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Defect modes in one-dimensional comblike photonic waveguides
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We investigate the existence of defect modes in the photonic band structure of a comblike waveguide
geometry made of dangling side branches grafted periodically along an infinite monomode waveguide. This
one-dimensional photonic crystal exhibits forbidden bands that originate both from the periodicity of the
system and the resonance states of the grafted branches. The defect modes result from the presence of defective
branches in the comb and may occur in these stop bands. The localized states appear as very narrow peaks in
the transmission spectrum of finite comblike waveguides composed of a finite number of grafted branches. The
behavior of the localized states is analyzed as a function of the length, of the position, and of the number of the
defective branches. These theoretical results are confirmed by experiments using coaxial cables in the fre-
guency range of a few hundreds of MH&0163-18209)04519-]

[. INTRODUCTION d,, the lengthd, of each side branch and the relative dielec-
tric permittivity e; of each medium withi =1 for the back-

For the last ten years, numerous theoretical and experbone andi=2 for the side branches. The one-dimensional
mental investigations have focused on the existence of gapature of the model requires that the lenghsandd, must
in the electromagnetic band structure of fhleotonic crys- be very much greater than the diameter of the backbone and
tals, i.e., artificial structures exhibiting a spatially dependentthe side branches. This retains its validity to monomode
dielectric constant. Various one-dimensiotiaD), 2D, and  Propagation of electromagnetic waves. The stop bands origi-
3D structures of periodic photonic crystals were studied. hate both from the periodicity of the system and the reso-
Gaps were also observed in slightly disordéreds well as nhance states of the grafted branches, which play the role of
in quasiperiodi¢ 2D photonic crystals. In these forbidden resonators. Wide gaps/narrow bands can be obtained by an
bands, electromagnetic modes, spontaneous emission, a@gpropriate choice of the parameters, in particular the ratio
zero-point fluctuations are all absenThese properties be- between the two characteristic lengthsandd,. Moreover,
come more pronounced when the band gap is made largBy increasing the numbeX’ of side branches grafted on
Some studies have also addressed the problem of the emé&ach node, the forbidden bands can be strongly enlarged. Let
gence of localized states in the photonic band g@@&G) by  Us stress that, unlike in the usual photonic crystaisla-
introducing defects in the periodic dielectric structure. In 1Dtively large gaps still remain for homogeneous systems
photonic crystals, i.e., classic Bragg mirr8rsdefects may Wwhere the branches and the backbone are constituted of the
be layers of different nature than the other slabs. In 2D angame material. We also proposed another way of making
3D photonic crystals made of a periodic distribution of di- very large stop bands,i.e., a tandem structure composed of
electric cylindrical or spherical inclusions embedded in a di-two or several succesive comblike waveguides, which differ
electric matrix, defect modes were observed by removing oby their physical characteristics. Very large gaps in this sys-
adding some inclusiofis*®or by changing the characteristics tem result from the superposition of the band gaps in the
(material or diamet@rof several inclusion$! These proper-  individual combs.
ties started also to be investigated in quasi-one-dimensional In this paper, we focus on the existence of localized
photonic crystals? Photonic crystals possessing localizedmodes inside gaps when defective branches of different
modes in the forbidden bands should have several applicdéngth and constituted of a different material are inserted in
tions to optical devices such as selective frequency filters or
very efficient waveguides. Mediuy, 4 A

In two previous paperS** we proposed a model of a )
one-dimensional photonic crystal exhibiting very narrow
pass bands separated by large forbidden bands. This syste
is composed of an infinite one-dimensional waveguidie ‘$ .
backbong along which stars oN’ finite side branches are Me‘““mz(ez)
grafted atN equidistant sitesN andN’ being integergsee
Fig. 1). This star waveguidds described by two structural FIG. 1. Periodic waveguide with stars ofN’ (N’'=6, here
and two compositional parameters, namely the periodicityrafted branches.
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the star waveguide. We show that the localized states appehranches of lengthd; (#d,), constituted of a material of

as very narrow peaks in the transmission spectrum of comlrelative dielectric permittivitye; (#¢5,). Using the IRT, one

like waveguides composed of a finite number of graftedcan calculate analytically the frequencies of the localized

branches. We analyze the behavior of the localized states asates in the case of an infinite comb, i.e., with an infinite

a function of the length, of the position, and of the number ofnumber of nodesN—«). They are given by the relation

the defective branches. The theoretical results are confirmed

by experiments using coaxial cables in the frequency range

of a few hundreds of MHz. 1+Xx
This paper is organized as follows. In Sec. Il, we give the

analytic expressions for the band structure of the periodic |, the |atter equation, the parametercharacterizes the

star waveguide and for the transmission coefficient through ey rpation introduced in the comb by the defective resona-
finite comb with and without defects. Section Ill is devotedq s and is defined as

to a numerical discussion of these expressions as well as to a

t
t2—1:0' (6)

comparison of the theoretical results with experimental mea- S, F,C, F1sCs
surements. Finally, conclusions of this work are reported in X=E. 2 —Nj (7)
Sec. IV. AR S3
when the electric fieldE=0 vanishes at the free ends of all
Il. MODEL the resonators and as
The pass and stop bands of the star waveguide depicted in Si| ,F2S  F3S;
Fig. 1 can be displayed in the dispersion relation for an in- X= F_l 2C_2_N3C_3 (8)

finite number of sitesNl—<) or in the transmission coeffi-

cient T through the waveguide when the side branches argshen the boundary conditiod =0 has been taken into ac-
grafted at a finite numbeN of nodes. Both the dispersion count. In Eqs(7) and (8), the symbols-3, C3, andS; as-
relation and the transmission factdrwere obtained in a sociated with the defects have the same meaning as above.
closed form by using the “interface response theory” The transmission coefficient through a defective star wave-

(IRT).2*'® They are given as guide with a finite numbeN of nodes can be obtained as
N' F, S;.C 2_1y2tN 2
coskdy) =C+ 5 g g (1) ro| sy , ©
' (A2—B22) (2= 1)+ x|
or where
~ N’ F2 3132 ¢={t(A2+thZN)—AB[tz(N_n+l)+t2n]} (10)
COikdl)—Cl'i‘?F—lC—z (2

In Eqg. (10), the integem, such as £n=<N, stands for the
and location of the defects in the finite comb. One can easily
check that fory=0 (i.e., N;=N3;=0), which corresponds to
the comb without defect, Eq10) leads to Eq(3). One can
also readily verify that the same transmission coefficient is

obtained for two symmetrical locations of the defects with
wherek is the modulus of the wave vector for propagation ofrespect to the middle of the comb.

electromagnetic waves in the star waveguide and

25,(t2— 1)tN|?

A2 _ BZtZN

)

=e>.<p(jkd1). In Eqs'. (1) and(2), the quantitie;(:i, S, and IIl. APPLICATIONS
F; (i=1,2) are defined a§;= coshgd;), S;=sinh(d,), and
Fi=a; with ai:jw\/g—i/c wherew is the wave circular fre- In this section, we shall numerically illustrate the above

quency,c the speed of light in vacuum, arjé=y/—1. The  analytic results for comblike waveguides composed of iden-
dispersion relationél) and(2) were obtained for two differ- ~ tical constituents, i.eg;=e,, with the same characteristics
ent choices of the boundary conditions, namely, the vanishiengthsd; =d, and the boundary conditiof=0. In Fig. 2,

ing of either the electric fieldE=0) or the magnetic field We present the band structures and transmission coefficients
(H=0) at the free extremities of the side branches. Theof the waveguide with and without defects. The top and bot-
modulus of the wave vectdris then given by either Eqél) ~ tom panels, respectively, describe the situations where the

or (2). In Eq. (3), A andB are defined as number of grafted side branches at every nodd'is 1 and
N’=4. Figure Za) shows the six lowest dispersion curves of
A=1-t(C;—9)) (4)  the photonic band structure fot—c andN’=1. The plots

are given in terms of the reduced frequerey wdl\/s—llc

versus the reduced wave vectad;. In this perfectly peri-
B=t—(C,—S,). (5) odic system, one notes the presence of pass bands separated

by gaps and in particular the existence of a cutoff frequency,
On the other hand, the localized states in the band structuiiee., a forbidden band that commences at zero frequency. The
are obtained by removing, on one site of the photonic crystaflat bands at reduced frequencies equatrto2s, 3, ...
depicted in Fig. 1N, resonators and replacing them iy correspond to modes whose eigenfunctions vanish at every

and
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FIG. 2. Top panel (a) Dispersion curves for the one-dimensional structure depicted in Fig. 1,Nvithe, N’=1 and the boundary
conditionE=0. The other parameters atge=d, ande;=¢,. (b) Transmission coefficient through the same structure with the side branches
grafted atN=5 nodes(c) Transmission coefficient through a comb containing one defect of lehgtld.7d, (e3=¢,=¢,) located on the
middle node N;=1 andN3=1). The other parameters are the same db)in(d) Transmission coefficient through the same comb &s)in
but the defect is located on the second or on the fourth nlBd&om panel Same as in top panel, but fot' =4 side branches grafted at
every node. In(g) [respectively(h)], N;=4 resonators grafted at the middiespectively second or fouitmode have been replaced by
N;=1 defective branchd;=0.7d; e3=¢g,).

node of the comb structure. This means that these modes apéaced by one defective branct;=0.7d; andez=¢,). In
eigenfunctions of the independent chains, constituting botlthis case, some of the peaks associated with the defect modes
the resonators and the backbone, without any interaction b&re more clearly detached from the band edge, than in Fig.
tween the different chains. In Fig(l2, we have plotted the 2(c), especially those around the second pass band. One also
variations of the transmission coefficiefit versus the re- observes that these peaks are much narrower in Kg). 2
duced frequency for a finite number of nodes, namigly than in Fig. Zc). This is clearly illustrated in Fig. 3 where
=5. Despite the finite number of resonators, one can noticéhe peaks appearing aroufid~9 in Figs. Zc) and Z2g) have
that T approaches zero in regions corresponding to the obbeen plotted on the same graph at the same scale. We have
served gaps in the electromagnetic band structure of Figlso investigated the influence of the number of grafted de-
2(a). The flat bands in Fig. (&) do not contribute to the fects on the localized modes. The top panel of Fig. 4 shows
transmission since the corresponding eigenfunctions vanistie variations of the transmission coefficient through a non-
at every node of the comb structure. We have siéwhhat  defective comb whose parameters ade=5, N'=1. The
increasing the numbeM of nodes to 10 and more, does not three other panels present the transmission when the resona-
modify significantly the edges of the forbidden bands. In Fig.tor grafted on the middle node has been replaced\fy

2(c), the resonator located at the middle node, nani¢ly =1,2, and 4 defective branches of length=0.7d,. The

=3, has been replaced by a defective branch of lemlgth transmission factor in the pass bands is more and more de-
=0.7d, and of relative dielectric constamtz=¢;. In the  pressed ad\j increases. The localized states are getting
frequency range displayed in Fig(c2 there are five peaks closer to the middle of the gaps when increaditig These
associated with the localized states; those falling in thetates become more and more confined, i.e., the quality fac-

middle of a gap being much narrower than those situated iy of the peaks defined as the ratio between the central fre-
the vicinity of a band edge. The transmission inside a pass

band is also significantly affected by the presence of the 1.0 I

defect as can be observed in the second pass band of Fig. r

2(c) where T is totally depressed. Figure(d, where the \

defect is located on the second or on the fourth node, high- TosL ’ -
lights the influence of the location of the defect site on the

transmission coefficient and in particular on the intensities of /

the peaks associated with the localized modes. The bottom 0.0 | | S

panel of Fig. 2 contains similar results to those of the top 9.175 9.200 9.225 9.250

panel when severaN’ =4) side branches are grafted at ev-
ery node. This panel illustrates the narrowiwgdening of
the pass band$orbidden bandswhen increasing\’. Figure FIG. 3. Comparison between the shape of the peaks associated
2(g) [respectively Fig. th)] shows the variation of the trans- with the localized state appearing aroufit=9 in Figs. Zc)
mission coefficient when the four resonators located on thedashed lingand 2g) (solid line). One observes that increasihg
middle (respectively second or foultmode have been re- produces a decrease in the width of the peak.

REDUCED FREQUENCY
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Lo value ofe3 when one resonator in an infinite comb has been
replaced by one defective branch. The hatched areas corre-
spond to the pass bands of the perfect comb Witk 1. One
observes that the localized modes emerge from the pass
L J J bands, decrease in frequency by increasiigand finally
! L\ L\ merge into a lower pass band. At each frequency, there is a
periodical repetition of the localized state as a functiod.pf
10 The same observations may be done in Figp) vhere the
N',= lengthd; of the defect has been fixed and its relative dielec-
T, sk J) tric constante 3 varies. These figures clearly show that the
frequencies of the localized states inside the forbidden bands
J L L\/\J strongly depend on the physical characteristics of the defec-
0.0 A1 . L tive side branch. For example, one observes in Hig. that
the localized states occur in the middle of the second forbid-
den band ford;/d;~0.5,1,15 ... . Figures &c) and &d)
N';=2 present similar results for an infinite comb witl =4 and
T,sL e the same other parameters. The defect modes were obtained
by replacing four resonators in one node by a defective
l /\J J branch of lengtid; or made of a material of relative dielec-
e ' tric constante ;.
The results presented in this paper were obtained with the
boundary conditiorE=0 at the free ends of the resonators.
3 Qualitatively similar results are also obtained by using the
Tosk H@ boundary conditiorH=0 at the free extremities of the side
branches, although the gaps are narrower in this case with
{ V\ our choice ofd;=d, ande;=¢,.13%*
0.0 Ll A In order to check the validity of the above theoretical
0 2 4 6 8 10 predictions in a frequency range up to 500 MHz, we have
REDUCED FREQUENCY performed experiments where both the one-dimensional
waveguide and the side branches are constituted by standard
FIG. 4. Transmission coefficients versus the reduced frequencyo() coaxial cables. The transmission measurements have
through four combs without defefta)] and with defects(b), (¢),  peen realized by using a tracking generator coupled to a
and (d)]. The results are illustrated foN=5, N'=1, &1 gpactrum analyzer. We have compared the experimental
=&z, di=d with the boundary conditio==0. In (b), (¢), and  yeaqyrements with the theoretical predictions for combs
(d), the resonator grafted at the middle node has been replaced Without and with defects. As predicted by the theoretical
N3=1, 2, and 4 defective branched;&0.7d, ande;=¢3). . , , . .
results, an increase &' or N3 in the comb, gives rise to a

quency and the full width at half maximum increases. Figurenarrowmg of the peaks associated with the localized states.

5 focus on the peak associated with the localized state a;f—or c?mb-like Wfaveguicljes Witgl and N3T4’ thed resolur;
pearing around2~9 in Figs. 4b), 4(c), and 4d). This fig- tion of our experimental setup does not allow to detect these

ure shows together the shifting in frequency of this peak a¥€"y Sharp peaks. Then we limited ourself to study experi-
well as the increase of its quality factor with increasig. mentally the propagation of eleciromagnetic waves in defec-

From Figs. 2, 4, and 5, one can conclude that an increase Y€ €0MPs WithN” andN3=<2. The upper panel of Fig. 7
N’ or N} in the comb gives rise to narrower peaks. shows the theoretical and experimental variations of the

In Fig. &a), we present the reduced frequencies of thetransmlssmn coefficient through a perfect comb whose pa-

. : ) rameters ardN=5, N'=1, ¢;=¢,=2.3, andd;=d,=1m;
localized modes as a function of the ratlg/d, for a fixed the boundary condition being=0 at the free ends of the

grafted resonators. The width and the frequency domains of
the pass and stop bands are quite similar in both spectra. The
' , , attenuation of the amplitude in the experimental signal with
T Ny=1 Ny=4 -Ny= growing frequency, observed in Fig(bj, is well-known in

this kind of coaxial cables. The variations @fwhen the
coaxial cable of lengtd,=1m grafted on the middle node is

0.0 L4

1.0

1.0

1.0 T T

0.0 replaced by an other cable of length=1.175n are pre-
9.20 9.25 9.30 9.35 9.40 sented in the middle panel. The localized modes appear in
REDUCED FREQUENCY the experimental spectrum as peaks whose frequencies agree

quite well with the theoretical prediction. The widening of
FIG. 5. The shape of the peak associated with the localized stafé1ese peaks with growing frequency is also observed in both
appearing in Figs. @), 4(c), and 4d) aroundQ~9 is illustrated at ~ Spectra. Because of the resolution of the experimental setup,
a larger scale to show the increase in the quality factor with increasthe amplitude of the peaks appears weaker in the experimen-
ing N3. tal spectrum than in the theoretical spectrum. The presence
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FIG. 6. Top Panel Reduced frequencies of
the localized modes associated with=1 defec-
tive side branch inserted in an infinite coml (
—). The characteristics of the comb al¢

=1, e;=¢,, d;=d, and the boundary condi-
tion is E=0. (a) The lengthd; of the defective
branch varies and its relative dielectric permittiv-
ity 5 is fixed and equal t@;. (b) The relative
dielectric permittivitye; of the defective branch
varies and its lengtl; is fixed and equal ta;.
Bottom Panel Same as in top panel, but fo¢’
=4 side branches grafted at every node.(¢n
and(d), N;=4 resonators grafted at one node of
the infinite comb have been replaced Ry=1
defective branchds,e3).

FIG. 7. Comparison between the theoretical
[(@), (c), and(e)] and experimentdl(b), (d), and
(f)] transmission coefficients through) and (b):

a perfect comb of characteristichl=5, N’
=1, g1=¢,=2.3, d,=d;=1m with the bound-
ary conditionE=0 (N,=N3=1). (c) and (d):
the same comb containing one defect of length
d;=1.175n (¢3=¢,=2.3) located on the
middle node(e) and(f): the same comb but with
the defect located on the fourth node.
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250 T T T similar results with star waveguides possessing two grafted
225 resonators at each node. The forbidden bands are slightly
~ 200 "ee wider in this case.
[
E 175 »
> 150 | IV. CONCLUSION
% 125 We have investigated the propagation of electromagnetic
5 100 waves in comblike structures composed of multiple dangling
8 75'}'00”,_ ‘.“"lm side branches grafted on an infinite waveguide. The theoret-
g ical model assumed that the cross sections of the waveguide
50 |- . ; S
and of the side branches are small compared to their linear
25 dimensions, that is, they may be considered as one-
ol e dimensional media. This retains the validity of the model to
00 04 08 12 16 20

monomode propagation of electromagnetic waves. These
d3/d1 comblike structures may present large stop bands and are
good candidates for PBG materials. We have shown that the
FIG. 8. Comparison between the theoretical and the experimerpresence of defective branches in the comb gives rise to lo-
tal frequencies of the localized states associated with the presenc@lized states inside the forbidden bands. These defect modes
of a defect of lengthd; in a comb (N,=Nj=1) thin line: calcu-  appear as very narrow peaks of strong amplitude in the trans-
lated frequencies in an infinite combl{- ). filled dots measured mission spectrum. The localized states are very sensitive to
frequencies in a finite comb witN=5. The other parameters are the length of the defects, to their location in the comb as well
N'=1, dy=d,=1m, e;=e,=e3=2.3 and the boundary condi- as to their number. Experimental measurements using co-
tion is E=0. The flat lines correspond to the edges of the passaxial cables have confirmed the theoretical predictions for
bands. frequencies up to 500 MHz. However, our theoretical model
is, in principle, universal and then also valid in other fre-
quency domains of the electromagnetic spectrum. Indeed, the
of the defective branch also affects the transmission in thérequency domains where the PBG occur only depends on
third, fourth and fifth pass bands. Finally the bottom panelthe periodicity of the comblike structure and the length of the
shows the behavior of when the same defect branch is grafted branches. The manufacturing of such waveguides
located on the fourth node. This behavior is similar to thecould be very usefull in making, for instance, filtering, or
previous one except for the strongest attenuation of the transaultiplexing devices. It would even be more interesting for
mission in the fourth and fifth passbands as well as théntegrated structures working at optical frequencies. One
weaker amplitude of the peaks associated with the localizethust observe that for optical frequencies, the periodicity and
states. the length of the side branches must be of the order of mag-
Other experiments have been performed on the abovaiitude of the micrometer. Recents works show clearly that
described comb structure with ongefect coaxial cable the manufacturing of such comblike structures at a submicro-
grafted on the middle node. Transmission has been measuretktric scale becomes realizable with the new technological
for various values ofd;. The frequencies of the localized developments using high-resolution electron beam
states associated with the defective resonator were measurttiography'?*’
using the spectrum analyzer. For each valuelgfwe have
compared the experimental frequencies measured on a finite
comb with the theoretical frequencies calculated on the
equivalentinfinite comb. The results are displayed in Fig. 8. We thank S. Randoux, Laboratoire de Spectroscopie
The theoretical and experimental values are in reasonabldertzienne, Centre d’Etudes et de Recherches Lasers et Ap-
agreement. The shift in frequency observed for a few pointplications, Universitale Lille |, for his assistance in the ex-
may be attributed to the finite number of resonators takemerimental measurements. This work was partially supported
into account in the experimental setup. We have obtainetly le Conseil Rgional Nord-Pas de Calais.
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