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Theory of orientation-sensitive near-edge fine-structure core-level spectroscopy
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We derive an expression for the double differential scattering cross section for inner-shell excitation of
atoms by fast electrons. Using the augmented plane-waves approach for description of the photo electron, we
find the inelastic scattering cross section to be a function of energy loss and momentum transfer, which isa
priori not proportional to the local symmetry-projected unoccupied density of states. We show the importance
of symmetries and choice of coordinate systems, which may necessitate the consideration of cross terms in the
expression for the inelastic scattering cross section, coupling different angular momenta of the final state. This
has important consequences for the interpretation of energy loss near-edge structure and its counterpart x-ray
absorption near edge structure.@S0163-1829~99!00820-6#
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I. INTRODUCTION

The double differential scattering cross section for the
citation of an atom by a fast electron is given in the first Bo
approximation by1

]2s

]E]V
5

4g2

a0
2

k

k0

1

Q4
S~Q,E!, ~1!

where we defined the dynamic form factor~DFF!

S~Q,E!5(
i , f

z^ i ueiQRu f & z2d~E1Ei2Ef !. ~2!

a0 is the Bohr radius,g5(12b2)21/2 the relativistic factor,
and k0 ,k the length of the fast electron’s wave vectorsk0
andk before and after interaction, respectively. The kinem
ics of scattering defineQ5k02k, the scattering vector in the
Fourier-transformed Coulomb interaction potential. In t
case where the dipole approximationeiQR.11 iQR is justi-
fied, the direction ofQ plays the same role as the polariz
tion vectore does in x-ray absorption spectrometry~XAS!
for moderate photon energies, and formulas derived for e
tron energy loss spectrometry~EELS! may be applied to
XAS.2,3

The DFF is essentially a sum, restricted by conserva
of energyEf2Ei5E with E the energy transferred from th
fast electron to the atom, over transition probabilities b
tween initial and final eigenstates belonging to the atom
Hamiltonian. In the one-electron approximation these sta
are one-particle wave functions.

In order to explain observed edge shapes in EELS,
DFF in Eq. ~2! was repeatedly evaluated, in the past
PRB 590163-1829/99/59~20!/12807~8!/$15.00
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isolated atoms,4,5 more recently for atoms embedded in th
potential created by neighboring atoms~e.g., Refs. 3, 6, 7,
and references therein!. As already argued in the beginnin
of EELS,8,9 the detailed fine structure of an edge is due to
influence of the crystal potential on the final stateu f &, and
thus the observed electron loss near-edge structure~ELNES!
might be explained by referring to the unoccupied density
states~DOS!.

Modern methods10 for a simulation of ELNES employ
density-functional theory~DFT! combined with an adequat
expression for the exchange and correlation potential11 as a
tool to obtain single-electron wave functions for the fin
state. Often, the dipole approximation is used and integra
over all directions of scattering is implied. A major adva
tage of EELS, namely the ability of selectingQ, is thus
deliberately wasted, and indeed interpretation of momen
resolved ELNES is rare and mostly qualitative,2,12,13 even
though its principal interest is generally admitted.

On the other hand, the experimentalist is confronted w
an ambiguous definition of the transition-matrix element.
real-space~multiple scattering! methods14,15 the matrix ele-
ment in Eq.~2! is explicitly evaluated, taking into accoun
reflection of the photoelectron wave function by neighbori
atoms, and is traced back to an expression proportional to
unoccupied DOS.16,17 In reciprocal-space band-structu
methods the transition-matrix element isa priori taken as a
mere weighting factor to the DOSx(E),

S~Q,E!5uM ~Q,E!u2x~E!. ~3!

As a formal justification of Eq.~3!, Fermi’s golden rule is
employed.18 In practice, the dipole-selection rule is ‘‘supe
imposed’’ on Eq.~3! to yield
12 807 ©1999 The American Physical Society
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S~Q,E!5@ uMl 11~Q,E!u2x l 11~E!

1uMl 21~Q,E!u2x l 21~E!#, ~4!

where l is the angular-momentum quantum number of
initial state. Often, the energy dependence of the matrix
mentsuMl 61(Q,E)u2 is neglected and the ELNES is direct
compared to the partial DOS.

We show that the formulation of Eq.~3! is somewhat
arbitrary, and derive the DFF by an explicit evaluation of t
matrix element squared in Eq.~2!, using a band-structure
approach in reciprocal space. This may indeed lead to
partial DOS under the restriction that one takes an aver
over all directions ofQ. This condition is mentioned in the
original works19,20 to which most authors refer when the
compare ELNES to the partial DOS, but it often passes
noticed afterwards. In the case whereQ has a definite direc-
tion and no integration is performed, we show that the D
may be insufficient to describe the ELNES, and the m
complex expression of Eq.~12! must be used, involving vari
ous eigenstates to the angular momentum of the final st

II. A FORMULA FOR „Q,E… RESOLVED ELNES

We study the inner-shell excitation of a given atom s
rounded by other atoms, in the special geometry defined
the crystal. As we shall see, the calculation proceeds a
the same lines as for single isolated atoms.4,5 We use for the
initial ~core! state of energyEn,l an atomic wave function
separable into a radial and an angular part

^Ru i &5unl~R!Ym
l ~R̃! ~5!

with R̃5R/R, and expand the interaction operator in
spherical waves,

eiQR54p (
l50

`

(
m52l

1l

i lYm
l ~Q̃!* Ym

l ~R̃! j l~QR!, ~6!

where j l(x) is the spherical Bessel function of orderl. The
core-level stateu i & is supposed to be completely sharp
energy, and we assume that contributions from differentn,l
are sufficiently separated in energy so that we have onl
sum over degeneracym, as well as the two magnetic-spi
quantum numbers.

The sum over final eigenstates to the one-particle Ham
tonian in the crystal is a sum over band indicesn and wave
vectorsk in the first Brillouin zone, determining a Bloc
stateunk& of energyEnk . As the initial state wave function
decays very rapidly with increasingR, we can consider the
matrix elements in Eq.~2! to be nonvanishing only inside o
a sphere of radiusRt centered on atomt. This is the reason
why ELNES is said to test thelocal DOS. We, thus, need a
expression for the band stateunk& only inside this sphere
Among the many different methods to obtain one-parti
Bloch states for electrons in crystals, we choose Slater’s a
mented plane-wave method since it intrinsically is based
an expansion of the Bloch state into atomlike waves inside
spheres centered on the atoms, matched to plane waves
interstitial region.21 The band state’s component inside
spheret reads
e
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`

(
m852 l 8

1 l 8

Dl 8m8
t

~nk!ul 8~Enk ,R!Ym8
l 8 ~R̃!,

~7!

where the expansion coefficientsDl 8m8
t (nk) are determined

by the boundary conditions on the sphere’s surface. T
component ofunk& inside of spheret is a coherent superpo
sition of angular momentum eigenstates, which are defi
with respect to a certain coordinate system centered on
atom.

From Eq.~7! we may derive thel 8m8-like charge density
inside of the atomic spheret due to the band stateunk&,

rnk,l 8m8
t

~R!5uDl 8m8
t

~nk!ul 8~Enk ,R!Ym8
l 8 ~R̃!u2. ~8!

Hence, by integration over the whole spheret @by definition,
*0

RtdRR2uul 8(R)u251], the local partial charge is

qnk,l 8m8
t

5uDl 8m8
t

~nk!u2. ~9!

Summing all local partial charges of different band states
the same energye8, we obtain the local partial DOS

x l 8m8
t

~e8!5(
nk

uDl 8m8
t

~nk!u2d~e82Enk! . ~10!

We use the expression Eq.~7! for the final states in the
DFF Eq.~2!, for the initial states we employ Eq.~5!, and we
insert the expansion Eq.~6! for the interaction operator. As
stated above, the sum overi is a sum over the two spin
orientations and the magnetic quantum numberm, and we
sum all transition probabilities to energetically allowed ba
statesunk&, taking care of the coherent expansion in Eq.~7!
when calculating the modulus squared. In a way similar
the derivations in Refs. 4 and 5, transforming integrals o
spherical harmonics into 3j symbols,22 and defining the ra-
dial integrals

^ j l~Q!&ne8 l l 85E
0

Rt
dR R2 unl~R! j l~QR!ul 8~e8,R!,

~11!

wheree ’ 5Enl1E, we arrive at our main result

S~Q,E!52 (
l 8m8

(
L8M8

(
lm

(
l8m8

4p~21! l 81L8i l2l8

3~2l 11!A~2l11!~2l811!~2l 811!~2L811!

3Ym
l ~Q̃!* Ym8

l8 ~Q̃!^ j l~Q!&ne8 l l 8^ j l8~Q!&ne8 lL 8

3S l l l 8

0 0 0D S l l8 L8

0 0 0 D
3(

m
S l l l 8

2m m m8
D S l l8 L8

2m m8 M 8
D

3(
nk

Dl 8m8
t

~nk!DL8M8
t

~nk!* d~e82Enk!. ~12!

The factor 2 stems from the two spin orientations, and thej
symbols express the tensorial character of exp(iQR), which
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projects the final state on selected angular momental 8,L8
and directionsm8,M 8. This corresponds to the projectio
expressed by any scalar productQR. In case of smallQ, all
radial integrals in Eq.~11! with lÞ1 are small compared to
the (l51) contribution,4 and then the first two 3j symbols
represent the dipole-selection rulel 85 l 61,L85 l 61. There-
fore ELNES is said to test the dipole-selected local par
~i.e., l 8-projected! DOS.

Surprisingly, the energy restricted sum over band state
the last line of Eq.~12! is not the local partial DOS defined
in Eq. ~10!. Collecting all the terms preceding the energ
restricted sum in Eq.~12! into momentum- and energy
dependent coefficients, we may write, using the Kronec
symbolscl 8L8 anddm8M8 ,

S~Q,E!5 (
l 8m8

bl 8m8~Q,e8!x l 8m8
t

~e8!

1 (
l 8,L8

(
m8,M8

cl 8L8m8M8~Q,e8!~12d l 8L8dm8M8!

3(
nk

Dl 8m8
t

~nk!DL8M8
t

~nk!* d~e82Enk!. ~13!

The DFF is composed of one term proportional to t
momentum- and direction-projected local DOS, and a sec
term containing contributions from the coupling of differe
final angular momenta, resulting from the coherent comp
tion of the band stateunk&. These cross terms in Eq.~13! can
be attributed to the fact that a special directionQ is selected
in a nonspherically symmetric geometry, as was in fact
ready pointed out by Saldin.23

If we average Eq.~12! over all possible directions ofQ,
we obtain

S̄[4p]~Q,E!5
1

4pE[4p]
d2Q̃S~Q,E!

52~2l 11! (
l 850

`

(
l5u l 2 l 8u

l 1 l 8

~2l11!

3S l l l 8

0 0 0D 2

u^ j l~Q!&ne8 l l 8u
2x l 8

t
~e8!.

~14!

In the step from Eq.~12! to Eq. ~14! we made use of the
orthogonality of the spherical harmonics and of

(
mm

S l l l 8

2m m m8
D S l l L8

2m m M 8
D 5

d l 8L8dm8M8

2l 811
.

~15!

Proceeding as in the step from Eq.~12! to Eq. ~13!,

S̄[4p]~Q,E!5(
l 8

al 8~Q,e8!x l 8
t

~e8! , ~16!

i.e., DFF and thus inelastic scattering cross section are
deed proportional to the local partial DOS
l

in

-

r

d

i-

l-

n-

x l 8
t

~e8!5 (
m852 l 8

l 8

x l 8m8
t

~e8! . ~17!

The coefficiental 8(Q,e8) in Eq. ~16! can be interpreted a
the matrix element of Eq.~3!. For smallQ, it includes the
dipole-selection rule, Eq.~4!. Obviously, all cross terms in
Eqs.~12! and~13! vanish as soon as we do not distinguish
particular direction, and this is what is done in the deriv
tions of, e.g., Mu¨ller and Wilkins,19 who correctly interpret
x-ray absorption near-edge structure~XANES! spectra in
terms of the partial DOS.

The — slightly nonchalant — reference to Fermi’s gold
rule as a ‘‘derivation’’ of Eq.~3!, however, is wrong: multi-
plication of the transition-matrix element by the number
states per energy implies that transitions take place betw
eigenstates to the unperturbed Hamiltonian, and that
number of such eigenstates is counted. Eigenstates in a
tal are Bloch waves, labeled by (n,k), and not angular mo-
mentum eigenstates, labeled by (l 8,m8). We implicitly ap-
plied Fermi’s golden rule in summing over final band sta
unk& in Eq. ~2!. The coherent composition of each singul
band state by angular momentum eigenstates gave rise t
cross terms of Eqs.~12! and ~13!.

III. DISCUSSION: K-SHELL EXCITATION TREATED
IN THE DIPOLE APPROXIMATION

In the case ofK-shell excitation treated in the dipole ap
proximation, we havel 50, m50 andl5l851. Equation
~12! then simplifies to

S~Q,E!52(
mm8

4p•9•Ym
1 ~Q̃!* Ym8

1
~Q̃!

3^ j 1~Q!&ne801
2 S 0 1 1

0 0 0D
2S 0 1 1

0 m 2m D
3S 0 1 1

0 m8 2m8
D(

nk
D1,2m

t ~nk!

3D1,2m8
t

~nk!* d~e82Enk!, ~18!

where we made use of the properties of the 3j symbols im-
posing l 85L851 andm852m, M 852m8 for nonvanish-
ing S(Q,E). Using explicit formulas for the 3j symbols22

and the definition of the generalized localp-DOS

Jp,m,m8
t

~e8!5(
nk

D1,m
t ~nk!D1,m8

t
~nk!* d~e82Enk!,

~19!

Eq. ~18! transforms into

S~Q,E!58p(
mm8

Ym
1 ~Q̃!* Ym8

1
~Q̃!^ j 1~Q!&ne801

2
~21!m1m8

3Jp,2m,2m8
t

~e8!5:(
mm8

Smm8~Q,E!. ~20!
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A. Interpretation in the „ l 8,m8… basis

Interpretation of Eq. ~20! is straightforward: In the
momentum-resolved experiment we project the final state
the direction ofQ, therefore we select certainm,m8 compo-
nents of the final state that are linked to the orientation oQ
in the chosen coordinate system~in which them,m8 compo-
nents of the final state are defined! via the spherical harmon
ics with argumentQ̃. Expression~20! considers such projec
tion on single components of the final state in terms w
m5m8, which relate to the dipole-allowed localp-DOS

xp,m
t ~e8!5Jp,m,m

t ~e8!, ~21!

but it also accounts for the coherence of the final-state w
function by simultaneous projection onm and m8 compo-
nents withm8Þm. The latter contribution to the DFF we ca
the cross-term contribution, and in the special case ofK-shell
excitation treated in the dipole approximation this cross-te
contribution follows from Eq. ~20! by summation over
m,m8521,0,11, keeping only summands withmÞm8. The
sum contains six terms, and remarking that for ea
Smm8(Q,E) in Eq. ~20! the relation Smm8(Q,E)
5Sm8m(Q,E)* holds~this is necessary in order to obtain re
quantities for the DFF!, we may write

SCTm8
~Q,E!52Re@S11,21~Q,E!1S0,11~Q,E!

1S0,21~Q,E!#, ~22!

whereas the contribution to the DFF directly proportional
the m8-like DOS reads

SDOSm8
~Q,E!58p^ j 1~Q!&ne801

2 (
m

uYm
1 ~Q̃!u2xp,2m

t ~e8!.

~23!

B. Treatment using px ,py ,pz orbitals

The DFF is composed by one part proportional to
m8-like p-character DOS, Eq.~23!, and a second part con
taining the cross terms from simultaneous occupation of
ferent m8 orbitals, Eq.~22!. However, it is often desirable
and more clear to identify contributions due to‘‘chemica
px , py , and pz orbitals aligned parallel to thex, y, and z
axes, respectively. These are defined by

px~R̃!ª2
1

A2
@Y11

1 ~R̃!2Y21
1 ~R̃!#5A 3

4p

Rx

R
,

py~R̃!ª1
i

A2
@Y11

1 ~R̃!1Y21
1 ~R̃!#5A 3

4p

Ry

R
, ~24!

pz~R̃!ªY0
1~R̃!5A 3

4p

Rz

R
.

The inversion of Eq.~24! is

Y61
1 ~R̃!57

1

A2
@px~R̃!6 ipy~R̃!#,

Y0
1~R̃!5pz~R̃!. ~25!
n

ve

h

e

f-

With these relations we expand thep component of band
stateunk& Eq. ~7! inside of the atomic spheret in terms of
orbital functions,

cnk,p
t ~R!5@Dx

t ~nk!px~R̃!1Dy
t ~nk!py~R̃!

1Dz
t ~nk!pz~R̃!#ul 851~Enk ,R! ~26!

with

Dx
t ~nk!ª2

1

A2
@D1,11

t ~nk!2D1,21
t ~nk!#,

Dy
t ~nk!ª2

i

A2
@D1,11

t ~nk!1D1,21
t ~nk!#, ~27!

Dz
t ~nk!ªD1,0

t ~nk!,

or, inversely,

D1,61
t ~nk!57

1

A2
@Dx

t ~nk!7 iD y
t ~nk!#,

D1,0
t ~nk!5Dz

t ~nk!. ~28!

The px ,py ,pz character DOS is defined asxpx ,py ,pz

t (e8)

5(nkuDx,y,z
t (nk)u2d(e82Enk), respectively, and in the ap

pendix the relations between the variousx,y,z, and 11,0,
21 p-character DOS are discussed. Making use of Eq.~25!
and Eqs.~A1! and~A4! derived in the appendix, we transla
the DFF inm8 representation intox,y,z representation. The
contribution proportional to them8-like p-character DOS,
Eq. ~23!, reads

SDOSm8
~Q,E!53^ j 1~Q!&ne801

2 H Qx
21Qy

2

Q2
@xpx

t ~e8!1xpy

t ~e8!#

12
Qz

2

Q2
xpz

t ~e8!J , ~29!

whereas the cross-term contribution Eq.~22! is the sum of

2 Re@S11,21~Q,E!#

5^ j 1~Q!&ne801
2 H 3

Qx
22Qy

2

Q2
@xpx

t ~e8!2xpy

t ~e8!#

112
QxQy

Q2 (
nk

Re@Dx
t ~nk!Dy

t ~nk!* #d~e82Enk!J
~30!

and
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2 Re@S0,11~Q,E!1S0,21~Q,E!#

5
12̂ j 1~Q!&ne801

2

Q2

3H 2QzQx(
nk

Re@Dz
t ~nk!Dx

t ~nk!* #d~e82Enk!

2QzQy(
nk

Re@Dz
t ~nk!Dy

t ~nk!* #

3d~e82Enk!J . ~31!

We see that part of the21,11 cross term may in fact be
interpreted by a purepx ,py DOS contribution, which is due
to px and py orbitals being a combination of (1,21) and
(1,11) states.

An interpretation of the DFF in terms ofpx , py , andpz
orbitals yields a term proportional to thepx , py , or pz like
DOS

SDOSxyz
~Q,E!5

6^ j 1~Q!&ne801
2

Q2
@Qx

2xpx

t ~e8!1Qy
2xpy

t ~e8!

1Qz
2xpz

t ~e8!#, ~32!

and a second term proportional to cross products of exp
sion coefficients intopx , py , or pz orbitals,

SCTxyz
~Q,E!5

12̂ j 1~Q!&ne801
2

Q2

3H 1QxQy(
nk

Re@Dx
t ~nk!Dy

t ~nk!* #

3d~e82Enk!2QzQx(
nk

3Re@Dz
t ~nk!Dx

t ~nk!* #d~e82Enk!

2QzQy(
nk

Re@Dz
t ~nk!Dy

t ~nk!* #

3d~e82Enk!J . ~33!

C. Existence of cross terms

The genuine coherence terms in Eq.~33! represent the
symmetry of the final state. Only if the local point-grou
symmetry permits choice of a coordinate system w
equivalence of negative and positive axes for at least on
the directions coupled, i.e., if the plane perpendicular to t
direction is a mirror plane, these coherences disappear
deed, imagine the (yz) plane to be a mirror plane,1x
equivalent to2x. Then the physics of the problem do n
change whether we employ a scattering vector (Qx ,Qy ,Qz)
or a scattering vector (2Qx ,Qy ,Qz). In other words, the
sum of Eqs. ~32! and ~33!, S(Q,E)5SDOSxyz

(Q,E)
n-

of
t

In-

1SCTxyz
(Q,E), must be the same in the two cases. Equat

~32! is independent of the sign ofQx , but theQx-dependent
lines of Eq.~33! change sign when the mirror is applied
Q. As we demand identity of the two DFF for any values
Qy ,Qz , both sums over (n,k), which are multiplied byQx
must vanish.

The disappearance of the cross terms corresponds to
diagonalization of the photoelectron’s density matrix, whe
the px ,py, andpz orbitals in that special coordinate syste
become eigenstates of the photoelectron. In cases, wher
respective site has a point group symmetry with at least
perpendicular mirror planes~i.e., at least for two of the three
axes the positive and negative directions are equivalent! it is
in principle always possible to choose a coordinate sys
such that cross terms can be avoided. However, with lo
symmetry this is not possible for a generalQ direction.

In ( l 8m8) representation, the same argument applies
the S0,11(Q,E),S0,21(Q,E) cross terms. TheS21,11(Q,E)
term, however, disappears only if additionally to two perpe
dicular mirror planes, thex and they axis are equivalent.
This can again be shown by a symmetry argument forQ,
similar to that of the preceding paragraph and applied to
(Qx

22Qy
2) term in Eq.~30!. More obviously, equivalence o

x and y axis impliesxpx

t (e8)5xpy

t (e8). Then, Eq.~A3! is

valid and the first part of the cross-term contribution Eq.~30!
disappears. Such complete annulment of theS21,11(Q,E)
term can only be achieved for symmetries higher than ort
rhombic.

As a general remark, it must be stated that aQ-resolved
ELNES ~or an e-resolved XANES! experiment tests one
single direction onto which the electron states are projec
It is, therefore, always possible to exclude all cross term
(xy)-plane DOS contributions, when the coordinate syst
is chosen such thatQ is aligned to thez axis, Qx5Qy50.
From Eq.~32! we see that in this case the DFF is direc
proportional to the localpz DOS and all cross-terms in Eq
~33! or Eq. ~22! are zero. Once the coordinate system
chosen, anisotropy of the atomic environment@e.g.,xpx

t (e8)

Þxpz

t (e8)] will result in anisotropy of the obtained spectr

whenQ is tilted off thez axis, according to Eq.~32!. Such
experiments are reported in, e.g., Refs. 7 and 13. Additio
evidence for a dependence of the signal on the sign of
componentsQx ,Qy ,Qz is traced back to the cross-term co
tribution according to Eq.~33! and accounts for antisymme
try of the atomic environment projected on thex, y, and z
axis.

IV. EXAMPLE: OXYGEN K-SHELL EXCITATION
IN RUTILE

From a practical point of view, the (l 8m8) basis is much
easier to use than Cartesian orbital functions, especi
when going beyond the dipole approximation and wh
shells other than theK shell are studied. We therefor
implemented24 Eq. ~12! in the LAPW ~linearized augmented
plane waves! code WIEN97 ~Ref. 25!. The question how to
find the LAPW equivalent ofDl 8m8

t (nk)Dl 8m8
t (nk)* and

other numerical details shall be treated elsewhere.26 Here, we
just present the simulation of the ELNES due toK-shell ex-
citation (n51,l 50) of one particular oxygen atom in rutil
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TiO2, labeled by O1 in Fig. 1. The electronic structure a
chemical bonding in TiO2 was studied in detail in Ref. 2
We choose forQ two different orientations with respect t
the crystal, one in@001# direction~parallel to thec axis, see
Fig. 1! and one along the@110# direction, keeping the abso
lute length constant atQ53.9 nm21 ~this corresponds to the
minimum length ofQ due to an energy loss of 530 eV at 20
keV primary energy!. Calculations are performed using tw
different coordinate systems~1! and~2!. In order to show the
relation between DOS and spectrum more clearly, we did
include instrumental and life-time broadening in the simu
tions. In the chosen example,Q!aK

21 with aK the approxi-
mate extension of the oxygenK shell, so that the dipole
selection rule applies. Consequently, cross terms couple
ferentm8,M 8 of p-character final states (l 85L851), and we
may refer to the results of discussion in the preceding s
tion.

Figure 2 gives the ELNES of O1 withQ parallel to thec

FIG. 1. Unit cell of TiO2 ~rutile!. For simulation of the ELNES
the two coordinate systems~1! and ~2! were used.

FIG. 2. Simulation of the ELNES due toK-shell excitation of
the oxygen atom O1 in Fig. 1 withQ in @001# direction. The solid
line corresponds to the DOS-based formula Eq.~23! using coordi-
nate system~1!, where it yields the correct result for the givenQ.
The dashed line is the result of Eq.~23! in coordinate system~2!.
The dash-dotted line is the cross-term correction necessary in
tem ~2!, proportional toxpx

t (e8)2xpy

t (e8).
.

ot
-

if-

c-

axis of tetragonal rutile according to Eq.~23! where just the
symmetry-projected DOS is used. This yields the correct
sult only in coordinate system~1! whereQ is aligned to the
z axis and cross terms as well as in-plane DOS contributi
disappear. There, the result is directly proportional to
pz-like DOS xpz

t (e8) shown in Fig. 3. In the second coord

nate system, which is actually the one used by the ba
structure code,Q is parallel to thex axis. However, the resul
is not proportional to thepx-like DOS @which is of course
identical to thepz-like DOS of coordinate system~1!, cf.
Figs. 3 and 4# because the calculation is based on the (l 8,m8)
representation, and there the cross terms of Eq.~22! must be
taken into account. The correction that is necessary in o
to obtain the same result as in coordinate system~1! is given
by the first part of Eq.~30!, proportional to the difference o
px- andpy-like DOS defined with respect to coordinate sy
tem ~2!. Indeed, we must not expect any genuine cross te
described in Eq.~33! when using the coordinate system~2!
since both (1̄10) and (001) planes are mirror planes for t
local environment of O1, i.e.,1x and2x as well as1y and

ys-

FIG. 3. Localp-character DOS beyond the Fermi level of ox
gen, defined in system~1!. Due to the ~1̄10! mirror, xpx

t (e8)

5xpy

t (e8). The spectrum obtained withQ parallel to@001# is pro-

portional toxpz

t (e8), cf. Fig. 2.

FIG. 4. Same as Fig. 3, but defined in system~2!. All three
components of the DOS are different, thepx-like DOS is identical
to the pz-like DOS defined in coordinate system~1!. A spectrum
obtained withQ parallel to the@110# direction will be proportional
to xpz

t (e8), cf. Fig. 5.
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2y are equivalent. The mere inequivalence of1z and 2z
@the lacking mirror (110)] is insufficient to createzx- or
zy-coupling cross-terms. Note that the cross-term correc
in the Ti-t2g band27 ~the energy region between 2 and 4.5 e
beyond the Fermi level! has~mostly! opposite sign than the
contribution of the (l 8m8)-DOS based formula Eq.~23!,
while in the Ti-eg band~from 5 to 7 eV! sign and magnitude
coincide. This is a consequence of the required nonzero o
lap between the respective O-px andpy orbitals with the Ti-
d orbitals of eg or t2g symmetry, respectively. This is als
the reason, why thepy DOS in coordinate system~2! is
almost zero in the Ti-eg band.

The situation is different withQ parallel to the@110#
direction, where the resulting spectrum is shown as solid
in Fig. 5. The spectrum is directly proportional to thepz-like
DOS if coordinate system~2! is used, as may be seen b
comparing Figs. 4 and 5, and therefore may be describe
Eq. ~23! alone. Using coordinate system~1!, neither 1x,
2x nor 1y,2y directions are equivalent, and we obta
genuinexy-coupling cross terms of the type described in E
~33!. Since thex and y axis of coordinate system~1! are
equivalent@due to the mirror~1̄10!#, xpx

t (e8)5xpy

t (e8) and

the (11,21) cross term of Eq.~30! is always identical to the
xy-coupling cross term. Nevertheless, in the Ti-eg band the
cross-term correction is again of equal sign and magnitud
the (l 8m8)-DOS contribution.

V. CONCLUSION

We have derived a formula that permits correct quant
tive simulation of momentum-resolved ELNES

FIG. 5. Simulation of the ELNES due toK-shell excitation of
the oxygen atom O1 in Fig. 1 withQ parallel to the@110# direction
in tetragonal rutile. The solid line is the true spectrum, which for
given Q and using coordinate system~2!, results from the DOS-
based formula Eq.~23!. The dashed line is the result of Eq.~23!
using coordinate system~1!. In this system, and withQ pointing in
@110# direction, the cross-term correction is necessary~dash-dotted
line!. In contrast to Fig. 2, this cross term cannot be traced bac
a difference of DOS components, but is caused by thexy-coupling
term in Eq.~33!.
n

r-

e

by

.

as

-

polarization-dependent XANES experiments within ban
structure methods in reciprocal space. The interest of s
experiments is the possibility to study the detailed geome
and partition of unoccupied electronic states, and this in t
implies the interpretation of spectra in terms of the loc
symmetry-projected DOS. The theoretically and numerica
simplest approach is based on a (l 8,m8) representation of the
unoccupied states. For local point-group symmetries low
than orthorhombic, an interpretation in terms of just t
( l 8,m8) DOS is insufficient, and coupling of different mo
menta of the final state must be considered. As was discu
for the special case of theK-shell excitation treated in the
dipole approximation, such cross terms may partly be tra
back to DOS contributions in a Cartesian coordinate syst
If, however, the local point-group symmetry does not cont
at least two mirror planes perpendicular to each other, cr
terms will persist even in a Cartesian picture, and an in
pretation using only the DOS is impossible. This in tu
makesQ-dependent ELNES experiments sensitive to not j
differences of the unoccupied states along orthogonal di
tions, but also to inversion symmetry along one single dir
tion. Thus it is hoped that the presented approach stimul
both theoreticians and experimentalists to continue studie
this prospering field.
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APPENDIX A: RELATIONS BETWEEN THE DOS

For the localp-character DOS we derive from Eq.~28!

xp,21
t ~e8!5

1

2
@xpx

t ~e8!1xpy

t ~e8!#

1(
nk

Im@Dx
t ~nk!Dy

t ~nk!* #d~e82Enk!,

xp,11
t ~e8!5

1

2
@xpx

t ~e8!1xpy

t ~e8!#

2(
nk

Im@Dx
t ~nk!Dy

t ~nk!* #d~e82Enk!,

xp,0
t ~e8!5xpz

t ~e8! ~A1!

and from Eq.~27!

e

to
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xpx

t ~e8!ª(
nk

uDx
t ~nk!u2d~e82Enk!5 1

2 @xp11

t ~e8!

1xp21

t ~e8!#2Re@Jp,11,21
t ~e8!#, ~A2!

xpy

t ~e8!ª(
nk

uDy
t ~nk!u2d~e82Enk!5 1

2 @xp11

t ~e8!

1xp21

t ~e8!#1Re@Jp,11,21
t ~e8!#,

xpz

t ~e8!ª(
nk

uDz
t ~nk!u2d~e82Enk!5xp,0

t ~e8!.

If we can choose a system of coordinates such thatx andy
axis become equivalent,

xpx

t ~e8![xpy

t ~e8!⇒Re@Jp,11,21
t ~e8!#50. ~A3!
d

-

. B

e,

ie

.

s-
This is also seen in the generalized expressions

Jp,21,11
t ~e8!52 1

2 @xpx

t ~e8!2xpy

t ~e8!#

2 i(
nk

Re@Dx
t ~nk!Dy

t ~nk!* #d~e82Enk!,

~A4!

Jp,0,21
t ~e8!51

1

A2
(
nk

Dz
t ~nk!@Dx

t ~nk!* 2 iD y
t ~nk!* #

3d~e82Enk!,

Jp,0,11
t ~e8!52

1

A2
(
nk

Dz
t ~nk!@Dx

t ~nk!* 1 iD y
t ~nk!* #

3d~e82Enk!.
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