thick solid line! are compared with
Hugoniot curves derived from a semiempirical linear-mixing mo
~LM ! ~Ref. 9!, the SESAME tables~Ref. 34!, tight-binding molecu-
lar dynamics~TBMD! ~Ref. 12!, and path-integral Monte Carlo
simulations ~PIMC! ~Ref. 35!, from Pade´ approximations in a
chemical picture~PACH! ~Ref. 17!, the activity expansion method
~ACTEX! ~Ref. 36!, and the hydrogen equation of state~SC! given
in Ref. 4.
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tures, our model recovers the Hugoniot curve for a hig
ionized plasma, calculated by means of the Pade´ approx-
imations in a chemical picture~PACH! for the EOS of the
charged component used also here. In this area the PA
model shows a good agreement with the activity exp
sion ~ACTEX! method of Rogers.36 The results of the LM,
ACTEX, SC, and PACH models are in reasonable agreem
with the experimentally observed turnaround of the Hugon
curve for high temperatures.

IV. CONCLUSIONS

In this paper, we have proposed an EOS for dense hy
gen plasma forT<104 K which gives a realistic behavior fo
low ~neutral molecular fluid! and high temperatures~fully
ionized plasma!. A thermodynamic instability occurs in th
intermediate region that is connected with a first-order ph
transition. Theplasma phase transitiondescribes a transition
from a partially dissociated fluid to a partially ionize
plasma. We have derived the corresponding coexistence
and the coexistence region forT5(2 –10)3103 K. The co-
existence line might end in a critical point as other theor
have predicted.3–6 For a detailed study of the region near th
critical point, the present EOS has to be extended to hig
temperatures. Furthermore, the charged-neutral interac
has to be considered in addition.

Compared with previous approaches,3–7 the correlations
in the dense, neutral component are now considered
systematic way, going beyond rather approximative meth
such as the hard-sphere reference system or perturb
theory. The applicability of the dissociation model for n
too high temperatures and densities has been demonst
by comparing the respective proton-proton distribution fun
tions with results from computer simulations.31

As discussed above, the present EOS yields a first-o
phase transition with a corresponding separation betw
two phases of different mass density and degree of ion
tion. This so-far hypothetical phase transition might
closely related to the experimentally observed electro
transition to metalliclike conductivities in fluid hydrogen1

The present EOS yields a transition pressure of about 1
110 GPa in that region. Numerical simulations14,16 also sup-
port the occurrence of a first-order phase transition in hyd
gen. Such a behavior would be very similar to that
expanded fluid alkali metals where an electronic me
insulator transition occurs near the critical point of the or
nary liquid-vapor phase transition; see Ref. 37. A final de
sion about the nature of the observed transition from
semiconducting fluid to a highly conducting phase at te
peraturesT.(2 –10)3103 K requires still more precise ex
periments as well as more refined theories.

In order to check the accuracy of the present EOS,
have calculated the respective Hugoniot curves and c
pared with available data from recent shock-compress
experiments32,33 as well as other theories.4,9,12,35,36We have
shown that our model—in the region of densities stud
here (r,0.8 g/cm3)—provides a good representation of th
experimental data points and can well be compared with
results of the linear-mixing model of Ross.9
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