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Coupling of infrared radiation to intersubband transitions in multiple quantum wells:
The effective-medium approach

M. Załużny and C. Nalewajko
Institute of Physics, M. Curie Skłodowska University, pl. M. Curie Skłodowskiej 1, 20-031 Lublin, Poland

~Received 9 July 1998!

The coupling of infrared radiation to intersubband excitations in multiple-quantum-well structures is dis-
cussed theoretically, employing the effective-medium approach. In contrast with previous papers, nonlocal
effects in the intersubband optical response of quasi-two-dimensional electrons are taken into account. The
transmission and total internal reflection geometries are considered. Special attention is paid to effects induced
by ~i! multiple reflections in the multiple-quantum-well structure itself, and~ii ! the standing-wave effect
connected with background phase-matched interferences. The results obtained indicate that the standing-wave
effect plays an important role only in the case of thin structures. It can be taken into account by an appropriate
modification of Beer’s law. Multiple reflections substantially modify the intersubband absorption line shape of
structures with a large number of quantum wells and near grazing incidence. A correct description of this
modification must take into account even small differences between the dielectric constants of the well and
barrier materials.@S0163-1829~99!04020-5#
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I. INTRODUCTION

Optical properties of multiple-quantum-well~MQW!
structures in the range of intersubband transitions have b
studied experimentally and theoretically by many groups~for
a review see, e.g., Refs. 1 and 2!. In practically all experi-
mental papers, the analysis of infrared~IR! transmittance
spectra is performed by application of Beer’s law~the
traveling-wave approximation!. This approximation is
equivalent to neglecting effects induced by multiple refle
tions in a MQW structure itself and in a substrate. In the c
of typical Brewster angle geometry, such an approach h
good justification. Because an external angle of incidenc
this geometry is close to the Brewster angle, backgro
phase-matched interference effects in the substrate are
ligible. Moreover, a small value of the refraction angle
('17° for GaAs) makes the coupling of IR radiation to i
tersubband transitions weak and consequently effects
nected with multiple reflections~electromagnetic coupling!
between different quantum wells are also negligible. Ma
authors ~e.g., Refs. 3 and 4! also tried to employ the
traveling-wave approximation in the case of total intern
reflection ~TIR! geometry. Such an approach is very que
tionable. The role of electromagnetic coupling betwe
quantum wells is then enhanced, since the internal angl
light propagation (wTIR) is substantially larger than in th
case of Brewster geometry.~usually wTIR.45°, or is even
larger!.2,5,6 Moreover, interference between the incident a
reflected light at the semiconductor-air or semiconduc
metal interface ~the standing-wave effect! substantially
modifies the spatial distribution of a normal component
the electric field of IR radiation.~Only this component
couples to intersubband transitions.! Experimental results
and theoretical estimates reported in Refs. 7 and 8 indi
that the standing-wave effect has a very strong influence
TIR spectra of relatively thin MQW structures. In the abo
papers absorption spectra were calculated numerically,
PRB 590163-1829/99/59~20!/13043~11!/$15.00
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ploying the transfer-matrix method. Each single quant
well ~SQW! was treated as a homogeneous slab~with an
effective thicknessLeff) described by an anisotropic and lo
cal dielectric function.@Since the period of the structure
much smaller than the wavelength of the IR radiation, su
an approach is practically equivalent to the commonly u
local effective-medium approach~LEMA !#.1,9 Unfortunately,
a quasi-two-dimensional electron gas~Q2DEG! is strongly
inhomogeneous, and its optical response is nonlocal. Co
quently,Leff is not a well-defined quantity and, in principle
should be considered as an adjustable parameter. S
random-phase-approximation~RPA! calculations show that
only in the case of a system with two parabolic subban
Leff can be treated as a frequency-independent quantity.10–13

However, even when a QW has a rectangular shape, the
croscopically calculated parameterLeff differs substantially
from the QW thickness (LQW). Due to this, the depolariza
tion shift is not described correctly~it is underestimated! by
the LEMA if we assume, as in Refs. 7 and 9, thatLeff

5LQW. This is a weak point of the LEMA.
A much more sophisticated, fully nonlocal, and retard

approach, ~based on the vector RPA and the Green
function formalism! was recently developed by Liu.14,15 Nu-
merical results reported in the above papers show that, f
large angle of incidence, electromagnetic coupling betw
QWs can play an important role in the analysis of IR tran
mission and TIR spectra of systems with a sufficiently lar
number of QWs. Unfortunately, the formalism used by Liu
very complex, and requires large numerical calculatio
Consequently, it is not amenable to some analytical tre
ment. Moreover, numerical results reported in the above
pers are only qualitatively correct since they were obtain
neglecting the diamagnetic current term in thezz component
of the nonlocal conductivity tensor.~This term should be
incorporated into the paramagnetic term to obtain a cor
description of the depolarization effect.16,17! Omitting this
term leads to a substantial underestimation of the depolar
13 043 ©1999 The American Physical Society
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13 044 PRB 59M. ZAŁUŻNY AND C. NALEWAJKO
tion shift in highly doped structures. As mentioned, t
LEMA also underestimates the depolarization shift. The
explain~i! why absorption spectra resulting from the LEM
~with Leff5LQW) are practically only slightly redshifted with
respect to that obtained by Liu~see Figs. 7 and 8 in Ref. 15!,
and ~ii ! why the depolarization shift calculated in the qua
static limit10 ~the scalar RPA! is substantially larger than tha
reported by Liu~see Fig. 10 in Ref. 15!.

The above-mentioned facts have stimulated a modifi
tion of the LEMA by taking into account~in the quasi static
limit !10,13 the inhomogeneous character~nonlocal dielectric
response! of a Q2DEG. A great advantage of such a ‘‘no
local’’ effective medium approach~NEMA! is its simplicity
and flexibility compared to the approach used by Liu. F
example, in contrast with Liu’s formalism, we can go beyo
the RPA describing an optical response of a Q2DEG. We
also easily take into account the difference between the
electric constants of the well and barrier materials.~We will
show that this type of dielectric mismatch may play a ve
important role at grazing incidence.!

In Sec. II we discuss the formalism which underlies o
computation. The application of the NEMA for systema
studies of IR spectra of MQWs is presented in Sec. III.
this paper, we consider configurations corresponding to
transmission geometry, TIR geometry, and the attenuated
tal reflection18 ~ATR! geometry. ~The waveguide edge
coupling geometry will be discussed in a separate paper.! To
our knowledge, no such studies~performed even in the
framework of the LEMA! have been published so far. Se
tion IV contains conclusions.

II. THEORETICAL FRAMEWORK

A. Single quantum well

We start this sction with a very brief presentation of t
commonly used nonretarded approach to the problem of c
pling of a IR radiation to intersubband transitions in a SQ
The quantum-well thickness is much smaller than the wa
length of the IR radiation (l). The Fermi wave vector is
several orders of magnitude larger than a parallel compo
of the photon wave vector. Thus an external perturbat
~incident radiation field! inducing intersubband transition
can be taken in the following form:10,13

Eext~ t !5Eext~v!exp~2 ivt !. ~1!

@For simplicity, here we neglect a small difference betwe
the dielectric constants of the well («w) and barrier («b)
materials#.

When the radiation is polarized in thex-z plane ~ the z
axis is along the growth direction!, the optical absorption pe
unit area of the SQW can be approximated by10,19

PSQW~v!5 1
2 ReE

2`

`

j ~z,v!E* ~z,v!dz

5 1
2 Re@sxx

(2D)~v!uEx
ext~v!u21s̃zz

(2D)~v!uEz
ext~v!u2#,

~2!

where j (z,v)5@ j x(z,v),0,j z(z,v)# is the Fourier compo-
nent of the current density induced in the SQW.
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The normal 2D conductivitys̃zz
(2D)(v), defined by

s̃zz
(2D)~v!5

1

Ez
ext~v!

E
2`

`

j z~z,v!dz5
j z
(2D)~v!

Ez
ext~v!

, ~3!

describes the~nonretarded! response of the electron gas
the z component of the external electric fieldEext, not the
total field E.

The expression fors̃zz
(2D)(v) resulting from the time-

dependent local-density approximation, takes the form10

s̃zz
(2D)~v!5L

2 i

@Ẽ21
2 2~\v!2#/2\vG2 i

, ~4!

where L5NSe2f 12\/2mG, Ẽ21[\ṽ21 is the intersubband
transition energy modified by the depolarization and exci
like effects,f 1252m\22E21z21

2 is the oscillator strength con
nected with 1→2 transitions (f 12'1),t5\/G is the dephas-
ing time connected with 1→2 transitions,NS is the surface
electron concentration, and finally,e and m are the charge
and effective mass of the electron, respectively.@In this pa-
per we restrict ourselves to the two-parabolic-subband mo
~with the intersubband spacingE21[\v21), assuming that
only the ground subband is occupied. Bound-free transiti
are considered in Ref. 12#.

The parallel conductivity appearing in Eq.~2! is defined
by

sxx
(2D)~v!5

1

Ex
ext~v!

E
2`

`

j x~z,v!dz5
j x
(2D)~v!

Ex
ext~v!

. ~5!

In further discussion, we assume that it has a Drude-
form

sxx
(2D)~v!5

NSe2

m~t i
212 iv!

, ~6!

where t i (.t) is the intrasubband relaxation time.~In nu-
merical calculations we taket i 5t.)

From Eq.~2! we find that the absorptance~equal to the
fraction of the incident energy absorbed! of the SQW sur-
rounded by semi-infinite barriers is given by

ASQW~v,w!5ASQW
' ~v,w!1ASQW

i ~v,w!

5ASQW
' ~v!tan~w!sin~w!1ASQW

i ~v!cos~w!,

~7!

where ASQW
'(i) (v)5ReL'(i)(v), L'(v)5(4p/

cA«w)s̃zz
(2D)(v), L i(v)5(4p/cA«w)sxx

(2D)(v) andw is the
angle between thez direction and the direction of incidenc
of the radiation.

In the two-subband limit we have

L'~v!5Ā
2 i

@Ẽ21
2 2~\v!2#/2\vG2 i

, ~8!

whereĀ54pL/cA«w. Since usuallyG!Ẽ21, the frequency
dependence ofASQW

' (v) takes practically the Lorentzian

shape (ASQW
' (v)>Ā/$@(Ẽ212\v)/G#211%) with the width

52G.



t

th
to

ig
in

d

l

t

-

a

-

r
n

nce

n-
,
be

oc-

the
,

ity
s

of

e-
ent

of

PRB 59 13 045COUPLING OF INFRARED RADIATION TO . . .
Taking typical for GaAs values ofm50.066m0 and «w

510.9, we find that ĀuGaAs.0.0163 f 12NS@1011cm22#/
G@meV#. Taking Ẽ21/2G'10, for estimations, one finds tha

ASQW
' ~ṽ21!/ASQW

i ~ṽ21!'tt iṽ21
2 f 12/2;200. ~9!

Thus, except for the case of nearly normal incidence,
relative contribution of intrasubband transitions
ASQW(v,w) is vanishingly small.

In the approach presented above, the reflection of the l
by the Q2DEG is completely neglected. It can be easily
cluded employing a more sophisticated approach based
the 2D sheet-model.19,17 In this model the Q2DEG is treate
as a conducting sheet~located at the center of the QW! car-
rying a sheet currentj (2D)5( j x

(2D),0,j z
(2D)). Let us assume

that the light is incident at an anglew ~from the left side! on
the sheet located~at z50) between semi-infinite identica
media with dielectric constant«w . Using the jump boundary
conditions19

Ex~01!2Ex~02!5
4pkx

v«w
j z
(2D)~v!

5
4pkx

v«w
s̃zz

(2D)~v!
Dz~z502,v!

«w
, ~10!

Hy~01!2Hy~02!5
24p

c
j x
(2D)~v!

5
24p

c
sxx

(2D)~v!Ex~z502,v!,

~11!

we find that@in the limit uL i(v,w)L'(v,w)u!1# the reflec-
tion (r (2D)) and transmission (t (2D)) coefficients of the shee
are given by25

r (2D)5
L2~v,w!

11L1~v,w!
, ~12!

t (2D)5
1

11L1~v,w!
, ~13!

where L6(v,w)5 1
2 @L i(v,w)6L'(v,w)#, L i(v,w)

5L i(v)cos(w) and L'(v,w)5L'(v)tan(w)sin(w). If we
neglect the Drude-like absorption (L i(v)50) then Eqs.~12!
and ~13! coincide with that derived in our previous paper.17

Since usuallyuL6(v,w)u!1 the expression for SQW ab
sorptance resulting from the sheet model (512ur (2D)u2

2ut (2D)u2) reduces practically to that given by Eq.~7!. The
reflectance of the sheet (5ur (2D)u2) is then negligibly small
(.uL2(v,w)u2).

B. Effective-medium approach

Let us consider a nontunneling MQW structure with
period (LMQW) much smaller thanl. ~Weakly tunneling
structures were discussed in Ref. 20.! Inside the structure
Fourier components of the total electric field (E), the gener-
alized displacement (D) and the electron current density in
duced in the structure (j ) are connected by relation21
e

ht
-
on

D~z,kx ;v!5«~z!E~z,kx;v!1
i4p

v
j ~z,kx;v!, ~14!

where«(z) is the background dielectric constant at pointz,
i.e., «(z)5«b(«w) in the region occupied by the barrie
~well! material, andkx is a parallel component of the photo
wave vector.~The incident radiation is polarized in thex-z
plane.!

@Since we work in the long-wavelength limit~LWL ! in
further discussion, we assume thatj (z,kx;v)5 j (z,kx
50;v). Moreover, in most cases we leave out the refere
to kx in our notation; i.e., we writeD(z,kx ;v)5D(z,v),
etc.#

Standard boundary conditions require thatEx andDz are
continuous at the interfaces. SinceLMQW!l and
ASQW(v,w)!1, these field components are practically u
changed over the superlattice period. On the other handEz
and Dx are not continuous. Thus these quantities may
spatially averaged over the period of the structure

^Dx~v!&5
1

LMQW
E

2LMQW/2

LMQW/2

Dx~z8,v!dz8, ~15!

^Ez~v!&5
1

LMQW
E

2LMQW/2

LMQW/2

Ez~z8,v!dz8. ~16!

~Writing these equations, we have assumed that the QW
cupies the regionuz8u,LQW/2.)

The quantitieŝDx(v)& and^Ez(v)& can be used for defi-
nition of the effective dielectric functions22

«xx~v!5^Dx~v!&/Ex~v!, ~17!

«zz
21~v!5^Ez~v!&/Dz~v!. ~18!

Employing Eqs.~14!–~16!, we find that

^Dx~v!&5exxEx~v!1
i4p

vLMQW
E

2LMQW/2

LMQW/2

j x~z8,v!dz8,

~19!

^Ez~v!&5
Dz~v!

ezz
2

i4p

vLMQW«w

3E
2LMQW/2

LMQW/2

j z~z8,v!
«w

«~z8!
dz8, ~20!

where exx5(12 f )«b1 f «w , ezz
215(12 f )/«b1 f /«w and f

5LQW/LMQW .
Since, in the structures considered here, («w2«b)!«w,

and the ground state wave function is localized mainly in
quantum-well material, thez-dependent dielectric function
appearing in Eq.~20!, can be replaced by«w . In this ap-
proximation electronic contributions tô Dx(v)&, and
^Ez(v)& are determined only by the surface current dens
j x
(2D)(v) and j z

(2D)(v), respectively. In further calculation
we neglect the influence of retardation effects onj z

(2D)(v)
and j x

(2D)(v) i.e., we assume that the above components
surface current density can be approximated by Eqs.~3! and
~5!, respectively.@It should be emphasized that the nonr
tarded limit is employed only to calculate the surface curr
density; the formulas for reflectance and transmittance
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13 046 PRB 59M. ZAŁUŻNY AND C. NALEWAJKO
multilayer structures~with MQWs! derived in this paper re
tain the retardation.# The approximation used here leads
the following expressions for the principal components
the effective medium dielectric tensor«(v):

« j j ~v!5exx1D«xx~v! j 5x,y, ~21!

1

«zz~v!
5

1

ezz
2

D«zz~v!

«w
2

, ~22!

where D«xx(v)5 i4psxx
(2D)(v)/vLMQW and D«zz(v)

5 i4ps̃zz
(2D)(v)/vLMQW .

Using Eqs.~4! and ~6!, we find that

D«xx~v!5Li~v!
21

i ~vt i!
2111

, ~23!

whereLi(v)54pe2NS /v2mLMQW and

D«zz~v!5L'~v!
1

@Ẽ21
2 2~\v!2#/2\vG2 i

, ~24!

with L'(v)52pe2NSf 12\/vmGLMQW .
In the case of typical GaAs/Ga12xAl xAs MQW struc-

tures,

Li~v! uGaAs>2.073
NS@1012 cm22#

LMQW@100 Å#$\v@100 meV#%2

~25!

and

L'~v! uGaAs>10.45

3
f 12NS@1012 cm22#

LMQW@100 Å#G@10 meV#\v@100 meV#
.

~26!
The numerical calculations reported in this paper ha

been performed taking the parameters appropriate for M
structures studied experimentally~theoretically! in Ref. 5
~Ref. 23!, i.e., Ẽ215111 meV, 2G511.2 meV, f 1250.85,
NS51.231012 cm22, «w510.9, LMQW5405 Å, exx510.08
andezz510.06. Only in Fig. 1 do we consider an addition
structure with LMQW5200 Å,exx510.37, andezz510.34.
This figure shows the spectral shape of real and imagin
parts of «zz(v) and «xx(v) resulting from Eqs.~21! and
~22!. The presented results indicate that, in the case of typ
GaAs/Ga12xAl xAs structures, the peak value of Im@«zz(v)#
is usually smaller than«w . It is interesting also to note tha
the peak value is achieved at the energy (Epeak) which is
smaller than the SQW resonant energyẼ21. For the structure
with LMQW5405 Å(200 Å), the difference (Epeak2Ẽ21) is
rather substantial22.2 meV (24.5) meV. Taking «b

5«w one finds that Epeak>@Ẽ21
2 2(DẼ21)

2#1/2, where

(DẼ21)
254pNSe2\2f 12/m«wLMQW . This result is consis-

tent with that reported in Ref. 24.
f

e

l

ry

al

C. Multilayer optics

The form of dielectric tensor«(v) indicates that the
MQW structure behaves, in the LWL, as a homogeno
uniaxial medium. Employing the standard optics equation1,25

k2E2k~kE!2K2«E50, ~27!

one finds that in such a medium the radiation wave vecto
of the formk5@kx,0,kz

(MQW)#, where

~kz
(MQW)!25«xx~v!K22

«xx~v!

«zz~v!
kx

2 , ~28!

andK5v/c is the wave vector of the radiation in vacuum
The in-plane component of the wave vector (kx) must be

continuous at an interface. Thus it is the same in an amb
and uniaxial medium and is fixed by the angle of incidencew
~in the ambient medium!, kx5KA«0sin(w) («0 is the dielec-
tric constant of the ambient medium!.

Let us assume for the moment that the MQW structure
infinite, and take«b5«w andD«xx(v)5G50. Then one can
easily check that the LWL dispersion relation for intersu
band plasmon polariton, resulting from Eqs.~28! and ~22!,
coincides with that derived by King-Shmith and Inkson26

treating the full electrodynamics of the system. This res
provides strong evidence to support the NEMA. At this po
we would like to emphasize that, contrary to suggestions
some authors,27 optical properties of finite MQW structure
cannot be interpreted in terms of bulk modes of infinite s
perlattices. The theory developed by Fuchs and Kliewe28

indicates that not bulk polariton modes but virtual~radiative!
modes are responsible for absorption spectra of thin slab
more detailed discussion of this problem is beyond the sc
of this paper, and will be a subject of a forthcoming pap
article.

FIG. 1. The spectral characteristics of the real and imagin
parts of «zz(v) and «xx(v) for MQW structures withLMQW

5405 Å ~curves labeled by 1! andLMQW5200 Å ~curves labeled
by 2!.
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PRB 59 13 047COUPLING OF INFRARED RADIATION TO . . .
Modeling reflectance~or transmittance! of typical MQW
structures, one discussies a multilayer system. Even if
MQW itself is treated as the effective medium, one mus
least account for a substrate and possible buffer or cap
layer. Thus we should take into account reflection of the li
at different interfaces. The standard transfer-matrix formu
tion gives an efficient algorithm for an analytical and n
merical calculations of the reflection~or transmission! coef-
ficient of multilayer structures. Below, we briefly discuss th
method.

Let us consider a multilayer structure that consists o
stack of 1,2, . . . ,m plane-parallel layers. Ambient (0) an
substrate (m11) media are semi-infinite. We denote bydj
the thickness of thej th medium (j Þ0, m11). ~We assume
that only mediumj 5 j 8, representing the MQW structure,
uniaxial. The thickness of this medium is denoted bydj 8
[dMQW5NLMQW whereN is the number of quantum well
in the structure.!

Since incident light is polarized in thex-z plane, the mag-
netic field is given byH(x,z,t)5@0,Hy(z;v),0#exp@i(kxx
2vt)# i.e., there is a single component of the magnetic fi
in they direction. In thej th medium (j ,m11) this compo-
nent can be written in the following form:

Hy
( j )~z;v!5Hl 1

( j )~v!exp@ ikz
( j )~z2zj , j 11!#

1Hl 2
( j )~v!exp@2 ikz

( j )~z2zj , j 11!#, ~29!

where zj , j 115(n51
n5 j dn is the position ofj 2 j 11 interface

( j >1) in thez direction, andz0,150.
For further discussion it is convenient to write the expr

sion for Hy
( j )(z;v)( j .0) in a slightly modified form:

Hy
( j )~z;v!5Hu1

( j ) ~v!exp@ ikz
( j )~z2zj 21,j !#

1Hu2
( j ) ~v!exp@2 ikz

( j )~z2zj 21,j !#. ~30!

In Eqs.~29! and~30!, Ha1
( j ) (v) andHa2

( j ) (v)(a5 l ,u) are
complex amplitudes corresponding to waves traveling
positive and negativez directions, respectively. The subscri
l (u) indicates that we take the complex amplitude with
spect to the planezj , j 11(zj 21,j ). From Eq.~28! one finds that
the z component of the wave vector appearing in Eqs.~29!
and ~30! is given by

kz
( j )5K3H A« jA12kx

2/K2« j , j Þ j 8

A«xxA12kx
2/K2«zz, j 5 j 8,

~31!

where« j denotes the dielectric function of thej th medium.
When an angle of incidence is small, the expression

kz
( j 8)[kz

(MQW) simplifies to the following form:25

kz
(MQW)5KA«w cos~w int!3~11k!, ~32!

with

k52
D«b

2«w cos2~w int!
1

D«xx~v!

2«w
1

D«zz~v!tan2~w int!

2«w
,

~33!

where D«b5«w2exx , sin(wint)5sin(w)A«0w, «0w5«0 /«w
andw is the angle of incidence in the ambient medium. T
above formula is valid as long asuku!1.
e
t

ng
t
-

a

d

-

n

-

r

e

Due to the linearity of Maxwell’s equations the followin
relation between amplitudes in the substrate and ambient
dia may be written:29,25

FHl 1
(0)~v!

Hl 2
(0)~v!

G5TFHu1
(m11)~v!

Hu2
(m11)~v!

G , ~34!

where the 232 matrix T is the so-called transfer matrix. I
has the following form:

T5I01L1I12L2 . . . LmIm(m11) . ~35!

The matrixL j describes the effect of propagation through t
homogeneous layerj and is given by

L j5Fexp~2 ib j ! 0

0 exp~ ib j !
G , ~36!

whereb j5kz
( j )dj .

I i j is a 232 matrix accounting for the interface betwee
the mediai and j. Using standard boundary conditions, w
find that it can be written in the following form:

I i j 5F I i j
1 I i j

2

I i j
2 I i j

1G , ~37!

with

I i j
65

kz
( i )«̄ j6kz

( j )«̄ i

2kz
( i )«̄ j

, ~38!

where«̄ j5« j for j Þ j 8 and «̄ j 85«xx(v).
Since in the medium (m11) there is no backward wav

@Hu2
(m11)(v)50# the overall transmission~t! and reflection

~r! coefficients of the structure are connected with t
transfer-matrix components by the relations

t51/T11, r 5T21/T11. ~39!

Having T @see Eqs.~35!–~38!# we can also derive the com
ponents of the electric field in an arbitrary layer employi
Maxwell’s equation¹3H52 i (v/c)D.

The closed-form expressions forr and t can be obtained
only for m<3. They will be presented in Sec. III.

It is worth discussing an alternative~and more sophisti-
cated! method that can also be applied for description
MQWs. As mentioned, a Q2DEG can be treated as a c
ducting sheet carrying a sheet currentj (2D)5( j x

(2D),0,j z
(2D)).

The transfer matrix (I (2D)) accounting for the sheet can b
written in the terms ofr (2D) and t (2D) defined by Eqs.~12!
and ~13! ~Ref. 25!:

I (2D)5
1

t (2D) F 1 2r (2D)

r (2D) ~ t (2D)!22~r (2D)!2G . ~40!

The transfer matrix of a MQW period (T(per)) can be cal-
culated with help of Eqs.~35!–~38!. The transfer matrix of a
MQW with N wells (TMQW) is connected withT(per) by re-
lation TMQW5(T(per))N.

Optical spectra presented in Sec. III are obtained emp
ing the NEMA. Nevertheless, we have verified numerica
that they coincide with spectra resulting from the sh
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13 048 PRB 59M. ZAŁUŻNY AND C. NALEWAJKO
model. This is not a strange result. The polariton dispers
in an infinite superlattices can be derived from the Blo
theorem30 ~see also Ref. 1!. This theorem yields
cos(kz

(MQW)LMQW)5(T11
(per)1T22

(per))/2. One can show, per
forming appropriate Taylor expansions, that the above r
tion reduces~in the LWL! to the dispersion equation~28!
resulting from the NEMA.25

III. RESULTS AND DISCUSSION

A. Transmission geometry

At first we discuss a single pass transmission geome
Let us assume that a MQW structure, approximated b
uniform uniaxial effective layer with a thicknessdMQW
[NLMQW ~medium 1!, is sandwiched between two transpa
ent semi-infinite overlayer barriers, media 0 and 2, with
electric constants«0 and«2, respectively. The radiation~po-
larized in thex-z plane! incidents from medium 0 at an ang
w.

The transfer-matrix formalism leads to the following e
pressions for the reflection~r! and transmission~t! coeffi-
cients of the system:

r 5
r 01exp~2 ib1!1r 12exp~ ib1!

exp~2 ib1!1r 01r 12exp~ ib1!
, ~41!

t5
t01t12

exp~2 ib1!1r 01r 12exp~ ib1!
, ~42!

whereb15kz
(MQW)dMQW , andt i j andr i j are the transmission

and reflection coefficients for thei -j interface, respectively.
At each interface we have the following relations betwe

t i j and r i j :29

t i j t j i 512r i j
2 , ~43!

r i j 52r j i . ~44!

The reflection coefficient appearing in Eqs.~41!–~44! is
given by

r i15
kz

( i )«xx~v!2kz
(MQW)« i

kz
( i )«xx~v!1kz

(MQW)« i

5
12Ki

11Ki
, ~45!

with

Ki5
A12sin2~w!«0 /«zz~v!

NiA«xx~v!
, ~46!

whereNi5A« i2sin2(w)«0/«i , i 50,2.
In further discussion we employ the fact that usually«0

5«25«w . Then the parameterK0 ~controlling the strength
of reflections at 0-1 and 1-2 interfaces! reduces to

K05
A12sin2~w!«w /«zz~v!

cos~w!A«xx~v!/«w

. ~47!

One can show that when the anglew is small ~more exactly
when uku!1) the parameterK0 is very close to unity. This
means that, in the limituku!1, the reflection amplitude
r 01(52r 12) is vanishingly small.
n

a-

y.
a

-

n

The reflectance, transmittance and absorptance of
structure are connected witht and r by relations

RMQW~v,w!5ur u2,

TMQW~v,w!5utu2, ~48!

AMQW~v,w!512RMQW~v,w!2TMQW ~v,w!.

Simple analytical expressions for RMQW(v,w),
TMQW(v,w) and AMQW(v,w) can be obtained in two par
ticular cases: when the structure is thin (ub1u!1), or when
the anglew is small. In the case of typical transmission g
ometry the second condition is practically always fulfille
Thus the reflection at the 0-1 and 1-2 interfaces can be
glected in the first approximation@RMQW(v,w)50#. Then
Eqs. ~48! reduce to the commonly used traveling-wave e
pressions

TMQW~v,w!>exp~22 Imb1!>exp@2NASQW~v,w!#,

~49!

AMQW~v,w!>12TMQW~v,w!>12exp@2NASQW~v,w!#.

~50!

At this point we would like to note that in the case
conventional Brewster angle transmission geometry,9 we
should make the following substitution in Eqs.~49! and~50!:

ASQW~v,w!→ASQW
' ~v!

1

A«w~11«w!
1ASQW

i ~v!A «w

11«w
.

~51!

Numerical calculations show that the above approxim
tion works very well even when structure is very thick (N
'200).25 ~We have also checked that, near the resonant
gion, corrections to optical spectra connected with Dru
like contribution are negligible.! The situation is more com
plex at a grazing incidence. Then the inequalityuku!1 is not
fulfilled, and the multiple reflections should be taken in
account~even when structure is relatively thin!.25 Inspection
of Eqs.~41!–~48! suggests that a particularly substantial i
fluence of the electromagnetic coupling on the optical sp
tra can be expected in the case of thick structures, i.e., w
d̄[kz

(w)dMQW>1@kz
(w)[KA«w cos(w)#. The above sugges

tion is supported by numerical results presented in Fig
Using Eqs.~41!–~48!, we have calculated the spectral shap
of RMQW(v,w), 12TMQW(v,w) and AMQW(v,w) for the
MQW structure studied experimentally in Ref. 5 atw560°
and 75°. For comparison, the spectral shape ofAMQW(v,w)
was also calculated employing the traveling-wave equa
~50!. We find that at a large angle of incidence even a sm
difference between«b and«w noticeably modifies MQW op-
tical spectra. This modification is particularly important f
w>wc* , wherewc* 5arcsinAexx /«w is the critical angle of
incidence corresponding to the total internal reflection at
0-1 interface whenNS50. ~In the structure considered her
wc* .74°). Unfortunately, experimental verification of ou
theoretical predictions may be very difficult because work
the range of a large angle of incidence necessitates the u
a special two-prism coupling geometry. Moreover, two qua
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tities RMQW(v) andTMQW(v) have to be measured simulta
neously. Such ‘‘drawbacks’’ are not inherent in the TIR g
ometry.

Before we start to discuss the above geometry, we wo
like to note that, even if we take«b5«w , thev dependence
of AMQW predicted by the NEMA only qualitatively coin
cides with that reported by Liu.14 As mentioned in Sec. I, this
disagreement results from the fact that Liu completely
glected the diamagnetic term in the expression for thezz
component of the nonlocal conductivity tensor. One c
show ~see Ref. 17! that the above approximation is equiv
lent to the following substitutionNS→(v/v21)

2NS in the
expression fors̃zz

(2D) . We have verified numerically that thi
substitution practically removes the difference between
results reported by Liu and that resulting from the NEM
More detailed discussion of the problem will be given in
separate paper.

B. Total internal reflection geometry

Let us now consider a four-phase system correspondin
the TIR geometry. It is formed by a semi-infinite, medium
MQW ~medium 1! with a thicknessd15dMQW , a dielectric
medium 2~cap layer! with thicknessd2 , and a semi-infinite
medium 3 which can be nearly perfect metal or air. In t
latter case we assume that the angle of incidencew ~in me-
dium 0! is larger than the critical anglewc

TIR

5arcsin(1/A«0).
In the absence of a Q2DEG all the incident light will b

reflected by the structure. Due to intersubband~and intrasub-
band! excitations the energy is removed from the incide
beam and the reflection coefficient is reduced to less t
unity.

FIG. 2. The spectral dependence ofAMQW(v,w) ~curves labeled
by 1!, 12TMQW(v,w) ~curves labeled by 2!, and RMQW(v,w)
~curves labeled by 3! for MQW structures withN5200 and
LMQW5405 Å, resulting from Eqs.~41!, ~42!, and~48!. For com-
parison we also present the spectral shape ofAMQW(v,w), calcu-
lated taking«w5«b ~curves labeled by 4! and employing the trav-
eling wave approximation~curves labeled by 5!. ~a! w560°. ~b!
w575°.
-
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The transfer-matrix formalism leads to the following e
pression for the reflection amplitude of the above multilay
structure:

r 5
r 01exp~2 ib1!1R123exp~ ib1!

exp~2 ib1!1r 01R123exp~ ib1!
, ~52!

with

Ri jk5
r i j exp~2 ib j !1r jk exp~ ib j !

exp~2 ib j !1r i j r jk exp~ ib j !
. ~53!

The absorptance of the structure is connected with refl
tanceRMQW(v,w)5ur u2 by the relation

AMQW~v,w!512RMQW~v,w!. ~54!

As mentioned in Sec. I the TIR spectra are strongly mo
fied by the standing-wave effect. A simplified description
this modification is based on Poynting’s theorem. Accord
to this theorem the power absorbed in the effective med
is the power absorbed by unit volume of the layer

PMQW~z;v!5
v

8p
ImF uDz~z;v!u2

ezz* ~v!
1«xx~v!uEx~z;v!u2G ,

~55!

integrated over the volume of the layer. Let us assume
the absorption and dispersion of the radiation in the effec
medium does not affect a spatial variation ofDzz(z;v) and
Ex(z;v) in the structure. Thus they can be calculated tak
« i i (v)5«w and «05«25«w . The above approximation is
well justified when conditionukz

(w)2kz
(MQW)udMQW.ukud̄

!1 is fulfilled. Employing Eqs.~55! and ~21! we obtain

AMQW~v,w!5N@ ḡTIR
' ~w! uv5ṽ21

ASQW
' ~v,w!

1ḡTIR
i ~w! uv5ṽ21

ASQW
i ~v,w!#, ~56!

with

ḡTIR
'(i)~w!5dMQW

21 E
d2

d21dMQW
gTIR

'(i)~w,z8!dz8, ~57!

where gTIR
' (w,z8)[uEz /Ez

(1)u252$11cos@2kz
(w)z8

1q23(w)#%, gTIR
i (w,z8)[uEx /Ex

(1)u2542gTIR
' (w,z8), and

E(1)5(Ex
(1),0,Ez

(1)) is the electric-field amplitude of the in
cident light in the medium 0.

Deriving the above expressions we have employed
fact that the reflection coefficient at the 2-3 interface can
written in the formr 23[ur 23uexp@iq23(w)#. When medium 3
is a nearly perfect metal (u«3u@1), then ur 23u>1 and
q23(w)>0. ~We assume thatw is not too close to 90°.)
When medium 3 is air andw>wc

TIR , thenur 23u51 and

q23~w!522 arctan$A«w@«w sin2~w!21#/cos~w!%.
~58!

The result equivalent to Eq.~56! was reported by Vodopy-
anovet al.31 ~see also Refs. 32 and 8!.
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In the limit d2 ,dMQW!1/kz
(w) in Eq. ~56! we can make the

substitution ḡTIR
'(i)(w)→gTIR

'(i)(w,0). When medium 3 is air
and w545° ~which usually takes place! gTIR

' (w,0) is much
smaller thangTIR

i (w,0). For structures with metal claddin
~and w not too close to 90°)gTIR

i (w,0).0, gTIR
' (w,0).4,

and AMQW(v,w).4NASQW
' (v,w). The above formula

works well only in the limit 4NASQW
' (v,w)!1. When this

condition is violated, it overestimates the ‘‘exact’’ result su
stantially.

To obtain the thin layer formula (d̄!1 and d250) with
a wider range of applications, we employ the approach si
lar to that used in Ref. 33. Expanding exp(6ib1) to terms of
first order inb1 we find, using Eqs.~45! and ~46!, that Eq.
~41! reduces to

r 5
~K02K3!1 ib1~12K0K3!

2~K01K3!1 ib1~11K0K3!
. ~59!

It is convenient to rewrite this equation in the followin
form:

r 5
N02N32 id@sin2~w!«0 /«zz~v!211N3N0«xx~v!#

N01N31 id@sin2~w!«0 /«zz~v!212N3N0«xx~v!#
,

~60!

whered5KdMQW .
When medium 3 is a nearly perfect metal (u«3u@«0) and

w is not too close to 90° the terms withN35N 3
metal

5A12sin2(w)«0 /«3/A«3 can be omitted. Employing this fac
and taking«05«w , after some manipulations we obtain

r 5
12NL'~v,w!1 i d̄@12tan2~w!D«b /«b#

11NL'~v,w!2 i d̄@12tan2~w!D«b /«b#
. ~61!

Since we work in the thin layer approximation (d̄!1) the
terms containingd̄ can be neglected. Then the absorptance
the structure is given by

AMQW~v,w!5
4N ReL'~v,w!

@11N ReL'~v,w!#21@N Im L'~v,w!#2
.

~62!

It is worth noting that, due to the presence of a metal cl
ding, a parallel component ofASQW(v,w) does not appear in
Eqs.~62!.

Near resonance@where ImL'(v,w)!ReL'(v,w)# we
can neglect the term with ImL'(v,w). In this limit,
AMQW(v,w) can be expressed only by the SQW absorpta
ASQW

' (v,w)5ReL'(v,w):

AMQW~v,w!5
4NASQW

' ~v,w!

@11NASQW
' ~v,w!#2

. ~63!

Our numerical calculations show that the above mentio
simplification works very well even far from the resonance
only NASQW

' (ṽ21,w),1.
Now we discuss@employing the two parabolic subban

expression~8! for L'(v)# a difference between absorptio
spectral shape predicted by Eq.~62! and that resulting from
-

i-

f

-

e

d
f

Poynting’s theorem. SinceẼ21!G, near the resonant fre
quency (v;ṽ21) Eq. ~62! reduces to the following form:

AMQW~v,w!>
4GGR

~Ẽ212\v!21~G1GR!2
, ~64!

whereGR /G5NĀ tan(w)sin(w)5NASQW
' (ṽ21,w).

The absorption spectrum predicted by Eqs.~62! and ~64!
has, like Poynting’s expression, a Lorentzian shape wit
peak value atv5ṽ21. However, due to the electromagnet
coupling and attenuation of the IR radiation~which are ne-
glected in Poynting’s expression!, ~i! the linewidth is equal
to 2G3(11GR /G) ~not 2G) and~ii ! the peak value is equa
to (4GR /G)3(11GR /G)22 ~not 4GR /G). Note that
AMQW(ṽ21,w) takes the maximum value of 1 when the rat
GR /G approaches unity, and then decreases with increa
GR /G. Inspection of Eq.~64! also shows that the area und
the absorption peak depends explicitly onG.

Expressions~61!–~64! are also valid when medium 3 i
air («351) provided that the angle of incidencew is very
close to the critical anglewc

TIR@5arcsin(1/A«w)#. ~In this
case the factorN35N 3

air5A12sin2(w)«w appearing in Eq.
~60! may also be treated as vanishingly small.! When condi-
tion N 3

air!1 is not fulfilled a simple expression fo
AMQW(v,w) can be obtained by substituting Eq.~60! into
Eq. ~54! and performing an appropriate Taylor expansion
we retain terms of the first order ind̄, the resulting expres-
sion for the absorptance coincides with that given by Poy
ing’s theorem.

When the MQW structure is very thick (d̄>1) then
ḡTIR

' (w)'ḡTIR
i (w)'2. This suggests that in such structur

the standing-wave effect does not affect the reflectance~ab-
sorptance! substantially, and the traveling-wave approxim
tion may be used. On the other hand, one can check tha
x,1 the function 4x/(11x)2 is very well approximated by
@12exp(24x)#. Thus it is reasonable to assume that, exc
in the case when the structure is simultaneously very th
and the angle of incidence large, the ‘‘exact’’ solution can
simulated by the double pass traveling wave equation w
ASQW

'(i) (v,w) replaced by the effective~averaged! absorptance

^ASQW
'(i) (v,w)&5 1

2 ḡTIR
'(i)(w) uv5ṽ21

ASQW
'(i) (v,w). In this ap-

proximation the absorptance of the structure takes the fo

AMQW~v,w!.12exp$2N@ ḡTIR
' ~w! uv5ṽ21

ASQW
' ~v,w!

1ḡTIR
i ~w! uv5ṽ21

ASQW
i ~v,w!#%. ~65!

Numerical calculations performed in Ref. 25 show that a
typical ~for the TIR geometry! angle of incidencew545°,
the above formula works very well at arbitrary thicknesses
the structure. This indicates that the influence of the elec
magnetic coupling on absorption spectra is negligibly sm
when w<45°. Equation~65! also correctly simulates the
‘‘exact’’ result in the range of a large angle of incidenc
provided that the MQW structure is very thin (d̄!1) and
NASQW

' (ṽ21,w),1. The situation changes drastically whe

condition d̄!1 is violated and the angle of incidence
large. In this regime Eq.~65! does not work correctly. This
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fact is illustrated in Fig. 3, which presents the TIR absorpt
characteristics of systems with different numbers of QWs
w575°. Note that, like in the case of the transmission
ometry, even a small difference between«w and«b substan-
tially affects the grazing-incidence absorption line shape

Figure 4 presents the normalized spatial distribution
uEzu2 in the structures considered in Fig. 3.~Knowledge of
this distribution is, for example, very helpful in a corre
interpretation of the resonant second-harmonic genera
spectra,5,23 photon drag effect,18 or nonlinear intersubband
absorption spectra31.! Inspection of the presented resu
shows that, in the range of large angle of incidencew
>wc* ) the standing-wave pattern is destroyed complete
even in the case of relatively thin MQW structures (N
550). It is also interesting to note that the spatial distrib
tion of uEzu2 very strongly depends on a difference betwe
«w and«b , the frequency of incident light and the presen
of metal cladding.

C. Attenuated total reflection geometry

The attenuated total reflection spectroscopy is a w
known method of, for example, chemical analysis to inv
tigate absorption spectra of materials, which are in dir
contact with a prism~for a review, see Refs. 34,35!. Re-
cently, the above geometry~with a Ge prism! was also used
to enhance the coupling of IR radiation with intersubba
transitions in GaAs/Ga12xAl xAs multiple-quantum-well
structures.18

Let us consider a multilayer system corresponding to
ATR geometry used in Ref. 18. The system consists o
semi-infinite nonabsorbing medium 0~prism!, a medium 1
~with thicknessd1) which can represent a cap layer~or air
gap!, a MQW structure ~medium 2! with thickness d2

FIG. 3. The spectral dependence of the TIR absorptance o
MQW structures with different numbers of quantum wells: ‘‘exac
results ~curves labeled by 1!, ‘‘exact’’ results but with «b5«w

~curves labeled by 2!, results obtained with the help of Eq.~65!
~curves labeled by 3!, and the traveling wave approximation~curves
labeled by 4!. ~a! and~b! The structure without metal cladding.~c!
and ~d! The structure with metal cladding. The cap layer thickne
d25100 Å ,w575°, andLMQW5405 Å.
n
t
-

f

on

,

-
n

l-
-
t

d

e
a

[dMQW , and a semi-infinite dielectric medium 3 with d
electric constant«3 smaller than the dielectric constant of th
prism («0.«3). We assume that the angle of incidencew in
medium 0 is greater than the critical anglewc

ATR

5arcsin(A«3 /«0). We also assume for simplicity that«1

5«35«w and take«0516 ~thenwc
ATR.56°).

As in the case of the TIR geometry, we start from app
cation of Poynting’s theorem@see Eq.~55!#. This theorem
gives

AMQW~v,w!5N@ ḡATR
' ~w! uv5ṽ21

ASQW
' ~v,w!

1ḡATR
i ~w! uv5ṽ21

ASQW
i ~v,w!#, ~66!

with

he

s

FIG. 4. The spatial variation ofuEz /Ez
(1)u2 in the structures

considered in Fig. 3 at\v5Ẽ21 ~curves labeled by 1! and \v
590 meV~curves labeled by 2!. Curves labeled by 3~4! show the

spatial variation ofuEz /Ez
(1)u2 at \v5Ẽ21 calculated taking« i i

5«w(« i i 5e i i ). The scale of the figure is insufficient to show deta
of the electric-field variation within the cap layer.
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13 052 PRB 59M. ZAŁUŻNY AND C. NALEWAJKO
ḡATR
'(i)~w!5

gATR
'(i)~w!

dMQW
E

d1

d11dMQW
exp~22ukz

(1)uz!dz, ~67!

where gATR
' (w)52«0w

3/2$11cos@q01(w)#%, gATR
i (w)

52«0w
21/2$12cos@q01(w)#%, ukz

(1)u5KA«0 sin2(w)2«w

and q01(w)522 arctan$A«0A«0 sin(w)22«w/@«w cos(w)#%.
@Whend1 ,dMQW!1/ukz

(1)u, in Eq. ~66! we can make the sub

stitution ḡATR
'(i)(w)→gATR

'(i)(w). Note that ḡATR
' (wc

ATR)
5gATR

' (wc
ATR)54«0w

3/2.#
Now we derive, starting from Eq.~60! a simplified ex-

pression for the absorptance of a thin structure withd150.
When w5wc

ATR ~or when the differencew2wc
ATR is very

small<0.1°) the terms containingN3 can be neglected. Ma
nipulations similar to those used in the case of the TIR
ometry show that, the ATR absorptance~at w>wc

ATR) can be
obtained making in Eqs.~62!, ~63! and ~64! the following
substitutions:

w→wc
ATR , N→N«0w

3/2 . ~68!

When conditionw>wc
ATR is not fulfilled, a simple expres

sion for the reflection amplitude can be obtained perform
@in Eq. ~60!# an appropriate expansion and neglecting ter
higher than the first order ind. The resulting expression fo
the absorptance is then identical with that obtained with h
of Poynting’s theorem.

Analysis of the obtained results suggests that the
layer ATR absorptance should be well simulated by the
lowing modified traveling-wave equation:

AMQW~v,w!.12exp$2N@ ḡATR
' ~w! uv5ṽ21

ASQW
' ~v,w!

1ḡATR
i ~w! uv5ṽ21

ASQW
i ~v,w!#%. ~69!

Numerical calculations~see Fig. 5 and Ref. 25! support use-
fulness of the above equation also whend1Þ0 and w
.wc

ATR .
We have calculated~see Fig. 6! the spatial variation of

uEzu2 in the structures considered in Fig. 5. We find that ev
in the case of thin structures (N510), modification of the
above variation~induced by intersubband transitions! can be
substantial.

Equation~69! breaks down when the thin layer approx
mation is violated or/and the cap layer is replaced by an
gap. However, in the last case a substantial simplification
the expression for the absorptance is possible in the l
exp(22ukz

(1)ud1)!1 by developing Eq.~39! in a linear ap-
proximation of this factor~for details, see Ref. 25!.

The situation is much more complex in the case of th
structures. However, when the difference betweenw and
wc

ATR is large enough, the condition Imkz
(MQW)dMQW@1 is

fulfilled. Then, medium 2 may be treated as semi-infini
Assuming, additionally, that the cap layer is very th
(ukz

(1)ud1!1), the reflection amplitude of the structure can
approximated by the reflection amplitude corresponding
the prism-effective medium interface (r 02) @see Eqs.~37!–
~39!# i.e., we can assume thatAMQW.12ur 02u2. For ex-
ample, we have checked numerically that for the struct
with N5200 (50) the above approximation works very w
whenw2wc

atr>1°(10°).
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IV. CONCLUSIONS

In this paper we have modified the commonly us
effective-medium approach by including the nonlocal ch
acter of intersubband dielectric response of the Q2DEG.
‘‘nonlocal’’ effective-medium approach was then employ
for systematic studies of optical properties of MQW stru
tures in the range of intersubband transitions. The obtai

FIG. 5. The spectral dependence of the ATR absorptance of
MQW structures with different numbers of quantum wells atw
5wc

ATR : ‘‘exact’’ results ~curves labeled by 1!, ‘‘exact’’ results but
with «b5«w ~curves labeled by 2!, and results obtained with the
help of Eq.~69! ~curves labeled by 3!. The cap layer thicknessd1

5100 Å ,« uprism516,wc
ATR.55.6°, andLMQW5405 Å .

FIG. 6. The spatial variation ofuEz /Ez
(1)u2 in the structures

considered in Fig. 5 at\v5Ẽ21 ~curves labeled by 1! and \v
590 meV ~curves labeled by 2!. Curves labeled by 3~4! show

spatial variation ofuEz /Ez
(1)u2 at \v5Ẽ21 calculated taking« i i

5«w(« i i 5e i i ). The scale of the figure is insufficient to show deta
of the electric-field variation within the cap layer.
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results show that, in the case of typical Brewster angle tra
mission geometry, the absorption spectra can be interpr
employing the traveling-wave approximation. After som
modifications the above approximation can also be used
description of TIR spectra~with w<45°) and thin layer TIR
and ATR spectra. However, when the angle of incidence
large and the MQW structure is thick, the modified travelin
wave approximation breaks down completely. The abso
tion line shape@more exactly lnRMQW

21 (v)# deviates then
d

C
.E

lid

.

D

an
s-
ed

or

is
-
-

strongly from a Lorentzian shape. A correct description
this deviation must take into account a difference betwe
the dielectric constants of the well and barrier materials.
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