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Mechanisms of spatial current-density instabilities inp1-p2-n-p1-n11 structures
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Semiconductorp1-p2-n-p1-n11 structures with large junction and contact areas are treated as
132-dimensional active media, in which self-organized pattern formation can be expected. The local bistable
behavior of the structures may emanate from two different mechanisms both governed by a nonlinear current
feedback loop between the electrons and holes injected from the outer layers. By considering the device to be
composed of an active subsystem with negative differential resistance, and a passive resistive layer with
positive differential resistance, an analytical approach is suggested to understand and describe the correspond-
ing physical mechanisms in a self-consistent way. Analytical solutions of the derived model equations allow a
description of homogeneous stationary states and yield explicit expressions of the current-density vs voltage
characteristics of the whole structure and its subsystems. A stability analysis of the homogeneous states with
respect to two-dimensional transversal harmonic fluctuations is performed for the two cases under study. The
resulting dispersion relations allow two different types of instability. While the first one is of Ridley’s type,
which is characteristic for any spatially extended electrical system with negative differential resistance, the
second type can be considered as a solid-state analogue of Turing’s instability known as a generic instability
mechanism, which may lead, e.g., to the formation of periodic patterns.@S0163-1829~99!04919-X#
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I. INTRODUCTION

Basic ideas on instabilities and dissipative pattern form
tion in open spatially extended nonlinear systems1–3 have
gained substantial interest in many fields of science in
last two decades.~see, e.g., Refs. 4, 5, 7, 6, and 8!. The
investigations become rather intensive also in the field
solid-state physics and electronics4,9,10 where a large variety
of different nonlinear nonequilibrium phenomena occu
which can cause spontaneously arising spatiotemporal
terns in materials and devices. Together with highly dev
oped device technology, these circumstances suggest p
ising opportunities for future research and developments

Recently, attention has been called to thyristorlike se
conductor structures with large active areas,11–14 as these
nonlinear systems with bistable properties show several
tial and spatiotemporal current-density patterns. Such se
conductor structures could potentially be used as multista
elements for integrated circuits, self-organizing devices
image recognition and image processing, etc.3,15,16 One of
the most striking results of former considerations based
phenomenological models11,13 is that the instability mecha
nisms posess some features very similar to those studie
biology or chemical media, which may show an extrem
manifold self-organizing behavior. However, at present
understanding of instability mechanisms and pattern form
tion in multilayer structures is far from being complete. A
parently, there is a lack of systematic investigations conce
ing self-organization aspects for this family of devices. In
very early theoretical paper17 the process of single-curren
filament formation has only been analyzed for the simp
case of p-n-p-n structures, that according to Ridley
PRB 590163-1829/99/59~20!/13157~13!/$15.00
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terminology18 belong to the class of extended electrical sy
tems with current controlled negative-differential resistan
Recently, gate-drivenp-n-p-n structures have been used
study current filamentation and the dynamics of switch
fronts under the constraints of two global couplings.19,20 In
specially designed multilayer structures different types
filament oscillation have been observed.21–23Very few theo-
retical papers have been devoted to instabilities in stand
thyristors; they all aimed merely on a safe operation
power applications.24–26Furthermore, it is not an easy task
adapt the advanced experience of power-device techno
directly to the specifics of devices showing phenomena
self-organization. One of the main reasons for this is that
operation of semiconductor devices and especially thyris
depends very sensitively on many physical and design
rameters. On the one hand, this gives numerous opportun
for a proper choice of those parameters responsible for
intended function of these devices. But on the other hand,
high-dimensional parameter space makes a systematic a
sis rather difficult, because the use of numerical methods
the performance of experiments are usually time-consum
and/or expensive. Therefore, detailed studies of the unde
ing physical processes in conjunction with the material a
the design parameters are necessary and should lead t
deepest possible analytical description of the device phys

Following this motivation and aiming at further develo
ment of concepts introduced earlier in Refs. 11, 27, and
we suggest in this paper an analytical approach for instab
mechanisms in a family of devices based on thyristorl
p1-p2-n-p1-n11 structures, in which several modes of pa
tern formation have already been found experimentally.11

The outline of the paper is as follows: In Sec. II the i
13 157 ©1999 The American Physical Society
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FIG. 1. Geometry of the sample~a! and doping profile along the vertical~anode-to-cathode! direction ~b!.
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vestigated semiconductor structure and its basic physics
emphasis on the nonlinear properties are described. A n
stationary 132-dimensional model rendering possible
analytical investigation of two-dimensional current-dens
and potential distributions transversal to the main curr
flow direction is derived in Sec. III for two cases charact
ized by different nonlinear electrical mechanisms. In Sec.
stationary homogeneous states are determined from
model equations and used to derive the current-voltage c
acteristics for systems with uniform current-density distrib
tions. Finally, the stability of stationary homogeneous sta
is studied in Sec. V, including a discussion of importa
parameter dependencies.

II. MULTILAYER SEMICONDUCTOR STRUCTURES
AS 132-DIMENSIONAL EXTENDED ACTIVE MEDIA

The system under consideration consists of a semicon
tor structure with a vertical widthw of several hundreds o
mm and with the two other~transversal! widths Ly ,Lz@w.
Along the vertical direction the structure is characterized
a p1-p2-n-p1-n11 doping profile as schematically show
in Fig. 1. The outerp1 and n11 layer of the structure are
provided with metal contacts. The internal design of t
structure possesses the following peculiarities:

~i! Along the ~vertical! x-direction thep1-p2-n-p1-n11

structure can be divided into an active~triggering! subsystem
consisting of a four-layer thyristorlikep2-n-p1-n11 struc-
ture and a subsystem of a distributed resistive layer con
ing essentially of the remainderp2 layer. Note that the thy-
ristorlike regeneration mechanism in the active subsys
causes an autocatalytic increase of the current density
certain current interval, which is counteracted by the re
tive layer.

The width of then-p1-n11 part is only a few tens ofmm,
which is more than an order less than the whole widthw of
the device. The lifetimet of the excess carriers in the bu
material is supposed to be so small that conductivity mo
lation of the bulk due to the injection of electrons and ho
from the outern11 andp1 layers is prevented. This can b
achieved by reducing the lifetime in the main part of the b
in a certain distance to the anode contact leaving a relati
thin part of thep2 layer with larget nearby the innern
layer.

~ii ! The doping concentrationsNA
1 and ND

1 in the layers
forming the cathode emitterp1-n11 junction @Fig. 1~b!# are
similar to those used in high-frequency bipolar transisto
ith
n-

t
-
,
he
r-

-
s
t

c-

y

e

t-

m
a
-

-
s

ly

.

The electron injection efficiency of this junction increas
from nearly zero at very low current densities to a saturat
value of approximately 0.8-0.9 at rather small current den
ties of the order of 1 mA/cm2.

~iii ! The doping concentrationNA
2 of thep2 layer is much

smaller than the doping concentrationND of the n base.
Hence, for low currents, current transport through this ju
tion is dominated by a leakage current of electrons from
n base into thep2 emitter and, consequently, the injectio
efficiency of thep2-n junction is very small.

~iv! The widths of thep1 andn basew1 andw20 in the
thyristorlike subsystem are much smaller than the diffus
lengthsLn and Lp of the minority carriers in these layers
w1!Ln , w20!Lp . Consequently, both base transport facto
are about one.

When a dc voltage is applied to the device such that
outern11 layer is biased negatively with respect to the ou
p1 layer, the anode and cathode emitter junction are forw
biased, while the collector junction is reverse-biased. Th
double injection occurs inside the thyristorlike subsystem
companied by a characteristic nonequilibrium plasma-fi
stratification along the vertical directionx as shown in Fig.
2~a!. Due to the chosen doping proportion at thep2-n junc-
tion, which is just inverse to that in standard thyristors, th
is a significant electron leakage current from then base into
the p2 layer, which obviously exceeds the electron injecti
current. Therefore, a rather large excess charge accumu
in a thin plasma layer (P layer!. If the carrier lifetime in this
plasma layer is sufficiently large, the local dynamics of th
charge at nonstationary conditions may be considered to
the most inertial process, thus determining the temporal e
lution of the whole device. The derivation of the model equ
tions in Sec. III is based essentially on these physical pr
erties.

The nonlinear feedback mechanism between the elect
and hole-injection currents in thep2-n-p1-n11 subsystem
is similar to that in standard thyristors. However, there
remarkable peculiarities and it is useful to distinguish b
tween two cases, corresponding to certain current interv
which are characterized by a particular nonlinear mechani
respectively, causing the appearance of negative differen
resistance in the current-voltage characteristic of the thy
torlike subsystem. In analogy to the two-transistor appro
for thyristors we consider the thyristorlike subsystem to
composed of ann-p1-n11 and a p2-n-p1 transistor to
specify the two different regenerative mechanisms. Curr
regeneration28,29in thyristors is possible for current intervals
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FIG. 2. Nonequilibrium plasma-field stratification along the vertical direction~a! and possible contours of small current-density fluctu
tions, which are periodical along the transversal directions~b!.
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in which the conditionr T
05dVT /d j,0 holds, whereVT and

j denote the thyristor voltage and current, andr T
0 is the dif-

ferential resistance.dVT /d j is implicitly given by the
steady-state condition

a1~ j ,VT!1a2~ j ,VT!51, ~1!

wherea1 anda2 denote the current gains of then-p1-n11

and thep2-n-p1 transistor, respectively@Fig. 2~a!#.
Charge-carrier recombination in the space-charge reg

of the emitter junction of a transistor influences the curr
gain significantly28,29 and typically leads to a monotonic in
crease of the current gain with increasing current for not
large currents.

Consider the device parameters to be of such kind that
current gaina1 approaches a value close to one at relativ
low currents (j ,1023 A/cm2). Then Eq.~1! can be fulfilled
at a very low injection efficiency of thep2-n emitter junc-
tion. Thus, this case—subsequently calledlow current
range—is roughly characterized by 0,a15a1( j )<1 and
0,a2'const!1.

If the doping profile and other parameters are chosen s
that a1 saturates in the low-current range before Eq.~1! is
true, regeneration does not occur at low currents. Never
less, at larger currents regeneration might become pos
again whena2 increases monotonously with the curren
This can occur at sufficiently large current, when a plas
layerP evolves in thep2 layer near thep2-n junction and
the injection of excess holes from this plasma layer into
n base increases superlinearly as proposed by Fletch30

Consequently, theP layer plays the role of a plasma emitte
the efficiency of which rises strongly with the current so th
Eq. ~1! can be fulfilled. This case is calledmoderate current
range subsequently and is roughly characterized by 0,a1
'const,1 and 0,a25a2( j ),1.

Before we start with a detailed analysis of these two ca
let us turn to a short discussion on important transve
processes, which have to be taken into account for an
lytic description, too. To this end, consider a so-called d
ferential element of the wholep1-p2-n-p1-n11 structure,
which is small in they and z direction. Figure 2~b! shows
schematically contours of possible current fluctuations
such an element, which may lead to a destabilization of
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homogeneous current flow. Obviously, there are three ch
nels along which transversal currents effect a transversal
tial coupling in the thyristorlike subsystem: thep1 base, the
n base, and the possibly conductivity-modulatedP layer in
the p2 bulk, in which the corresponding transversa
fluctuationsd i 1 , d i 2, and d iP may arise. For the resisto
subsystem transversal-current fluctuationsd i R are taken into
account; they are distributed over the whole bulk due
three-dimensional deformations of the potential distribut
w(x,y,z,t); these deformations are caused by potential fl
tuations at the interface between the two subsystems, w
in turn result from local-current fluctuations in the thyristo
like subsystem.

The metallic layers forming the anode and cathode c
tact on the top and bottom of the device represent furt
channels denoted byd i A and d i K in Fig. 2~b! and render
possible the formation of closed loops of current fluctuatio
inside the system without any interaction with elements
the external circuit. Thus, all differential elements of the s
tem are connected to each other by both the vertical feedb
mechanism and transversal couplings, which have to be c
sidered in a self-consistent description as outlined in deta
the following sections.

III. NON-STATIONARY „132…-DIMENSIONAL
ANALYTICAL MODEL

A. The thyristorlike subsystem

As mentioned above the excess plasma of thep2 layer is
considered to be the most inertial part of the system. Con
quently, all other nonstationary transport effects are
glected. We start with a derivation of the basic equations
the low-current range. Based on these results the peculiar
concerning the case of moderate currents are discussed
second subsection.

1. Low-current range

In the low-current case the dynamics of the plasma em
ter can be described in terms of the excess charge de
Q5Q(y,z,t) per unit square in the plasma layerP:
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TABLE I. Physical constants and material parameters.

Symbol Symbol meaning Value

b b5Dn /Dp 2.8
Dn diffusion coefficient of electrons Dn5kTmn /q
Dp diffusion coefficient of holes Dp5kTmp /q
k Boltzmann constant 8.6231025V/K
ni intrinsic carrier concentration 1.4531010 cm23

q elementary charge 1.6310219 As
e0 vaccuum permittivity 8.854310214 F/cm
e dielectric constant of Si 11.7
mn electron mobility bmp

mp hole mobility 480 cm2/Vs
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]t
52

Q

t
1 j 2n2 j Tn1¹'• iPn , ~2!

where

iPn52b~^n&/NA
2!sPwP¹'VT1Dn¹'Q'Dn¹'Q ~3!

is the sheet electron current density in the plasma layer,¹'

5(]/]y,]/]z) the two-dimensional“-operator,Dn the dif-
fusion coefficient of electrons,t the lifetime of excess
charge carriers at low injection,j 2n the x component of the
electron current density at the boundary between the pla
layer P and then base, andj Tn the x component of the
electron current density leaving the thyristorlike subsyst
and entering the resistor subsystem.@Note that all quantities
denoted byj . . . refer to thex component of the correspond
ing current-density vector; for a better readability the supp
ment x componentis omitted in the following explanation
Accordingly, quantities denoted byi . . . 5( i . . . ,y ,i . . . ,z) refer
a

-

to pure-sheet current densities per unit length in a cer
layer of the structure. Physical constants as well as mate
and design parameters are listed separately in Tables I
II.# VT denotes the voltage drop across the thyristorlike s
system,NA

2 the acceptor concentration of thep2 layer, sP
the conductivity of the plasma layerP, which is equal to
qmpNA

2 in the low-current range,q the elementary charge
b5mn /mp , mn and mp the electron and hole mobility, an
^n&5*0

wPn(x)dx the average electron density per unit squa
in the plasma layer with widthwP .

Following the charge-control model of transistors a
thyristors ~see, e.g., Ref. 28!, the variablej Tn can be ex-
pressed by

j Tn5
Q

u
, u5

wP
2

2Dn
. ~4!

Thus, the charge equation can be rewritten as
TABLE II. Set of design parameters.

Symbol Symbol meaning Value

j 1ns saturation value of the electron-injection current density at
the p1-n11 junction

2310211 Acm22

j 1ps saturation value of the hole-injection current density at the
p1-n11 junction

1310213 Acm22

j 1Rs saturation value of the recombination-generation current
density at thep1-n11 junction

131028 Acm22

NA acceptor concentration of thep1 emitter 131018 cm23

NA
2 acceptor concentration of thep2 bulk 131013 cm23

NA
1 acceptor concentration of thep1 base 531017 cm23

ND donor concentration of then base 1.231014 cm23

ND
1 donor concentration of then11 emitter 131020 cm23

w1 width of thep1 base 231024 cm
w20 width of then base forVC50 1.531023 cm
wP width of the plasma layer 531023 cm
wR width of the resistive layer 1 cm
s1 conductivity of thep1 base 38.4(Vcm)21

s2 conductivity of then base 2.5831022(Vcm)21

sP conductivity of theP layer
sR conductivity of thep2 bulk 7.6831024(Vcm)21

t lifetime in theP layer for low currents 1ms
th lifetime in theP layer for moderate currents 5ms
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]Q

]t
5DnD'Q1 j 2n2

Q

t*
, ~5!

with 1/t* 51/t11/u. The variableQ can be further approxi-
mated in the following way by means of the maximum val
of the excess charge-carrier concentrationnP

m in the plasma
layer:

Q.
qwPnP

m

2
. ~6!

Relations connecting the concentrations of the mino
charge carriers at both sides of thep2-n junctionnP

m andpn
m

and the hole current-densityj 2p at the interface between th
plasma layer and then base are provided by the classic
theory ofp-n junctions~see, e.g., Ref. 29!:

nP
mNA

25pn
mND , ~7!

j Cp5 j 2p5
qDppn

m

w2~VC!
, ~8!

whereND is the donor concentration in then base,w2 the
effective width of then base, which depends on the volta
drop VC across then-p1 collector junction, andDp the dif-
fusion coefficient of holes. Note that due to the assumpt
w2!Lp @Sec. II, assumption~iv!# the hole current-density
j Cp at the collector is equal toj 2p .

The dependence of the base widthw2 on the collector
voltage dropVC(y,z,t) can be approximated by~see Ref.
29!:

w2~VC!5w20F12S VC

Vpth
D 1/2G , ~9!

with Vpth5
qNDw20

2

2ee0
,

wherew20 denotes the whole width of then base,Vpth the
punch-through voltage of then-p1 junction, ande0 and e
the vacuum permittivity and the dielectric constant of silico

Equations~6!–~8! yield an expression linking the hol
current density at the collector junctionj Cp5 j 2p , the charge
Q, and the collector voltageVc :

Q5t8S 12A VC

Vpth
D j Cp , ~10!

with ~t8!215
NA

2

ND

2Dp

wPw20
.

In then-p1-n11 transistor the local-current balance for
differential element of thep1 base is given by:

j C2 j 15¹'• i152s1w1D'w1 , ~11!

with s15qmpNA
1 ,

wherej C and j 1 denote the total current densities at then-p1

collector andp1-n11 emitter junction,s1 the conductivity
of the p1 base, andw1 the voltage drop across the emitt
junction.
y

n

.

Because ofw1!Ln , the electron current density at th
collector j Cn5a1 j 1 is practically equal to the electron cu
rent density j 1n injected by then11 layer. Nevertheless
since the hole leakage from thep1 base into then11 emitter
is strongly nonlinear we have to take into account
j-dependence~or bias-dependence! of the parametera1. The
parametric dependence between the total emitter cur
density j 1 and its electron-injection componentj 1n is given
as an implicit function coupling the emitter voltagew1 with
the emitter current-densityj 1:

05F~ j 1 ,w!

5~ j 1ns1 j 1ps!exp~qw1 /kT!1 j 1Rsexp~Aw1!2 j 1 ,

~12!

j Cn' j 1n5 j 1nsexp~qw1 /kT!. ~13!

Here j 1ns , j 1ps , and j 1Rs are saturation values of the ele
tron injection current density, and the linear and nonline
hole-leakage current densities, respectively. The parametA
depends on the concrete mechanism of the hole leakag
the p1-n11 junction.14 For the case under study we assum
A5q/2kT, i.e. Sah-Noyce-Shockley recombination in th
space-charge region.

In the P-n-p1 transistor the local-current balance for
differential element of then base and of the plasma layerP
is given by:

j 22 j C5¹'• i25 j 2n2 j Cn52¹'@s2w2~VC!¹'~VC1w1!#,
~14!

j T2 j 25¹'• iP52sPwPD'VT1DnD'Q, ~15!

wheres25qmnND is the conductivity of then base. Note,
that low-injection conditions are assumed for the plas
emitter.

Combining Eqs.~14! and ~15! yields:

j C5 j T2¹'• iP2¹'• i2

5 j T1¹'@s2w2~VC!¹'~VC1w1!#1sPwPD'VT

2DnD'Q, ~16!

j Cp5 j C2 j Cn . ~17!

The voltage dropVT across the thyristorlike subsystem
given by VT5VC1w11w2, where w2 is the voltage drop
across the p2-n junction. Using pn

m5pn0 exp(qw2 /kT)
5np0(NA

2/ND)exp(qw2 /kT) and Eqs.~6! and~7! the following
relation betweenQ andw2 can be derived:

Q5
qwPnp0

2
exp~qw2 /kT!5

qwP
2

ni
2

NA
2

exp~qw2 /kT!,

~18!

where pn0 and np0 denote the equilibrium minority carrie
concentrations of then base andp2 bulk, respectively, and
ni is the intrinsic-carrier concentration.
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2. Moderate-current range

Now we indicate the peculiarities occuring at moder
currents, which case is characterized by a high-inject
level in the p2 bulk. In this case ambipolar effects in th
plasma layer should be included into consideration. In
frame of the charge-control model the following relatio
between the current densitiesj Tn and j T , the sheet curren
densities iPn

and iP5 iPn1 iPp , and the chargeQ in the

plasma layerP are valid:

j Tn5
b

b11
j T1

Q

uh
, ~19!

iP5 iPn1 iPp52wPsP~Q!¹'VT1~b21!Dp¹'Q,
~20!

iPn52
b

b11
wPsP~Q!¹'VT1bDp¹'Q. ~21!

HerewPsP(Q)5(b11)mpQ is the transversal conductanc
of the plasma layer,uh5wP

2/(2Dh) the transit time through
the plasma layer, andDh52bDp /(b11) the ambipolar dif-
fusion coefficient. Note that Eqs.~19! and ~21! substitute
Eqs.~4! and ~3!, respectively.

The charge-balance equation for the plasma layer sh
be rewritten as

]Q

]t
52

Q

th
1 j 2n2 j Tn1¹'• iPn , ~22!

whereth is the high-injection lifetime. By inserting Eqs.~19!
and ~21! we obtain

]Q

]t
5bDpD'Q2

Q

th
2

Q

uh
1 j 2n2

b

b11
j T

2
b

b11
¹'@wPsP~Q!¹'VT# ~23!

@compare with Eq.~5!#.
The relation between the excess-carrier concentration

the borders of the space-charge region of thep2-n junction
changes from Shockley’s to Fletcher’s30 form:

~nP
m!25pn

mND ~24!

@compare with Eq.~7!#.
Taking into account Eqs.~6!, ~8!, and ~24! we obtain in

analogy to Eq.~10! an expression linking the chargeQ in the
plasma layer, the voltage dropVT'VC across the
P-n-p1-n11 subsystem, and the hole current-densityj Cp of
the collector:

Q5QmFw2~VC!

w20
G1/2F j Cp

~12a1! j m
G1/2

, ~25!

where the normalizing quantitiesQm and j m are connected
by

Qm5FqNDwP
2w20~12a1! j m

4Dp
G1/2

. ~26!
e
n

e

ld

at

As already mentioned above, the current gaina1 of the
n-p1-n11 transistor is approximately current independent
the moderate current range. Then, the electron curr
density j Cn of the collector is given by

j Cn5a1 j 1 , with a15const.
b

b11
. ~27!

In the P-n-p1 transistor conductivity modulation in th
plasma layerP due to excess carrier concentrations sho
be taken into account at high-injection level; consequen
Eq. ~15! is substituted by:

j T2 j 25¹'• iP5~b21!DpD'Q2¹'@wPsP~Q!¹'VT#.
~28!

On account of vanishing field and diffusion currents at t
transversal borders of the sample (y50,Ly ;z50,Lz) the fol-
lowing boundary conditions for theP-n-p1-n11 subsystem
have been chosen for both the low-injection and the hi
injection case:

~n–¹'Q!uy50,Ly ; z50,Lz
50, ~29!

~n–¹'w1!uy50,Ly ; z50,Lz
50, ~30!

~n–¹'w2!uy50,Ly ; z50,Lz
50, ~31!

~n–¹'VT!uy50,Ly ; z50,Lz
50. ~32!

Heren is a unit vector normal to the transversal surfaces
the sample.

B. Resistorlike subsystem and external circuit

In the resistorlike part of thep2 bulk displacement cur-
rents are neglected. The three-dimensional potential distr
tion in this region is described by Laplace’s equation:

Dw50 ~33!

with the boundary conditions

w ux505VA , wux5wR
5VT , ~34!

~n–¹'w!uy50,Ly ; z50,Lz
5 0, ~35!

whereVA denotes the voltage drop across the whole sam
wR the width of the resistive layer, andD5]2/]x21]2/]y2

1]2/]z2 the three-dimensional Laplace-operator.
The current-density vectorjR(x,y,z,t) inside thep2 bulk

is connected with the local potentialw(x,y,z,t) according to

jR52sR“w, ~36!

and itsx componentj R,x at the boundaryx5wR ‘‘feeds’’ the
thyristorlike subsystem locally so that

j R,xux5wR
5 j T~y,z!. ~37!

The p1-p2-n-p1-n11 sample is driven by an ideal volt
age sourceVS via an external load resistorRL . This yields
the following load-line equation:
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VA~ t !5VS2RLE
Ly ,Lz

j T~y,z,t !dy dz. ~38!

The sets of Eqs.~2!–~18!, ~29!–~38!, and~9!, ~11!, ~14!,
~18!–~38! present a self-consistent non-stationa
132-dimensional description of the system under consid
ation for the low and moderate current range, respective

IV. HOMOGENEOUS STATIONARY STATES
AND CORRESPONDING CURRENT-DENSITY

VS VOLTAGE CHARACTERISTICS

To describe the homogeneous stationary states Eqs.~5!,
~11!, ~14!, ~16!, and~33! for the low-current range and Eqs
~11!, ~14!, ~23!, ~28!, and~33! for the moderate-current rang
with all time and space derivatives set to zero have to
solved: ]Q/]t50,¹'Q50, ¹'w150,¹'w250, ¹'w50,
¹'VC50, and ¹'VT50. This leads toj T5 j 25 j C5 j 15 j
5const.

A. Low-current range

The current gaina1 of the n-p1-n11 transistor can be
written as

a15a1~w1!5
j 1n

j

5
j 1nsexp~qw1 /kT!

~ j 1ns1 j 1ps!exp~qw1 /kT!1 j 1Rsexp~qw1/2kT!
.

~39!

Combining the charge balance Eq.~5! for the stationary ho-
mogeneous state withj 2n5 j Cn5a1 j and Eq.~39! yields

Q5t* a1 j 5t* j 1ns exp~qw1 /kT!, with t
*
215t211u21.

~40!

According to Eq.~10! the variableQ is proportional toj Cp ,
which is equal to (12a1) j ; together with Eq.~9! and VT
'VC one obtains:

Q5t8F12S VT

Vpth
D 1/2G~12a1! j . ~41!

Combining Eqs.~40! and ~41! leads to the following para
metrically determinedj (VT)-characteristic of the thyristor
like P-n-p1-n11 subsystem for the low-current range:

VT5Vpth F12
t*
t8

a1~w1!

@12a1~w1!#G 2

, ~42!

where the voltage dropw1 across thep1-n11 emitter and
the current densityj are coupled by

j 5~ j 1ns1 j 1ps!exp~qw1 /kT!1 j 1Rsexp~qw1/2kT!.
~43!

The differential resistance of the thyristorlike subsyst
for the homogeneous state under low-current condition
then given by:
r-
.

e

is

r T
05

dVT

d j
5

dVT

da1

da1

dw1

dw1

d j
, ~44!

dw1

d j
52

]F~ j ,w1!

] j
3F]F~ j ,w1!

]w1
G21

.

B. Moderate-current range

Using the charge balance Eq.~23! and j 2n5 j 2 j Cp
5a1 j we obtain the following relation betweenQ and j:

Q5t* g0 j , ~45!

with t
*
215th

211uh
21 ,g05a12

b

b11
.

On the other hand, for the homogeneous case the variabQ
depends onj according to the relation

Q5QmF12S VT

Vpth
D 1/2G1/2S j

j m
D 1/2

, ~46!

which follows from Eqs.~9!, ~25! together with j Cp5(1
2a1) j andVT'VC .

Choosing

j m5
qNDwP

2w20~12a1!

4Dpt
*
2 g0

2
~47!

and equalizing Eqs.~45! and ~46! yields together with Eq.
~26! the following expression for thej (VT)-characteristic of
the thyristorlike subsystem for the case of moderate curre

j 5 j mF12S VT

Vpth
D 1/2G , ~48!

where j m andVpth are given by Eqs.~47! and ~9!.
The specific differential resistance of the thyristorlik

subsystem in the homogeneous state for this case is

r T
05

dVT

d j
52r T

mS 12
j

j m
D52r T

mS VT

Vpth
D 1/2

, ~49!

with

r T
m5

2Vpth

j m
.

C. The global current density vs voltage characteristic

The global j (VA) characteristic of the complet
p1-p2-n-p1-n11 structure ensues from

VA~ j !5VT1VR , ~50!

whereVR5r R
0 j denotes the voltage drop across the resist

layer, the resistance of which is determined byr R
0

5wR /(qmpNA
2).

D. Calculated current density vs voltage characteristics

By properly adjusting the design parameters of then11

layer it is possible to realize the appearance of a nega
differential resistance for both the low- and moderate-curr
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case. In the calculations presented below the satura
current-densitiesj 1ns and j 1ps have been used to adjust th
two cases. Figure 3~a! shows stationary current density v
voltage characteristics for the low-current case. Besides
characteristicj (VT) of the thyristorlike subsystem and th
characteristic of the total structurej (VA), which are both
calculated for the set of standard parameters, two fur
j (VA) characteristics for reduced values of the conductiv
of thep2 bulk are plotted. For standard parameter values
bulk resistance of thep2 bulk is not sufficiently large to
compensate the negative differential resistance of the thy
torlike subsystem at low currents. For this reason the
curves j (VT) and j (VA) are nearly identical and cannot b
distinguished in the diagram. In fact, the current-dens
j NDR , at which the negative differential resistance tran
forms to a positive one, are nearly equal and approximate
mA/cm2 for the two cases.j NDR can be reduced by a con
siderable amount only, if the resistance of thep2 bulk is
enlarged at least by a factor of 10, as illustrated by the
other curves in Fig. 3~a!.

Figure 3~b! shows current density vs voltage character
tics for the case of moderate currents and the standard v
of the conductivity of thep2 bulk. The current-density
j NDR , at which the differential resistance changes fro
negative to positive values, is 0.45 A/cm2 for the total struc-
ture, i.e., considerably lower than the corresponding val
('1 A/cm2) for the thyristorlike subsystem.

The blocking voltage is approximately equal to the pun
through voltageVpth for both the low- and moderate-curre
case. This is because the emitter efficiencies are very sm
low currents, so that a hole injection current from the ano
emitter, that is sufficiently large to initiate the regenerat
process, becomes possible only, when the effective w
w2(VC) of the n base is approximately zero, i.e., und
punch-through condition.

V. TRANSVERSAL STABILITY ANALYSIS

In this section we analyze the stability of stationary h
mogeneous states along the transversal dimensions wit
spect to small 132-dimensional fluctuations of the spac
dependent variablesY. The standard approach for th

FIG. 3. Current-density vs voltage characteristics for the low~a!
and moderate-current range~b!. VA and VT denote the bias of the
total system and the thyristorlike subsystem, respectively. Par
eter values for~a! are indicated in Table II, modified parameters f
~b! arewR5231022 cm anda15 j 1ns /( j 1ns1 j 1ps)50.821.
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linearization procedure implies to make the following Ansa
for all variables in the vicinity of a stationary stateYstat

Y~x,y,z,t !5Ystat1dY~x,y,z!exp~zt !. ~51!

The small variationsdY(x,y,z) introduced here have to
satisfy the same boundary conditions as the variab
Y(x,y,z,t) @see Eqs.~29!–~32! and ~34!, ~35!#.

A. Fluctuations of the potential in the resistive layer

The distribution of the potential in the resistive laye
which is essentially three-dimensional, can be described
solution of the Laplace Eq.~33! with the boundary condi-
tions ~34! and ~35!. A general solution of this equation is
superposition of a uniform excitation mode and vario
k-modes describing spatially periodic potential perturbatio

w~x,y,z,t !5VA2
VA2VT

wR
x

1(
k

Bk~ t !sinh~kx!cos~kyy!cos~kzz!,

~52!

with ky5mp/Ly ,kz5np/Lz , k25ky
21kz

2 , and m,n denot-
ing integers. Figure 4 illustrates the potential fluctuatio
dw(x,y,z) as well as the potentialw(x,y,z) in a reduced
two-dimensional space. For a given potential fluctuat
dw(x5wR ,y,z,t)5dwmcos (kyy)cos(kzz)exp(zt) at the
boundarywR between the resistive layer and the thyristorli
subsystem thek-dependence of the potential variation
dw(x,y,z,t) in the resistive layer is given by

dw~x,y,z,t !5dwm

sinh~kx!

sinh~kwR!
cos~kyy!cos~kzz!exp~zt !.

~53!

Thex componentj R,x of the current densityjR(x,y,z,t) at
the border between the thyristorlike subsystem and the re
tive layer is equal to the local anode current-densityj T of the
thyristorlike subsystem@see Eqs.~36!, ~37!#, so that the fol-
lowing relation is valid:

j R,x5 j T52sR

]w

]x U
x5wR

52qmpNA
2

]w

]xU
x5wR

. ~54!

From Eqs.~53! and ~54! one obtains the following varia
tional derivative by which fluctuctions ofd j T and dVT are
coupled for each wave-numberk:

dVT

d j T
U

k

52r R
k , ~55!

with r R
k 5

wR

qmpNA
2

tanh~kwR!

kwR
5r R

0 tanh~kwR!

kwR
.

The quantityr R
k can be considered as an effective spec

resistance of the bulk material with respect to a poten
fluctuation with wave-numberk. It differs from the specific
resistancer R

05wR /(qmpNA
2) of the p2 bulk because of

-
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three-dimensional deformations of the potential relief, wh
arise due to a nonuniform current flow in three dimensio

B. Fluctuations in the thyristorlike subsystem

Now we apply the linear stability analysis to the charg
dynamic equation making a perturbation Ansatz for all
variablesY(y,z,t) subjected to two-dimensional transvers
fluctuations,

Y~y,z,t !5Ystat1dYmcos~kyy!cos~kzz!exp~zt !, ~56!

and then study the stability for both cases mentioned ab

1. Low-current range

For the low-current range the following set of variation
relations can be derived from Eqs.~2!–~18! and ~55!:

d j 2n5S z1
1

t*
1k2DnD dQ, ~57!

FIG. 4. Projection of the potential distributionw(x,y,z) on the
x-y plane~a! and its small fluctuationdw ~b! in the resistive layer
~schematically!.
h
.

-
e
l

e.

l

d j 2n5FaC
k 1S aC

k

rP
k

2
12aC

k

r 2
k D r R

k Gd j T

1FaC
k k2Dn2~12aC

k !
kT

q

1

r 2
k

1

Qstat
GdQ, ~58!

dQ52
]Q

]VT
U

stat

r R
k d j T1

]Q

] j Cp
U

stat

d j Cp , ~59!

d j Cp5~12aC
k !F11S 1

rP
k

1
1

r 2
kD r R

k Gd j T

1~12aC
k !F k2Dn1

kT

q

1

r 2
k

1

Qstat
GdQ, ~60!

where

]Q

]VT
U

stat

5t*
aC

0 2a1

12a1

1

r T
0

,

]Q

] j Cp
U

stat

5t*
a1~w1!

12a1~w1!
, Qstat5t* a1 j T , ~61!

and the differential resistance of the thyristorlike subsyst
for the homogeneous state is given by

r T
0~w1!5

2Vpth

j T

t*
t8

~a12aC
0 !

~12a1!2 S 12
t*
t8

a1

12a1
D . ~62!

The coefficientaC
k is defined as a ratio of the fluctuation

of the electron current densityd j Cn and the total current
densityd j C at the collector, which in turn can be written a

aC
k 5

d j Cn

d j C
5

d j1n /dw1

d j1 /dw1
S 1

11r 1
em/r 1

kD 5
r 1

em/r 1n
em

11r 1
em/r 1

k

for kÞ0, ~63!

aC
0 5

d j 1n

d j 1
5

d j1n /dw1

d j1 /dw1
5

r 1
em

r 1n
em

.

The differential resistancesr 1
em andr 1n

em of thep1-n11 emit-
ter junction are defined as

~r 1
em!215

d j1
dw1

, ~64!

~r 1n
em!215

d j1n

dw1
. ~65!

Thek-dependent quantitiesr 1
k , r 2

k , andrP
k can be considered

as effective resistances of thep1 base, then base, and theP
layer, respectively, for a current-density fluctuation w
wave-numberk.

~r 1
k!215qmpNA

1w1k2, ~66!

~rP
k !215qmpNA

2wPk
2, ~67!



n

e

t
a

ive
sity

13 166 PRB 59A. V. GORBATYUK AND F.-J. NIEDERNOSTHEIDE
@r 2
k~ j T!#215qmnNDw2~VT!ustatk

2. ~68!

Using these dependencies we obtain from Eqs.~57!-~60!
the final dispersion relation for the incrementz as a sum of
four components:

z~k, j T!5z01z11z21zP , ~69!

where the partial components are

z05
aC

0 2a1

t*K~k! S 11
r R

k

r T
0 D , ~70!

z152
aC

k r 1
em

t*K~k!

1

r 1
k

, ~71!

z25z281z29 , ~72!

z2852
~12aC

k !r R
k

t*K~k!

1

r 2
k

,

z2952
12aC

k

t*K~k!a1
Fa1S 11

r R
k

rP
k D 2~aC

0 2a1!
r R

k

r T
0G kT

q jT

1

r 2
k

,

zP5zP81zP9 , ~73!

zP852k2Dn

~12aC
k !

K~k! Fa1S 11
r R

k

rP
k D 2~aC

0 2a1!
r R

k

r T
0G ,

zP95
~aC

k 2a1!r R
k

t*K~k!

1

rP
k

.

The functionK(k) is given by the expression

K~k!5a1~12aC
k !F11S 1

rP
k

1
1

r 2
kD r R

k G2~aC
0 2a1!

r R
k

r T
0

.

~74!

Note that all partial components depend on the curre
density dependent coeffficientsac

0 , ac
k , anda1. Besides, the

contribution of the termsz1 , z2, andzP is controlled by the
effective resistances of thep1 base, then base, and theP
layer, respectively. ForzP also the diffusion properties of th
plasma charge play an important role.

2. Moderate-current range

For the moderate-current range a corresponding se
variational relations can be obtained by applying the line
ization procedure to Eqs.~19!–~28! with taking into account
the relations Eqs.~18! and ~55!:

d j 2n5S z1
1

t*
1k2bDpD dQ1

b

b11 S 11
r R

k

rP
k D d j T ,

~75!
t-

of
r-

d j 2n5FaC
k 1S aC

k

rP
k

2
12aC

k

r 2
k D r R

k Gd j T

1F k2aC
k ~b21!Dp2~12aC

k !
kT

qQstat

1

r 2
kGdQ,

~76!

dQ52
]Q

]VT
U

stat

r R
k d j T1

]Q

] j Cp
U

stat

d j Cp , ~77!

d j Cp5~12aC
k !F11S 1

r 2
k

1
1

rP
k D r R

k Gd j T1F ~12aC
k !~b

21!k2Dp1~12aC
k !

kT

qQstat

1

r 2
kGdQ, ~78!

where

aC
k 5

a1

11r 1
em/r 1

k
, ~79!

]Q

]VT
U

stat

5
g0t*
2r T

0
, ~80!

]Q

] j Cp
U

stat

5
g0t*

2~12a1!
. ~81!

The parameterrP
k can again be considered as an effect

resistance of the plasma layer with respect to current den
and potential fluctuations with a wave-numberk. However,
in the case of moderate currentsrP

k is conductivity modu-
lated:

rP
k ~Qstat!5@~b11!mpQstat~ j T!k2#21, ~82!

Qstat~ j T!5t* g0 j T . ~83!

The final dispersion relation for the incrementz results
from Eqs.~75!–~78!:

z~k, j T!5z01z11z21zP , ~84!

with

z05
~12a1!

t*K~k! S 11
r R

k

r T
0 D , ~85!

z152S 2~12a1!

g0
11D aC

k r 1
em

t*K~k!

1

r 1
k

, ~86!

z25z281z29 , ~87!

z2852S 2~12a1!

g0
11D ~12aC

k !r R
k

t*K~k!

1

r 2
k

,
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z2952FgkS 11
r R

k

rP
k D 2~12aC

k !
r R

k

r 2
k

1K~k!G 12aC
k

t* g0K~k!

kT

q jT

1

r 2
k

,

zP5zP81zP9 , ~88!

zP852k2DpH b~12aC
k !1aC

k 1
~b21!~12aC

k !

K~k!

3FgkS 11
r R

k

rP
k D 2~12aC

k !
r R

k

r 2
kG J ,

zP95@2gk~12a1!2g0~12aC
k !#

r R
k

t* g0K~k!

1

rP
k

,

and

gk5aC
k 2

b

b11
, ~89!

K~k!5~12aC
k !S 11

r R
k

r 2
k

1
r R

k

rP
k D 2~12a1!

r R
k

r T
0
.0. ~90!

Thereby the differential resistancer T
0 of the thyristorlike sub-

system is determined by Eq.~49!.
For both the low and the moderate-current case the in

ment z(k) is proportional to the sum of the differential re
sistance of the thyristorlike subsystemr T

0 and that of the
resistive layerr R

0 in the limit of perturbations with smal
wave numbers:

z~k→0!}2~r R
01r T

0!. ~91!

This obviously corresponds to a one-dimensional loading
the thyristorlike subsystem by the resistive layer. From
~91! follows the well-known criterium for stability with re-
spect to homogeneous fluctuations:

r R
01r T

0.0. ~92!

C. Dispersion relations and discussion

Figure 5 shows dispersion relationsz(k) for the low-
current case. The calculations have been performed with
reduced values of thep1 base conductivitys1

e f f in order to
illustrate two qualitatively different instabilities that can o
cur in the semiconductor structure. If thep1 base conductiv-
ity is sufficiently low, dispersion relations like the curve
denoted by~2a! and ~2b! can occur. They are characterize
by a pronounced maximum at a critical wave number tha
definitely larger than zero. Curve~2a! represents the case th
the incrementz of this critical wave number is zero, while a
e-

f
.

o

is

other increments are still smaller than zero, i.e., the unifo
state becomes destabilized with respect to current-den
fluctuations with the critical wave number. When the sam
current is decreased, the curve is shifted up@curve~2b!#, and
the increments of a certain band of wave-numbers are la
than zero. This behavior can be interpreted as a Turing-
instability.1

When the transversal coupling inside the thyristorli
subsystem is strengthened, e.g., by reducing the transv
resistance of thep1 base, the maxima ofz(k) shift to
smaller k values leading to dispersion relations like tho
denoted by curves~1a! and~1b!. They are characterized by
monotonous decrease ofz(k) with growing k, which can be
considered as an instability of Ridley’s type.18 In such a case,
the uniform state is typically destabilized via a saddle no
bifurcation by fluctuations with the shortest possible wa
number 2p/(Ly

21Lz
2), if uniform fluctuations are suppresse

by a sufficiently large load resistor in the external circu
Similar to the Turing-like case, the curve is shifted upwar
when the sample current is decreased. Note that the pa
eter j is the same for the curves~1a! and ~2b! and has been
adjusted such that the differential resistance of the glo
current density vs voltage characteristic vanishes, i.e.,r T

0

1r R
050.
Dispersion relationsz(k) for the moderate current cas

are shown in Fig. 6. Similar to the low-current case the h
mogeneous state is destabilized at a critical current leve
ther by an instability of Ridley’s~curves 1! or Turing’s type
~curves 2!. The bifurcation type can be controlled by
proper design. The most important parameters are the
ductivities of the resistive layer, thep1 and then base. The
former essentially governs the transversal spreading of
potential drop across the resistive layer and tends to da
out current-density fluctuations. Thep1 andn base conduc-
tivity control the transversal hole and electron-current den
ties in the two base layers. As these base currents in

FIG. 5. Dispersion relationsz(k) for the low current case re
vealing the instability of the uniform state with respect to lar
wave-length fluctuationsk→0 ~1!, and with respect to a fluctuation
with a critical wave-numberk.0 ~2!; s1

e f f50.04s1 ,531024s1,
for curves~1! and ~2!, and j 51.01, 0.671, 1.11, and 1.01 mA/cm2

for curves~1a!, ~1b!, ~2a!, ~2b!, respectively. Other parameters as
Table II.
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regulate the injection of electrons and holes from then1

emitter and the plasma layerP, respectively, they play an
important role concerning the transversal spreading of a
gion with enhanced current density. The competition
tween the damping and the activating process is the esse
physical mechanism allowing—under properly chosen
sign parameters—the destabilization of a homogene
current-density distribution by spatially periodic curren
density fluctuations strongly reminding of the gene
mechanism proposed by Turing.

FIG. 6. Dispersion relationsz(k) for the moderate-current cas
revealing the instability of the uniform state with respect to lar
wave-length fluctuationsk→0 ~1!, and with respect to a fluctuatio
with a critical wave-number k.0 ~2!; s1

e f f50.25s1 ,0.05
31024s1, for curves~1! and ~2!, and j 5394, 350, 407, and 394
mA/cm2 for curves~1a!, ~1b!, ~2a!, and ~2b!, respectively. Other
parameters as in Table II besidesNA

25531013 cm23 and wR

50.1 cm.
uc

rs

or

n

e-
-
tial
-

us

VI. SUMMARY

In conclusion we point out that the suggested theo
which is based on a subdivision of the semiconductor str
ture into an active and a passive subsystem, supplies a
consistent quantitative description of the nonlinear mec
nisms, which control the longitudinal current flow, and t
transversal current-density instabilities in multilayer sem
conductor systems. The nonlinear longitudinal electri
properties in the active layer are based on a thyristor
regenerative mechanism, while the passive subsystem ac
a simple resistive layer. Depending on the system parame
two different types of regenerative mechanisms can be
tinguished leading to specific model equations. A stabi
analysis of the derived equations reveals that in each c
two basic bifurcation types can be expected when the t
sample current is varied. The bifurcations are caused by
stability mechanisms that are closely related to those stu
by Turing1 and Ridley.18 It turned out that in particular the
conductivity ratios of thep1 base, the plasma layer, and th
resistive layer are important parameters to control the in
bility mechanism. Thus, adjusting the respective transve
conductivities, e.g., by irradiating the sample with protons
ions, using compensated substrate material, or adapting
sample geometry, it is possible to design a multilayer sys
with the aspired~in!stability features. Finally, we emphasiz
that the suggested approach presents a basis for furthe
merical analysis of pattern formation processes.
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9E. Schöll, Nonequilibrium Phase Transitions in Semiconducto
~Springer, Berlin, 1987!.

10Nonlinear Dynamics and Pattern Formation in Semiconduct
and Devices, edited by F.-J. Niedernostheide~Springer, Berlin,
1995!.

11F.-J. Niedernostheide, M. Arps, R. Dohmen, H. Willebrand, a
-

s

d

H.-G. Purwins, Phys. Status Solidi B172, 247 ~1992!.
12A.V. Gorbatyuk, I.A. Linijchuk, and A.V. Svirin, Pis’ma Zh.

Tekh. Fiz.15, 42 ~1989! @Sov. Tech. Phys. Lett.15, 224~1989!#.
13A.V. Gorbatyuk and P.B. Rodin, Radiotekh. Elektron.40, 1876

~1994! @J. Commun. Technol. Electron.40, 49 ~1995!#.
14A.V. Gorbatyuk and F.-J. Niedernostheide, Physica D99, 339

~1996!.
15M. Bode and H.-G. Purwins, Physica D86, 53 ~1995!.
16D. Ruwisch, M. Bode, H.-J. Schulze, and F.-J. Niedernosthe

in Nonlinear Physics of Complex Systems, edited by J. Parisi, S.
Müller, and W. Zimmermann, Lecture Notes in Physics V
476 ~Springer, Berlin, 1996!, pp. 194–212.

17I.V. Varlamov and V.V. Osipov, Fiz. Tekh. Poluprovodn.3, 950
~1969!. @Sov. Phys. Semicond.3, 803 ~1969!#.

18B.K. Ridley, Proc. Phys. Soc.82, 954 ~1963!.
19A.V. Gorbatyuk and P.B. Rodin, Z. Phys. B104, 45 ~1997!.
20M. Meixner, P. Rodin, and E. Scho¨ll, Phys. Rev. E58, 2796

~1998!; 58, 5586~1998!.
21F.-J. Niedernostheide, B.S. Kerner, and H.-G. Purwins, Ph

Rev. B46, 7559~1992!.
22F.-J. Niedernostheide, M. Ardes, M. Or-Guil, and H.-G. Purwin

Phys. Rev. B49, 7370~1994!.
23F.-J. Niedernostheide, M. Or-Guil, M. Kleinkes, and H.-G. Pu



d,

-G

PRB 59 13 169MECHANISMS OF SPATIAL CURRENT-DENSITY . . .
wins, Phys. Rev. E55, 4107~1997!.
24A.V. Gorbatyuk, A.F. Ioffe Institute Preprint 962, Leningra

1985 ~unpublished! ~in Russian!.
25G.K. Wachutka, IEEE Trans. Electron Devices38, 1516~1991!.
26A.A. Jaecklin, IEEE Trans. Electron Devices39, 1507~1992!.
27A. Wierschem, F.-J. Niedernostheide, A.V. Gorbatyuk, and H.
 .

Purwins, Scanning17, 106 ~1995!.
28W. Gerlach,Thyristoren ~Springer, Heidelberg, 1981! ~in Ger-

man!.
29S. M. Sze,Physics of Semiconductor Devices~Wiley, New York,

1981!.
30N.H. Fletcher, Proc. IRE45, 863 ~1957!.


