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Fano interference of collective excitations in semiconductor quantum wells
and lasing without inversion
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Absorption cancellation via tunneling induced Fano interference in semiconductor quantum wells is studied
in the presence of the Coulomb interaction between electrons. For a small subband dispersion, gain or loss is
determined by single-electron Fano interference. For a large subband dispersion, collective excitations domi-
nate the absorption spectrum and are crucial for the observability of tunneling induced transparency, which
exists in spite of subband dispersion. Pumping destroys collective excitations; therefore gain without inversion
is possible only for small subband dispersion.@S0163-1829~99!04820-1#
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Many interesting phenomena in optics such as elec
magnetically induced transparency1 ~EIT! and lasers without
population inversion2,3 ~LWI ! originate from atomic coher
ence and interference of radiative processes. One com
feature is Fano interference,4 where two decay processe
from two different states interfere due to coupling of the
states to the same reservoir. This interference occurs e
though the processes are irreversible.

After the successful observation of these phenomen
atomic media, it is natural to extend them to semiconduc
materials.5 Motivated by the progress in quantum casca
lasers,6 some theoretical aspects of EIT and LWI
semiconductors,7 and specifically in intersubban
transitions,5,8 have been discussed. The band dispersion,
favorable for LWI, is smaller in intersubband transitions th
in interband transitions. Tunneling induced transpare
~TIT! in intersubband transitions has recently be
observed,9 providing further motivation for a detailed stud
of LWI in these systems.

A rigorous theory of semiconductor LWI requires the i
clusion of many-body effects in connection with relaxati
and subband dispersion~for a review see Ref. 10!. The Cou-
lomb interaction of electrons in semiconductors has b
studied in the local-density approximation8 without taking
relaxation into account. In this paper we study TIT and LW
of collective excitations in intersubband transitions11 and ex-
citons in interband transitions, using the formalism of sem
conductor Bloch equations generalized for a multiband se
conductor.

We show that for materials having a large subband d
persion, e.g., InAs, absorption cancellation is possible o
by virtue of the Coulomb interaction. TIT is made possible
this case due to the interference of collective excitation12

and exists even at very large subband dispersion. Injectio
electrons in the upper lasing level destroys the collec
excitations and limits LWI to small subband dispersions.
this case~e.g., GaAs!, TIT and LWI originate from interfer-
ence of single particles and are not diminished by pump
PRB 590163-1829/99/59~19!/12212~4!/$15.00
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We label the states of electrons in multiple quantum we
by the subband indexm and the quasimomentum in the plan
of the well k ~see Fig. 1!. The Hamiltonian in the rotating
frame ~see Ref. 13! for the interaction of electrons with a
laser fieldE and their Coulomb interaction in terms of th
electron creation and annihilation operatorsamk is14

H5(
m,k

\Dmkamk
† amk2 (

$m,n%k
~\Vmnamk

† ank1\Vmn* ank
† amk!

1
1

2 (
m,n,n8,m8,k,k8,q

\Vq
mnn8m8am,k1q

† an,k82q
† an8,k8am8,k ,

~1!

where Dmk is the detuning of the state$m,k% ~see Fig. 1!
Vmn5`mnE/\ is the Rabi frequency of the electromagne
field, with `mn5* f m* z fndz denoting the dipole matrix ele
ment. The two-dimensional Coulomb potential isVq
5e2/@2\«0«b«(q)uqu#, where«b is the background dielectric
constant and the resonant screening«(q) is given by the
static Lindhard formula.10 The Coulomb interactions be

FIG. 1. Scheme of the momentum states of subbandsa anda8
coupled by a laser field with the frequencyv to subbandb. Here
Dak , Da8k , andDbk are the detunings of the states from the fie
andD52(Da01Da80)/2.
12 212 ©1999 The American Physical Society
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tween different subbandsVq
mnn8m8 are Vq multiplied by the

corresponding form factor Form(m,n,n8,m8) which is deter-
mined by the envelope wave functionsf m(z) of states in the
well ~see Refs. 11 and 14 for details!. We call Fock terms
those withm5m8, n5n8, and qÞ0 and ‘‘depolarization’’
terms those withm5n8Þn5m8; we retain onlyq50 depo-
larization terms. Depolarization terms have a finite limit
q→0; we define the effective well width in this limit a
Form(m,n,m,n)/uqu→aWmn asq→0. Processes correspon
ing to these contributions are depicted in Fig. 2.

We can write the semiconductor Bloch equations10 for the
reduced density matrixsmnk5^ank

† amk&, where angular
brackets denote a quantum statistical average with the
many-body density matrix. The Hamiltonian part of the ev
lution of the density matrix for an arbitrary number of su
bands is

ṡmnkucoh52 i ~Dmk2Dnk!smnk1 i (
$k,l%

@Vkl~dmkslnk

2smkkdln!1Vkl* ~dmlsknk2smlkdkn!#

1 i (
kqÞ0

~Vq
mkkmsmkk1qsknk2Vq

nkknsmkksknk1q!

1 i (
k,k8

~V0
knknsmkksknk82V0

mkmksmkk8sknk!.

~2!

We treat the relaxation part of the evolution as the us
interaction with the reservoir in a rate approximation.13 In
our case, transition rates between subbands~mostly with
emission of a phonon! arewmn , a collision rate of electrons
in subbandm with all others isgmcoll , and a dephasing rat
of polarization between subbands, e.g., due to interf
roughness, isgmndeph, etc. A more rigorous treatment o
electron collisions can be found, e.g., in Ref. 15. Howev
our approximation was found to describe adequately the l
width of intersubband transitions9 that depends weakly on
the density of electrons. We describe in more detail the t
neling processes that experience Fano interference. Dis
subbands interact with the same quasicontinuum mode
the reservoir. The rate of tunneling from and to statem is
r m}ugmu2, where the coupling constantgm has the phasefm .
The frequency associated with the band in the rotating fra
is vm and the reservoir occupation number in the mod
having the energy approximately equal to\vm is n̄. The
contribution of the Fano interference is then16

FIG. 2. Change of electron states in processes correspondin
parts of the Coulomb interaction~from left to right!: band gap
renormalizationVq

aaaa, excitonic enhancementVq
abba, and depolar-

ization Vq
abab.
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ṡmnkuFano5n̄Ar nr m exp~ ifm2 ifn1 ivmt2 ivnt !

2(
k

Ar mr k

2
exp~ ifm2 ifk1 ivmt2 ivkt !sknk

2(
k

Ar nr k

2
exp~ ifk2 if i1 ivkt2 iv i t !smkk .

~3!

Usually we envision each level interacting with two rese
voirs: The electrons are injected with ratesr i into the wells
from the first one~emitter! and the decay of the electro
occupancy with ratesg i is due to coupling to the secon
reservoir~collector!. It is essential for the creation of cohe
ence that the relative phases of coupling to the emitter
collector are different so that the injection and the dec
happen to different linear combination of the two quantu
states. In all calculations we use phases 0 and 0 for coup
to the collector and 0 andp for coupling to the emitter for
statesa and a8, respectively. This is the case of absorpti
cancellation.5

The subband dispersion isdmnk5Dmk2Dm02Dnk1Dn0.
The inhomogeneous broadening associated with the dis
sion of two subbands is estimated for parabolic subband
dFmn5\kF

2/2mrmn , wherekF is the largest of the two Ferm
momenta and the reduced mass of the pair of subband
given by mrmn

21 5mm
212mn

21 . The intensity gain coefficien
Gmn522vu`mnu2/(\c«0nb)Im(Pmn /Vmn) is proportional
to the polarization between subbands. HerePmn5(ksmnk ,
the sum runs over momenta of all transitions in a unit v
ume,v is the cyclic frequency of the field, andnb5A«b is
the index of refraction.

In the following derivation we approximate all form fac
tors by unity in the Fock terms. We may do this for only lo
to moderate electron densities~see Ref. 11!. Additionally we
assume that the rates of relaxation processes are mome
independent; then it is possible to express the incohe
terms only via total polarizationsPmn . We sum the equa-
tions ~2! and obtain

i Ṗmnucoh5DmnPmn1Smn2(
k

~V0
nknk2V0

mkmk!PmkPkn

2 (
$k,l%

@Vkl~dmkPln2Pmkdln!

1Vkl* ~dmlPkn2Pmldkn!#, ~4!

whereSmn5(kdmnksmnk is the inhomogeneous part of th
polarization. This proves, under the above assumptions
an arbitrary number of subbands, that if the subband dis
sion is negligible, then the exchange contribution cancels
and the only effect of the Coulomb interaction on the to
polarization is depolarizationV0 that becomes a rigid fre
quency shift of the spectrum if the upper subband cohere
is small.

We numerically solve the semiconductor Bloch equatio
~2! for a multiple quantum well in which two upper subban
a anda8 are closely spaced by 2Ds!v and one lower sub-
bandb is coupled to botha and a8 by a laser field.5 As a
result we find the total polarizations in the laser transitio

to
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Pab1Pa8b for a very small Rabi frequencyVab ~linear gain
or loss!. The detuning of the laser field from resonance w
the center of gravity of the two upper subbands isD5
2(Da1Da8)/2; see Fig. 1. In all of the above calculation
we will assume an ambient temperature of 12 K.

The case of small subband dispersion is illustrated by
parameters corresponding to a GaAs quantum well with
intersubband transition frequency of 100 meV,Ds
510 meV, andeb512.9. The masses of the subbands
cording to Kane’s model10 are mb50.069m0 , ma

50.077m0, andma850.079m0. For TIT, the lower subbandb
is populated up to a Fermi momentumkF by injection with
the rater b50.1 meV, chemical potentialmb537 meV, and
decay rategb50.01 meV. No carriers are injected into upp
subbandsa anda8, but they can tunnel out with ratega53
meV. We take the depolarization values to bekFaWab50.2
andkFaWaa851, the dephasing rate in each transitiongdeph
50.2 meV, and the effective collision rategcoll50.1 meV.
The numerical result confirms the above prediction: The
sorption line shapes calculated with and without the C
lomb terms are not very much different; the line is blu
shifted due to depolarization~Fig. 3!. If there were no Fano
interference included, the positions of the absorption pe
would not change; however, the absorption in its local mi
mum between the peaks would be several times higher.
demonstrates that TIT is still preserved in the presence
many momentum states and the Coulomb interaction;
prediction is already confirmed by experiments.9

LWI can be achieved by injection to the upper subban
Now we take for the upper subbandsr a52 meV andma
534 meV and for the lower subbandsr b51.5 meV andgb
52 meV. Still there is no inversion between any of the m
mentum states of any of the upper and the lower subba
In this case~the right curve in Fig. 4! gain without popula-
tion inversion is obtained between the resonance peaks.
is purely due to Fano interference: We would have obtai
loss at any detuning without it.

The case of large subband dispersion is illustrated by
InAs quantum well with the same energies of subbands
zero momentum. Thereeb515.7 and the masses of the su
bands aremb50.027m0 , ma50.037m0, andma850.041m0.
For TIT the rates for the lower subband arer b50.1 meV and
gb50.01 meV, the chemical potential ismb580 meV, and

FIG. 3. Gain spectrum for a small subband dispersion~corre-
sponding to a GaAs QW! as a function of detuningD with no
injection into subbandsa and a8 with Coulomb terms and Fano
interference~solid curve!, with Coulomb terms without Fano inter
ference~dashed curve!, and without Coulomb terms with Fano in
terference~dotted curve!.
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the tunneling rates from the upper subbands arega55 meV.
Without the inclusion of the Coulomb terms we obtain
wide spectrum of absorption that is an overlap of the t
shifted flat line shapes~see Fig. 5, dashed line!. Each flat
distribution corresponds to coupling to one of the upper s
bands and their widths are given by the inhomogene
broadeningudFu due to subband dispersion. Large inhom
geneous broadening is known to destroy absorption can
lation. The calculation shows that absorption is maximal
the center of the line confirming that no absorption cance
tion would have existed for single particle excitations.

The situation changes dramatically with the inclusion
Coulomb terms~Fig. 5, solid line!. We see two narrow lines
corresponding tocollective excitationscorresponding to each
of the upper subbands11!. The width of the peaks is not de
termined by the subband dispersion, but rather by the ho
geneous width given by tunneling, collisions, and dephas
Assuming a stepwise distribution of electron occupat
numbers and a constant characteristic value of the Coulo
potential Vch , we approximately solve Eq.~2! to obtain a
criterion that the spectrum is close to that of a sole collect
excitation

Vch~Pbb2Paa!@
udFu

lnS dF

g D , ~5!

FIG. 4. Gain spectrum as a function of detuningD with the
injection into subbandsa anda8 for ma50.042~corresponding to a
GaAs QW!, solid curve; for ma50.033, dashed curve; andma

50.028~corresponding to an InAs QW!, dotted curve.

FIG. 5. Gain spectrum for a large subband dispersion~corre-
sponding to an InAs QW! as a function of detuningD with no
injection into subbandsa and a8 with Coulomb terms and Fano
interference~solid curve!, with Coulomb terms without Fano inter
ference~dotted curve!, and without Coulomb terms with Fano in
terference~dashed curve!. The curve with crosses corresponds
injection into subbandsa anda8 with the account of all terms.
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where g is the homogeneous width. If one neglects Fa
interference, the absorption between the peaks turns out
significantly higher~Fig. 5, dotted line!. This shows that the
absorption cancellation exists in our case and is only poss
due to Fano interference of collective rather than sing
particle modes.

We try to obtain LWI by introducing the electron injec
tion to the upper subbands withr a50.5 meV andma555
meV. Surprisingly, we obtain an increase in absorption~Fig.
5, crossed line!. One can see that now the left-hand side
the collectivization criterion~5! is smaller and less oscillato
strength is concentrated in the collective mode. Theref
the inhomogeneous broadening is eliminated to a sma
degree and absorption cancellation is less perfect. At la
subband dispersion, this increase of absorption outweighs
increase of emission due to the presence of carriers in
upper subbands. It is still possible to achieve LWI when
subband dispersion is appreciable but not too large, i.e., c
parable to either the splitting between the subbands or
relaxation rate; see Fig. 4, middle curve.

Fano interference can be observed as well in interb
transitions, i.e., when the lower subband belongs to the
lence band. This case is analogous to the intersubband p
lem, but has a much larger subband dispersion. We illust
it by the example of GaAs with massesma50.069m0
5ma8 and mb520.377m0. We set Ds56 meV, ga52
meV, andgb50.1 meV, with the collision and dephasin
rates the same as above. The Coulomb interaction cause
appearance of two exciton lines separated from the f
electron absorption at higher frequencies; see Fig. 6.
absorption between them is significantly smaller than o
would obtain without taking into account Fano interferen

It is known that the usual lasing in exciton lines~with
direct photon emission! is not possible: Injection of electron
and holes destroys excitons before inversion is created
cause of the decrease of the population difference betw
the bands and because of screening of the Coulomb po
tial; then, only the single-particle transitions are observ
One might hope that lasing without inversion in exciton lin
o
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would be possible. However, our calculation shows that
this case of extremely large subband dispersion, the dis
pearance of excitons overshadows the increase in emissio
per the discussion above and lasing without inversion d
not occur in exciton lines.

In conclusion, we predict the existence of tunneling
duced transparency and gain without population invers
via Fano interference. In the limit of a small subband disp
sion, the Coulomb interaction does not modify the gain li
shape. In the limit of a large subband dispersion, tunne
induced transparency exists only due to Fano interferenc
collective excitations induced by Coulomb interaction. Ele
tron injection to the upper subbands in this case gives g
without inversion only for a small subband dispersion. Ga
without inversion, however, was not possible for a large s
band dispersion, including the case of interband transitio
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FIG. 6. Gain spectrum for interband transitions~corresponding
to a GaAs QW! as a function of detuningD with no injection into
subbandsa and a8 with Coulomb terms and Fano interferenc
~solid curve! and with Coulomb terms without Fano interferen
~dotted curve!.
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