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Comparison of cooling rates for hot carriers in GaAs/AlAs quantum wells based on macroscopic
and microscopic phonon models
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By using three analytical phonon models in quantum wells—the slab model, the guided-mode model, and
the improved version of the Huang-Zhu model@Phys. Rev. B38, 13 377~1998!#, —and the phonon modes in
bulk, the energy-loss rates of hot carriers due to the Fro¨hlich potential scattering in GaAs/AlAs multiple
quantum wells~MQW’s! are calculated and compared to those obtained based on a microscopic dipole super-
lattice model. In the study, a special emphasis is put on the effects of the phonon models on the hot-carrier
relaxation process when taking the hot-phonon effect into account. Our numerical results show that, the
calculated energy-loss rates based on the slab model and on the improved Huang-Zhu model are almost the
same when ignoring the hot-phonon effect; however, with the hot phonon effect considered, the calculated
cooling rate as well as the hot phonon occupation number do depend upon the phonon models to be adopted.
Out of the four analytical phonon models investigated, the improved Huang-Zhu model gives the results most
close to the microscopic calculation, while the guided-mode model presents the poorest results. For hot
electrons with a sheet density around 1012/cm2, the slab model has been found to overestimate the hot-phonon
effect by more than 40% compared to the Huang-Zhu model, and about 75% compared to the microscopic
calculation in which the phonon dispersion is fully included. Our calculation also indicates that Nash’s im-
proved version@J. Lumin.44, 315~1989!# is necessary for evaluating the energy-loss rates in quantum wells of
wider well width, because Huang-Zhu’s original analytical formulas are only approximately orthogonal for
optical phonons associated with small in-plane wave numbers.@S0163-1829~99!08919-5#
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I. INTRODUCTION

In most optical experiments the incident photons usua
create ‘‘hot’’ carriers; that is, the temperature characteriz
the carrier distribution,Tc , is higher than the lattice tempera
ture TL . The hot carriers have to relax to the bottom of t
energy band before radiative recombination occurs with
nificant probability. This energy dissipation process is go
erned by emitting phonons, in particular longitudinal-optic
~LO! phonons via the Fro¨hlich interaction in polar semicon
ductors whenTc>45 K.

When the density of the photoexcited carriers is mode
to high, a large number of LO phonons may be generate
the hot-carrier relaxation process. The generated op
phonons will decay into acoustic phonons via anharmo
interaction. Since the average lifetime of optical phono
through anharmonic decay is typically several picosecon
e.g., about 7 ps in GaAs,1 which is much longer than the
Fröhlich scattering time, the LO-phonon modes emitted d
ing the relaxation process may be accumulated, leading t
occupation number of these modes that is larger than
population at equilibrium. If we relate the phonon populati
PRB 590163-1829/99/59~20!/13184~12!/$15.00
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to the temperature, these relevant phonons are hot. Sinc
electron–LO-phonon interaction depends on the pho
mode, each phonon mode will have its distinct temperatu
in other words, the hot-phonon distribution is at nonequil
rium. The first experimental evidence of such hot phono
was obtained by Shah, Leite, and Scoll in 1970.2

The hot phonons result in a slower cooling rate for h
carriers of high density than estimated by a simple mod3

because the probability of reabsorbing the hot phonons
carriers is greatly enhanced. The hot-phonon effect has b
accepted as the main factor responsible for the reduced c
ing rate of hot carriers with a sheet density as high
1010/cm2–1012/cm2, which is also supported by much theo
retical research.4–6

The hot-phonon effect in the hot carrier relaxation
quantum wells has been extensively studied during the
decade. However, the Fro¨hlich interaction potential in bulk
materials was often used in most previous theoret
calculations,7,8 which will be referred to as the three
dimensional phonon model in this paper. In principle,
study hot-carrier relaxation in quantum wells, the phon
eigenmodes in such structures should be considered. In
13 184 ©1999 The American Physical Society
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past several years several research groups have calcu
and compared the electron Fro¨hlich scattering rates based o
different analytical phonon models9,10 as well as microscopic
phonon models.10,11 They found9,10,12,13that the total or av-
erage electron-phonon scattering rate in a quantum well
insensitive to the phonon basis set selected, as long as th
was orthogonal and complete. Thus it seems reasonab
evaluate the hot-carrier relaxation rate by using any pro
phonon model.

The claim above should be treated with caution. Fi
there is no simple sum rule when all the phonon modes
cluding the interface modes and bulklike modes are not
generate. Usually, the interface phonons, which play an
portant role in the electron-phonon scattering, devi
significantly from the bulk LO-phonon frequency. Secon
another prerequisite of the independent scattering rate
quires the orthogonality and completeness of the phonon
sis set. The orthogonality and completeness of a basis s
defined by the differential equation, the spatial region, a
the boundary condition. Compared with the easily verifi
orthogonality, the completeness of these bases, or the f
bility of the one-to-one transformation between differe
phonon basis sets, has only been verified numerically by
ing a sufficiently large number of basis functions.9 But, in
reality, the number of branches of the LO bulklike mod
involved in the scattering is restricted to the number
monolayers in a well. The completeness of the basis, wh
spans a Hilbert space of infinite dimension, does not alw
guarantee the equivalence between two sets of pho
modes which are finite for an given parallel wave vector,
particular for an ultrathin quantum well. Last and most im
portantly, all the above considerations are based on an e
librium phonon distribution; when the hot-phonon effect
the hot-carrier relaxation process must be taken into acco
phonon modes are at nonequilibrium, and some modes
play a more important role than others. Thus, as specul
in Ref. 9, it is necessary to use the correct normal mode
the system to evaluate the energy-loss rate~ELR!.

In the late 1980s, three analytic optical-phonon mod
namely, ~1! the dielectric continuum model, known as th
slab model in some of its applications to the quant
wells,14 ~2! the guided-mode, or mechanical model,15,16 and
~3! the Huang-Zhu model17 have been proposed to descri
the polar optical vibration and the associated Fro¨hlich inter-
action potentials in quantum wells. The three analy
optical-phonon models predict quite different optical-phon
modes and potential functions based on different bound
conditions.

According to the dielectric continuum model, the pol
vibration modes in semiconductor quantum wells are divid
into confined~i.e., bulklike! modes and interface modes. Th
bulklike modes in the slab model obey the electrosta
boundary condition; that is, the electrostatic potential of
modes vanishes at the interfaces. On the other hand,
optical-phonon modes in the guided-mode model satisfy
mechanical boundary condition, i.e., the optical displa
ments have nodes at the interfaces. Based on their m
scopic calculation from a dipole superlattice model,18,19

which is compatible with the dielectric continuum model a
will be referred to as the microscopic dipole superlatt
model in this paper,20 Huang and Zhu presented a set
ted
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analytical formulas and proposed a double boundary co
tion for the bulklike modes, in which both the electrosta
potential and the optical displacement vanish at the in
faces. However the interface modes in Huang-Zhu model
identical to that in the dielectric continuum model. In fac
the Huang-Zhu model is essentially the dielectric continu
model taking account of phonon dispersion and the dou
boundary condition.

In the early 1990s, experimental and theoretical investi
tions devoted to comparing these three analytic optic
phonon models in quantum wells was one of hot topics in
physics of semiconductors.21–24,10Since Tsenet al.21 pointed
out that their experimental data were in excellent agreem
with the Huang-Zhu model, this model has obtained w
acceptance. However, as indicated in their original paper,
Huang-Zhu analytic expressions are orthogonal for phon
with an in-plane wave number less than or comparable w
p/W0 (W0 is the well width!, beyond which the orthogonal
ity of the modes as well as their agreement with the mic
scopic calculation deteriorate.17 Thus an improved version o
the analytical formulas is required, and was given
Nash,9,25 which will be referred to as the improved Huan
Zhu formulas in this paper.

Recently, by using the microscopic phonon model,
present authors performed a numerical calculation on h
carrier relaxation dynamics in GaAs/AlAs multiple quantu
wells ~MQW’s! in which the hot-phonon effect was take
into account.26,27 By using the microscopic phonon mode
the relationship between the hot-phonon effects and the
fects due to the dimensionality, the carrier density, the p
non dispersion, and the hot-carrier temperature is presen
However, the full microscopic calculation on the ELR of h
carriers including the hot phonon effect is indeed very di
cult work. As the analytical phonon models are conveni
for practical usage, people naturally want to know wheth
the different phonon models affect the ELR of hot carrie
and, if so, what is the quantitative discrepancy betwe
ELR’s calculated with various analytic phonon models a
those calculated by the microscopic phonon model. In p
ticular, it is of interest to know the macroscopic model
which the ELR most close to the microscopic results can
obtained when including the hot-phonon effect. In additio
it is not easy for the microscopic phonon model to single
the contribution from certain phonon modes in the carr
relaxation process. Thus, in order to understand behavior
different orders of confined modes and various interfa
modes in the coupled carrier-phonon system, it is also n
essary to calculate the cooling rate of hot carriers by us
analytical phonon models. For these purposes, in this pa
we intend to present a quantitative comparison among
ELR’s of hot carriers in GaAs/AlAs MQW’s calculate
based on the microscopic phonon model and various ma
scopic models, including three analytical phonon models
quantum wells as well as the three-dimensional phon
model, in which an emphasis is put on the phonon mo
effect on the ELR’s when the hot-phonon effect is taken in
account. Although the inadequacy within the guided-mo
model has been admitted by the proponents of the mod28

which was widely adopted and is still used by research
unfamiliar with the debate on phonon models in quant
wells, we shall choose the guided-mode model as one



o

he
s-
re
th
th
he
en
om
a

m
re

as

-

x,

,
pe

es

d

th

ta

ical
is-

tial
the

he

he

asis

e

th
be

to

n
of

e
per-
ined
l

13 186 PRB 59JIAN-ZHONG ZHANG, BANG-FEN ZHU, AND KUN HUANG
models in examining the phonon model effect on ELR’s
hot carriers.

This paper is organized as follows. In Sec. II, t
electron–optical-phonon interactions in MQW’s are illu
trated for various phonon models. The electronic structu
used in our calculation are described in Sec. III. Then
formalism for calculating the hot-phonon population and
carrier’s ELR is given in Sec. IV. Numerical results on t
hot-carrier relaxation in MQW’s evaluated based on differ
phonon models are presented in Sec. V, where a critical c
parison among these macroscopic models are performed
discussed and judged by the ELR’s calculated with the
croscopic model. Finally, in Sec. VI our conclusions a
drawn.

II. ELECTRON-OPTICAL-PHONON INTERACTIONS
IN QW’s

A. Confined modes

The electron-confined-phonon Fro¨hlich interaction Hamil-
tonian in multiple quantum wells can be formally written

Heb~rW !5gV21/2vLO
21/2(

l
(
qW ,n

I n
21/2~quu!

3Fn~zl !e
iqW uu•rW uu1 iqzld@ ân,qW1ân,2qW

1
#, ~1!

where the subscripteb denotes the electron–bulklike
phonon interaction,d is the period of the MQW’s,V is the
normalization volume,ân,qW , and ân,qW

1 are the annihilation

and the creation operators for the phonon mode of (n,qW ),
respectively, in whichn denotes the LO mode order inde
and qW 5(qW uu ,qz) is the phonon wave vector.Fn depicts the
potential function for thenth branch of LO modes, which
being the analytic confined modes, is assumed to be inde
dent of the phonon wave number.zl representsz2 ld, which,
for the confined modes, is confined to the region ofuzl u
<W/2, where the effective well width for the phonon mod
W5W01a0 (a0 is the thickness of one monolayer!.29 g is a
constant decided by

g252pe2\~vLO
2 2vTO

2 !/e` , ~2!

wherevLO and vTO , respectively, are the LO-phonon an
transverse optical~TO!-phonon frequency at theG point, -e
is the electron charge,e` is the high-frequency dielectric
constant, and\ is the Plank constant. In Eq.~1!, I n(quu) is a
constant determined by the normalization condition for
optical displacement, namely,

I n~quu!5
1

dE2W/2

W/2 Fquu
2Fn

2~z!1S ]Fn

]z D 2Gdz. ~3!

In the slab model, the potential of thenth phonon mode is

Fn~z!5H cos~npz/W!, n51,3,5, . . .

sin~npz/W!, n52,4,6, . . . ,
~4!

which vanishes at the interfaces to meet the electros
boundary condition.

In the guided-mode model, thenth mode potential is
f

s
e
e

t
-

nd
i-

n-

e

tic

Fn~z!5H sin~npz/W!, n51,3,5, . . .

cos~npz/W!, n52,4,6, . . . ,
~5!

where the derivative of the potentials satisfy the mechan
boundary condition at the interfaces, that is, the optical d
placement has nodes at6W/2.

In the Huang-Zhu model, both the phonon mode poten
and the optical displacement vanish at the interfaces, and
nth potential is formulated as

Fn~z!5H sin~mnpz/W!1Cnz/W, n53,5,7, . . .

cos~npz/W!2~21!n/2, n52,4,6, . . . ,
~6!

where mn and Cn are constants to be determined by t
double boundary conditions, so that sin(mnp/2)52Cn/2 and
cos(mnp/2)52Cn /mnp.

In the improved formulas for the Huang-Zhu model, t
nth mode potential is written as follows:9

Fn~z!5H cos~mnqpz/W!1Dnq cosh~quuz!, n52,4,6, . . .

sin~mnqpz/W!1Dnq sinh~quuz!, n53,5,7, . . . .
~7!

This set of mode potential corresponds to an orthogonal b
set for the optical-phonon modes with arbitraryquu . The con-
stantsmnq andDnq in Eq. ~7! are determined by the doubl
boundary boundary conditions; that is, for oddn,

tanS mnqp

2 D5
mnqp

quuW
tanhS quuW

2 D ,

~8!

Dnq52 sinS mnqp

2 D Y sinhS quuW

2 D ;

and, for evenn,

tanS mnqp

2 D52
quuW

mnqp
tanhS quuW

2 D ,

~9!

Dnq52 cosS mnqp

2 D Y coshS quuW

2 D .

Notice that for MQW’s with a well width ofM monolay-
ers, the maximum value ofn in Eqs.~4!–~7! is M21 for the
slab and Huang-Zhu models, and isM for the guided model.
Only whenM is large can the bulklike modes together wi
the interface modes be approximately assumed to
complete.30 If M is small, it is hard to map one basis set in
another set with an acceptable accuracy.

B. Interface modes

According to the dielectric continuum model, in additio
to the bulklike optical modes, there are four branches
interface modes in GaAs/AlAs MQW’s. Unlike the bulklik
modes, the interface modes exhibits a strong phonon dis
sion. The frequencies of the interface modes are determ
by the following equation, in which, for simplicity, an equa
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thicknessd0 is taken for both the well and the barrier, i.e
d52d0:

cos~qzd!5
e21 ē2

2eē
sinh2~quud0!1 cosh2~quud0!. ~10!

Here letters with or without an overbar are used to la
physical quantities in the barrier or in the well layers, ande
re
n
nc
er

b
n

b
tia
n

l

and ē are the corresponding dielectric functions, resp
tively:

e~v!5e`

vLO
2 2v2

vTO
2 2v2

, ē~v!5 ē`

v̄LO
2 2v2

v̄TO
2 2v2

. ~11!

The Hamiltonian for the electron–interface-phonon int
action can be written as
s

Hei~rW !5eS p

2VD 1/2

(
l

(
qW ,n

S \

2vn~qW !
D 1/2

3I nqJnq~zl !e
iqW uu•rW uu1 iqzld@ ân,qW1ân,2qW

1
#, ~12!

where the subscriptei represents the electron–interface-phonon interaction,n51, 2, 3, and 4 label four interface mode
according to their frequency increase, and the functionJnq(z) is defined as31

Jnq~z!5H Aequuz2Be2quuz, uzu<d0/2

Āequu(z2d0)2B̄e2quu(z2d0), d0/2<z<d0

@Āequu(z1d0)2B̄e2quu(z1d0)#eiqzd, 2d0<z<2d0/2.

~13!

The coefficientsA, B, Ā, andB̄ are defined as

A5~ ē2e!e2quud0/21~ ē1e!e3quud0/222ēe2quud0/2e2 iqzd, ~14a!

B5~ ē2e!equud0/21~ ē1e!e23quud0/222ēequud0/2e2 iqzd, ~14b!

Ā5~ ē2e!equud0/22~ ē1e!e23quud0/212eequud0/2eiqzd, ~14c!

B̄5~ ē2e!e2quud0/22~ ē1e!e3quud0/212ee2quud0/2eiqzd. ~14d!

Here I nq is a normalization constant given by

I nq5@12 cos~qzd!#21/2$~ ē2e!@ ēS2~v!2eS̄2~v!#%21/2@quud0 /sinh~quud!#1/2/quu , ~15!
he

nal

en
whereS(v) and S̄(v) are written as

S~v!5e`
1/2

~vLO
2 2vTO

2 !1/2

vTO
2 2v2

, S̄~v!5 ē`
1/2

~v̄LO
2 2v̄TO

2 !1/2

v̄TO
2 2v2

.

~16!

When a pair of GaAs- or AlAs-like interface phonons a
degenerate, the potential functions given above will be tra
formed into the linear combination of the degenerate fu
tions according to the symmetry, which are not shown h
for simplicity.

In the Huang-Zhu model, the moden51 is automatically
excluded from the bulklike mode series. As indicated
Huang and Zhu,17 then51 modes exhibit typical dispersio
curves and potentials for the interface modes predicted
the dielectric continuum model. Thus the identical poten
functions with the interface modes in the dielectric co
tinuum model are taken in the Huang-Zhu model.
s-
-
e

y

y
l
-

C. Microscopic LO-phonon mode potential

In Huang and Zhu’s dipole superlattice model, t
optical-phonon mode of the multiple quantum wells, (n,qW ),
is expressed as the linear superposition of the vibratio
mode of the bulk dipole lattice, namely,

uW ~ l un,qW !5N23/2(
s, j

as j,n~qW !exp@ iqW s•xW~ l !#eW~qW s , j !,

~17!

whereas j,n(qW ) is the coefficient of the (n,qW ) mode expanded
in terms of the bulk LO mode ofeW (qW s , j ). Here j is the
polarization index (j 51, 2, and 3!, qW s5qW 1sKẑ, K52p/d
~the unit reciprocal lattice wave vector along thez direction!,
ands is an integer. Thus the Fro¨hlich electron-phonon inter-
action derived from this microscopic model can be writt
as17
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Hep~rW !5gV21/2(
qW ,n

vn
21/2~qW !ân,qW

1

3(
s

as,n~qW !e2 iqW s•rW/qs1c.c., ~18!

in which we have left out the polarization indexj since the
transverse bulk modes do not contribute to the potential.

III. ELECTRONIC SUBBAND STRUCTURES
IN MQW’s

In the present calculations, the electronic states
MQW’s are treated within the effective-mass formalism. F
simplicity, the hole is considered to be a simple partic
which differs from the electron only in the effective mas
Due to the different effective masses between the heavy
light holes, there are two series of hole subbands in
MQW’s denoted by the heavy- and light-hole subbands,
spectively. In the following, the formal notations for th
electron and hole are often left out unless necessary.

The single-particle Hamiltonian can be written as
n
r
,
.
nd
e
-

H~rW !52
\2

2mW*
S ]2

]2x
1

]2

]2y
D 2

\2

2

]

]z

1

m* ~z!

]

]z
1V~z!,

~19!

wherem* (z) was used to distinguish the electron mass
the well region,mW* , from that in barrier region,mB* ; for
holes, we simply takemW* 5mB* . V(z) is the MQW potential:

V~z!5V~z1nd!5H 0, uzu<d0/2

V0 , d0/2<uzu<d/2.
~20!

The envelope function of themth subband state can b
expanded in terms of the bulk plane waves as:32–33

ukW i ,m,kz&5
1

AV
eikW i•rW i(

l
cm,l~kz!e

i (kz1 lK )z, ~21!

wherecm,l is the linear coefficient for the expansion, (rW i ,z)
is the coordinate of the electron~or hole!, and (kW i ,kz) is the
wave vector of the carrier.

The matrix element of the single HamiltonianH between
two plane waves can be written as
an

carrier
rs, i.e.,

ature.

s of
^kz1 l 8K,kW i8uHukW i ,kz1 lK &5dkW i8 ,kW iS H \2

2mW*
ki

21
\2

2m1*
~kz1 lK !21V0

d2d0

d J d l 8,l

1H 2V01
\2

2m2*
~kz1 lK !~kz1 l 8K !J sin@~ l 2 l 8!pd0 /d#

~ l 2 l 8!p
~12d l 8,l !D , ~22!

where 1/m1* 5(d0 /d/mW* )1@(d2d0)/d/mB* #, and 1/m2* 51/mW* 21/mB* . By solving the above secular equations, we c
obtain the superlattice electron~hole! subband structure, i.e.,

En~kW i ,kz!5
\2

2mW*
ki

21en~kz! , ~23!

and the corresponding coefficientscm,l(kz) in Eq. ~21!, wheren is the index for the electron~hole! subband.

IV. ENERGY-LOSS RATE FOR HOT CARRIERS IN MQW’s

As the nondegeneracy statistics are not appropriate to the case of a high density of carriers at a relatively low
temperature, in this calculation the Fermi-Dirac distribution function is used to describe the distribution of the hot-carrie
f (E)51/(11e(E2EF)/kBT), whereEF is the Fermi energy, which is determined by the carriers’ type, density, and temper

According to Fermi golden rule, for a given phonon mode of (n,qW ), the phonon generation rateWnqW by hot electrons or the
hot holes can generally be expressed as

WnqW5
2p

\ (
ninfk

W
M ~ni ,kW1qW ;nf ,kW !$~gnqW11! f ~Eni ,kW1qW !@12 f ~Enf ,kW !#2gnqW f ~Enf ,kW !@12 f ~Eni ,kW1qW !#%

3d~Eni ,kW1qW2Enf ,kW2\vnqW !

5nnqW@gnqW~Tc!2gnqW #, ~24!

where M (ni ,kW1qW ;nf ,kW ) stands for the square of the Fro¨hlich scattering matrix element between the electronic state
(ni ,kW1qW ) and (nf ,kW ), Eni ,kW1qW (Enf ,kW) denotes the corresponding energy of the hot carrier at the initial~final! state as

expressed by Eq.~23!. gnqW(T) denotes the phonon occupation number at the temperatureT, namely,

gnqW~T!51/~e\vnqW /kBT21!,

gnqW denotes the nonequilibrium phonon population, and
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nnqW5
2p

\ (
ni ,nf ,kW

M ~ni ,kW1qW ;nf ,kW !$ f ~Enf ,kW !2 f ~Eni ,kW1qW !%d~Eni ,kW1qW2Enf ,kW2\vnqW !, ~25!

TABLE I. Parameters used for the calculations.m0 is the mass of a free electron.

Symble Meaning Numerical value

a(GaAs) lattice parameter of GaAs 5.653 Å
a(AlAs) lattice parameter of AlAs 5.660 Å
me* (GaAs) electron effective mass of GaAs 0.0665m0

me* (AlAs) electron effective mass of AlAs 0.1495m0

g1 valence-band parameter of GaAs 6.85
g2 valence-band parameter of GaAs 2.10
e`(GaAs) high-frequency dielectric constant of GaAs 10.48
e`(AlAs) high-frequency dielectric constant of AlAs 8.16
vLO(GaAs) LO-phonon frequency of GaAs 296.4 cm21

vTO(GaAs) TO-phonon frequency of GaAs 273.1 cm21

vLO(AlAs) LO-phonon frequency of AlAs 404.9 cm21

vTO(AlAs) TO-phonon frequency of AlAs 363.5 cm21
ch
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The total generation rate for the mode (n,qW ) is the sum-
mation of the phonon generation rate due to electronsWnqW

e

and that due to holesWnqW
h . Under the assumption that at ea

instant of relaxation process the net generation rate of p
non by hot carriers is equated to the phonon decay rate
to the anharmonic interaction, which is referred to as
quasistatic approximation, the nonequilibrium population
a given mode (nqW ), gnqW , is determined by

WnqW
e

1WnqW
h

5@gnqW2gnqW~TL!#/t0 , ~26!

where t0 is the lifetime of the optical phonon due to th
anharmonic interaction, which is assumed to be indepen
of the phonon mode and the phonon wave vector. Thus
hot-phonon population can be readily obtained from E
~24! and ~26!:

gnqW5
nnqW

e
gnqW~Te!1nnqW

h
gnqW~Th!1gnqW~TL!/t0

nnqW
e

1nnqW
h

11/t0

, ~27!

whereTe represents the temperature of the hot electrons,
Th is that of the hot holes which are considered identica
the following calculation.

Therefore, without the hot-phonon effect, the average
ergy loss rate per electron-hole pair is given by

P05
1

2pnAN (
n,qz

E
0

`

quu dquu\vnqW@nnqW
e

1nnqW
h

#

3@gnqW~Tc!2gnqW~TL!#; ~28a!

and, with the hot-phonon effect, the average ELR is

P5
1

2pnAN (
n,qz

E
0

`

quu dquu\vnqW@nnqW
e

1nnqW
h

#

3@gnqW~Tc!2gnqW #. ~28b!
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wherenA is the incident photon number per unit area, a
the in-plane isotropy for hot phonons has been assum
Note that if there is only one type of hot carrier~the electron
gas or the hole gas! in the system investigated, only one ter
of nnqW is retained in the above expression, and accordinglP
or P0 is the average ELR per carrier.

V. RESULTS AND DISCUSSIONS

In our previous papers,26,27 by using the microscopic di-
pole superlattice phonon model, we investigated in detail
hot-phonon population produced during the hot-elect
and/or hot-hole relaxation in GaAs/AlAs MQW’s. Sinc
there is no essential difference between the ELR contribu
by the electrons and that contributed by the holes within
simple effective-mass approximation, in this section we w
concentrate on the phonon model effect on the ELR and
hot-phonon population contributed by the hotelectrons.

In Table I we list the parameters used in the calculatio
most of which are taken or derived from Ref. 34. The ban
gap difference between GaAs and AlxGa12xAs is taken to be
1.155x10.37x2~eV!, and the conduction-band offset be
tween GaAs and AlxGa12xAs is taken to be 60% of thei
band-gap difference. The average optical-phonon lifetimet0
is taken as 7 ps for all optical-phonon modes. The followi
calculations are carried out at a fixed carrier temperature
100 K and at a lattice temperature of 10 K, with no oth
adjustable parameters used.

A. Nonequilibrium phonon population

The hot-phonon occupation number depends strongly
the phonon mode (nqW ), because of the quite different matri
elements of electron-phonon coupling. In general, the va
of the hot-phonon population is in the intervalgnqW(TL) and
gnqW(Tc). In the following comparison of the hot-phono
population evaluated with different phonon models, a fix
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FIG. 1. The nonequilibrium phonon population from the electron relaxation as functions ofquu for 10/10 MQW’s calculated from~a! the
microscopic model,~b! the original Huang-Zhu formulas,~c! the improved Huang-Zhu formulas, and~d! the slab model and the guided
mode model. The electron temperature and sheet density areT5100 K andnA55.031011/cm2, respectively. The nonequilibrium phono
population curves labeled with IF are for the interface modes.
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sheet density of 5.031011/cm2 of the hot electrons is consid-
ered, and thez-component of the phonon wave vectorqz is
taken to be zero. In order to examine the effect of the w
width on the hot-phonon population, we choose two MQW
with the well thickness of 10 and 50 monolayer~ML !, re-
spectively.

Figures 1 and 2 display the calculated hot-phonon occ
pation numbers in 10/10@short for (GaAs)10(AlAs) 10] and
50/50 MQW’s, respectively. Figures 1~a!, 2~a! and 2~e! rep-
resent results based on the microscopic dipole superlat
model with a vanishingly small bulk dispersion, while Figs
1~b!–1~d!, 2~b!–2~d!, and 2~f! are the corresponding calcu
lations with macroscopic models, in which all the bulklik
modes are degenerate. In Figs. 1~b! and 2~b! the population
of the bulklike modes based on the original Huang-Zhu an
lytical formulas are shown. The population curves for inte
face modes which are identical for both the dielectric co
tinuum and Huang-Zhu models are also shown in Fig. 1~b!,
and shown separately in Fig. 2~f!. Figures 1~c! and 2~c! rep-
resent the population of the bulklike modes calculated ba
on the improved Huang-Zhu analytical formulas; while th
corresponding one in the slab model and that in the guid
mode model are shown in Figs. 1~d! and 2~d!.

As shown in Figs. 1 and 2, the calculated nonequilibriu
phonon numbers vary strongly with the transverse wa
numberquu . Because of the requirements of conservation
both energy and transverse momentum, the most proba
hot optical phonons produced in thin wells are located with
a region around the parallel wave number o
@2m* vLO /\#1/2, while the occupation number of the mode
with quu out of the region are several orders of magnitud
smaller except for the case where the resonant intersubb
scattering is available.

The confined bulklike modes and the interface mod
with zeroqz in the macroscopic models have definite parit
As the intrasubband relaxation (1→1) dominates in thin
quantum wells, in Figs. 1~b!–1~d! only modes associated
ll
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-
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n
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with the potential function of even parity with respect to t
well center appear. When the well becomes wider, the in
subband electron-phonon scattering become more and m
important. Since the parities of the neighboring electro
subbands are opposite, as illustrated in Fig. 2, in addition
the even modes a hot-phonon population for confined mo
with odd parity appears.

In Fig. 1, both the original and improved Huang-Zhu fo
mulas give almost identical phonon occupation numbers w
that from the microscopic model. As shown in Figs. 2~a!–
2~c!, the improved Huang-Zhu model and the microsco
model lead to quite similar results for the population of t
confined modes; however, the agreement between the o
nal and improved Huang-Zhu formulas deteriorates when
mode index or the parallel wave number increases, beca
the original Huang-Zhu analytical formula are orthogon
only whenquu is not large compared withp/W0.

Unlike the microscopic model and the Huang-Zhu mod
in which all modes with proper symmetries participate in t
hot-carrier relaxation process~though the occupation numbe
decreases significantly with an increase of the mode o
index!, in MQW’s with thin wells @Fig. 1~d!# only the n
51 mode in the slab model and then52 confined mode in
the guided-mode model are generated significantly dur
the relaxation process of the hot electrons, in addition to
interface modes in the dielectric model. Other modes’ c
tributions are 2–3 orders of magnitude smaller than tha
the lowest allowed mode. When the well width increas
@Fig. 2~d!#, or when the contributions from the hot holes
taken into account, several lower bulklike modes may ma
contributions to the intersubband and higher intrasubb
scattering.

It needs pointing out that the hot-phonon occupation nu
ber calculated with the guided-mode model is significan
smaller than that in other models, because~1! the interface
modes are absent from the guided-mode model, and~2! the
lowest even-mode potential in this model has the form
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FIG. 2. The calculation for thequu dependence of nonequilibrium phonon population emitted in the hot-electron relaxation proc
50/50 MQW’s. All the notations and illustrations are similar to Fig. 1 except that the population for interface modes is respectively
in ~e! ~the microscopic model! and ~f! ~the macroscopic model!.
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cos(2pz/W), which has negative antinodes at the interfa
and a positive maximum value at the well center, leading
a largely canceled overlap integral in the interaction ma
element.

As regards the nonequilibrium phonon population cont
uted by the interface modes, there is little difference betw
the macroscopic and the microscopic phonon models.
interface modes are associated with a definite parity for z
qz in the macroscopic models, thus in Fig. 1~b! only the
symmetric interface modes of GaAs and AlAs are emitted
the intrasubband relaxation. In the microscopic calculat
the interface mode potential does not manifest itself i
definite parity, even whenqz→0. However, as shown in
Figs. 1~a!and 2~e!, if we linearly combine the pair of nearl
degenerate interface modes, the obtained hot-phonon p
lation is not significantly different from that in the macr
scopic models.

When taking a close look at Figs. 1 and 2, we have fo
that, with increasing well width, the hot-phonon populatio
s
o
x

-
n
e

ro

n
,

a

u-

d

of the bulklike modes are enhanced at the expense of
reduced population of the interface modes. This reflects
fact that the potentials accompanying the interface mo
decay exponentially when moving away from the interfac
and thus lead to decreased electron–interface-mode cou
in wide wells.

Another point we should mention concerns comparing
occupation numbers of the GaAs- and AlAs-like interfa
modes. The fact that the population of GaAs-like interfa
modes is significantly larger than that of the AlAs-like inte
face modes does not imply that the matrix element betw
the electron states and the GaAs-like interface mode
stronger than the AlAs-like one; on the contrary, the latte
stronger than the former in a thin well. This is owing to th
fact that the upper limit for the hot-phonon population of t
GaAs-like interface modes,gIF(GaAs,Tc), is much larger
than that of the AlAs-like modes, asv IF(AlAs) is higher
thanv IF(GaAs).
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B. Energy-loss rate of hot electrons

Figure 3 shows the sheet density dependence of the e
tron ELR’s in the 35/35 MQW’s evaluated by various an
lytical phonon models as well as the microscopic mod
Because the ELR calculated with the guided-mode mode
several times less than the results of other models, the
will be omitted. Since the improved Huang-Zhu formulas a
more exact than the original one, the ELR’s calculated w
the original Huang-Zhu formulas will not be shown he
either. In the following, results calculated with the improv
Huang-Zhu formulas will be referred to simply as resu

FIG. 3. Comparison between the electron ELR’s as function
sheet density in 35/35 MQW’s (T5100 K! calculated with different
phonon models, including the improved Huang-Zhu model~IHZ!,
the slab model ~Slab!, the three-dimensional phonon mod
~3DPM!, and the microscopic model with@MDSM~disp!# and with-
out @MDSM~no disp!# bulk-phonon dispersion. Within the two
curves labeled with same phonon model, the lower~upper! curve
represents the calculated ELR with the hot-phonon effect inclu
~excluded!. disp stands for including the bulk-phonon dispersion

FIG. 4. The hot-phonon reduction factors for electron ELR’s
functions of the sheet density in 35/35 MQW’s (T5100 K! calcu-
lated based on the various phonon models: the slab mo
the three-dimensional phonon model~3DPM!, the improved
Huang-Zhu model~IHZ!, and the microscopic phonon model wit
@MDSM ~disp!# and without@MDSM~no disp!# bulk-phonon disper-
sion.
c-
-
l.
is
ta

e
h

from the Huang-Zhu model, if not specifically denoted. F
the sake of comparison, two groups of curves are drawn
Fig. 3, in which the upper group is the calculated ELR
without the hot-phonon effect, and the lower group is t
corresponding one with the hot-phonon effect. Each curv
labeled by the phonon model used.

Without the hot-phonon effect, ELR’s as functions of th
electron density calculated by the Huang-Zhu model, the s
model and the microscopic model~whether the bulk-phonon
dispersion is included or not!, respectively, are very close
The only exception is the ELR’s calculated with the thre
dimensional phonon model, which are a little larger co
pared to others. When the electron density is as high
1012/cm2, the finite probability occupied by final electroni
states obviously reduces the ELR’s. Our calculation indica
that if the ELR’s contributed the confined modes and
interface modes are evaluated separately, the carrier de
eracy effect mainly affects the ELR’s through the confin
modes, and only slightly affects the ELR’s by the interfa
modes owing to their dispersive character.

When including the hot-phonon effect, with the sheet de
sity of carrier increased, the hot-phonon effect reduces
ELR’s of electrons substantially, and the different phon
models do give different ELR’s. As shown in Fig. 3, th
Huang-Zhu model and the microscopic model without t
bulk-phonon dispersion give roughly the same ELR’s, wh
are significantly faster than those based on the thr
dimensional phonon model and the slab model, but slo
than the results based on the microscopic model with
bulk-phonon dispersion.

To measure the hot-phonon effect, we introduce the h
phonon reduction factora, which is defined as the ratio o
the ELR without the hot-phonon effect over those with t
hot-phonon effect, namely,a5P0 /P, whereP and P0 are
the expressions of Eqs.~28b! and ~28a!. The reduction fac-
tors for electron ELR’s given by different phonon models
functions of the sheet density are shown in Fig. 4. It is e
dent that the hot-phonon effect on the ELR is sensitive to

f

d

s

el,

FIG. 5. Comparison of the electron differential ELR’s by va
ous confined modes calculated with~a! the improved Huang-Zhu
model and~b! the slab model, as functions of the parallel wa
numberquu in 10/10 MQW’s (Tc5100 K, and the volume density is
1.031018 cm23). Total denotes the differential ELR contribute
from all the confined modes, but, in slab model~b!, the total con-
tribution and the contribution from the lowest order of modesn
51) coincide. Solid lines: hot-phonon effect excluded; dotted lin
hot-phonon effect included.
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phonon models adopted. Among all these models show
Fig. 4, the slab model overestimates the hot-phonon ef
most as compared to the microscopic model.

Why are ELR’s calculated based on the slab model s
nificantly slower than those calculated based on the Hua
Zhu model when the hot-phonon effect is included, wh
they are almost identical without the hot-phonon effe
Since the interface modes are identical in both models,
will only examine the behaviors of the bulklike modes. As
example let us take an electron gas with a volume densit
1.031018 cm23 in the 10/10 MQW’s@Figs. 5~a!–5~b!#. In
the slab model, the confined phonons emitted in the elec
relaxation process concentrate to a lowest order ofn51,
while for the Huang-Zhu model all the confined phon
modes with even parity take part in the relaxation proce
The hot phonons in the slab model (n51 mode!, being part
of the strongest coupling matrix elements, are hotter than
hot-phonon modes in the Huang-Zhu model; however,
nonequilibrium phonon population of then51 mode in the
slab model, being restricted byg(Tc), is less than the sum o
the nonequilibrium phonon population of all the confinedn
5even modes in the Huang-Zhu model, which is respo
sible for the larger hot-phonon reduction factors in the s
model.

In order to investigate the influence of well width on th
electron relaxation, we have calculated the well-width dep
dence of ELR’s in MQW’s with equal well and barrier widt
by using several macroscopic and microscopic phonon m
els. In the calculations, the concentration of the hot electr
is fixed to be 1.031018 cm23. In Fig. 6, two groups of
curves stand for ELR’s without and with the hot-phon
effect, respectively. Some interesting results can be s
from Fig. 6.

First, in agreement with our very recent paper,35 when the
hot-phonon effect is considered, among several macrosc
phonon models the Huang-Zhu model gives cooling rate
hot electrons that are closest to the microscopic model w
the dispersionless bulk phonon, but significantly slower th
ELR’s calculated with the microscopic model with the d

FIG. 6. Electron ELR’s as functions of the well widths, calc
lated by using different phonon models (T5100 K, nV51.0
31018 cm23). The labels for the phonon models are the same a
Figs. 3 and 4. The upper~lower! group of curves stands for ELR’
without ~with! the hot-phonon effect, respectively. disp denotes t
the bulk-phonon dispersion is considered in the microscopic mo
in
ct
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persive bulk phonon, although it exhibits no influence
ELR’s without the hot-phonon effect whether the bulk ph
non is dispersive or not.

Second, for MQW’s with thin wells and barriers, whe
the hot-phonon effect is not considered, ELR’s based
various macroscopic phonon models are not exactly in ag
ment, and deviate from the results of the microscopic m
els. The possible reasons for this might be~1! the coupling
effect due to the thin barrier on the phonon potential which
accounted for in the microscopic model but ignored in t
macroscopic models, and~2! the incompleteness of the bas
set in the thin well.

Third, for a well width of less than 45 ML, all phono
models predict that the ELR’s of hot electrons decrease w
increasing well width. This arises from the facts that wh
the well width iincreases, the electron–interface-phon
scattering decreases, and the degeneracy effect is enha
because the sheet density increases with the well width f

in

t
l.

FIG. 7. The phonon model dependence of the hot-phonon re
tion factors as functions of the well width for electrons atT5100
K, and with a volume density of 1.031018 cm23. The labels for the
phonon models are the same as in Figs. 3 and 4.

FIG. 8. Well-width dependence of hole ELR’s obtained fro
different phonon models (T5100 K, nV51.031018 cm23). The
subbands involved in the resonant intersubband scattering ar
beled near the peak in the curves. The notations labeled for
phonon models are the same as in Figs. 3 and 4.
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fixed volume density. For a well width larger than 45 M
the ELR tends to increase slightly as the intersubband s
tering strengthens.

Fourth, the cooling rates estimated by the thre
dimensional phonon model are good for a wide well, but
error increase notably as the well becomes thinner.

The hot-phonon reduction factors for electron ELR’s
functions of the well width, calculated from several phon
models, are displayed in Fig. 7. It is seen that when the w
thickness is less than about 40 ML, the hot-phonon effec
the electron relaxation is expected to enhance with the w
width for a fixed volume density, with the three-dimension
phonon model the only exception. Both the thre
dimensional phonon model and the slab model overestim
the hot-phonon effect compared to the microscopic mo
The slab model gives a hot-phonon reduction factora about
40% greater than that given by the improved Huang-Z
model, and about 75% percent greater compared with
microscopic model with the dispersive bulk phonons.

Figure 8 shows the hole ELR’s calculated from t
Huang-Zhu model, the slab model, and the microsco
model ~dispersive bulk phonon! as functions of the well
width, in which the hole temperature and volume density
fixed at 100 K and 1.031018 cm23, respectively. The result
show that without the hot-phonon effect, the hole EL
reaches a maximum value at a certain well width, wh
arises from the resonant intersubband scattering when
separation between two hole subbands is equal to the opt
phonon energy. The two subbands involved in the reson
transition are labeled near the corresponding peak in Fig
Similar to the case for hot electrons, when ignoring the h
phonon effect the phonon models give nearly equal ELR
however, when the hot-phonon effect is taken into acco
the slab model overestimates the hot-phonon effect on
s
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hole relaxation compared to the microscopic model. In ad
tion, owing to the larger density of states for holes, the
generacy effect on the ELR’s of holes is not important, a
thus the hole ELR varies little with the well width for wid
MQW’s.

VI. CONCLUSIONS

In conclusion, we have calculated the carrier energy-l
rate in multiple quantum wells by using four analytical ph
non models and the microscopic dipole superlattice mode
is found that when the hot-phonon effect is taken into
count, the ELR is noticeably dependent on the phonon m
els used, though insensitive to the phonon models with
the hot-phonon effect except for the guided-mode mod
Out of the macroscopic phonon models investigated, the
proved Huang-Zhu model presents the results closest to
microscopic model: it is roughly the same as the microsco
model when the bulk phonons are assumed to be dispers
less, and deviates somewhat from the microscopic mo
when the phonon dispersion is fully considered. The s
model and the three-dimensional phonon model overestim
the hot-phonon effect on the hot-carrier relaxation compa
with the microscopic model without bulk-phonon dispersio
and deviate furthermore from the microscopic model with
dispersive bulk phonon. Owing to the fact that the formu
given by Huang and Zhu are not strictly orthogonal, Nas
improvement is necessary for quantitatively evaluating
carrier ELR’s in wide quantum wells.
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