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Critical behavior of the electrical transport properties in a tunneling-percolation system
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We report the confirmation of the tunneling-percolation model predictions by measurements on carbon
black-polymer composites, in which the carbon black is of ‘‘low structure.’’ From the measurements we have
determined the critical resistance exponentt, and the ratiok/t, wherek is the critical relative resistance-noise
exponent. The results found aret56.4 andk/t50.5. It is shown that these simultaneous newt andk/t results
are consistent only with the predictions of a tunneling-percolation model. It is argued that previously reported
values oft andk/t in similar systems, which deviate from the theoretical predictions of this model, are due to
nonrandom dispersion of the particles in these systems.@S0163-1829~99!02316-4#
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Since the predictions of nonuniversal behaviors of
resistance1–3 and relative resistance noise4 in percolation sys-
tems there have been numerous experimental works in w
the critical exponents that characterize these behaviors
been measured.5,6 In particular, the critical-resistance expo
nent t and the ratiok/t, wherek is the critical exponent of
the relative resistance noise, have been determined. O
systems studied there are many that can be describe
made of conducting particles embedded in an insulating
trix. In one large group of systems the particles touch
overlap ‘‘geometrically’’,6 while in the other group they only
‘‘touch electrically’’. As representatives of the first group
systems, one can consider granular metals7 ~in which the
conduction, above the percolation threshold, takes place
network made of fused-together metal particles! and various
mixtures of conducting and insulating particles.5,8 The ran-
dom void~RV! and inverted random void~IRV! models have
explained the nonuniversal behavior of such systems.1,2,4,6In
the systems in which the particles do not touch ‘‘geome
cally’’ but do ‘‘touch electrically’’ the measured finite mac
roscopic conductivity must be attributed to the existence
interparticle tunneling. In particular, in the many composi
of conducting particles embedded in a continuous polym
matrix9–22 the interparticle electrical contacts are due
tunneling9 and the conduction network forms a well-defin
percolation-like network.3,10,12 We call such systems
tunneling-percolation systems. It was found11,12 that in some
carbon black-polymer composites, the values oft are larger
than the values predicted by nontunneling models2 (t52.0 or
t52.5) and are even larger3,19 than the value predicted by th
mean-field11 model (t53). These observations can b
explained3 by a tunneling-percolation model~hereafter,
TPM! but they are also consistent with recent results6 of the
extension of the nontunneling~RV and IRV! models. Hence,
another independent evidence for the validity of the TPM
the carbon black-polymer composites is called for.
PRB 590163-1829/99/59~19!/12196~4!/$15.00
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A complementary transport property that can be used
testing the validity of the TPM is the relative resistance no
for which, as we show below, the TPM predictions are ve
different from those of the nontunneling models. In fa
quite a few results of such measurements on the above c
posites have been reported,14–16,21but no general theory to
account for these results has been proposed. In particul
recently measured21 k/t50.5 value cannot be accounted fo
by any previous nontunneling model.4,6 Since agreement be
tween the measuredt andk ~or k/t) values with theoretical
predictions can provide strong support for, or disprove,
applicability of the TPM,3 and since there was no previou
explanation for the diversity of already reported values ot
andk/t, it appears important to carry out the correspond
simultaneous measurements and compare their results
the theoretical predictions. Following the above consid
ations we have carried out such measurements on ca
black-polymer composites where the carbon black cond
ing particles are of ‘‘low structure’’22 ~see below!. We have
then extended our tunneling-percolation theory for t
resistance3 to predict the critical behavior of the relative re
sistance noise and we have compared the experimenta
sults with these predictions.

For the sample preparation, we have utilized our pre
ously described procedure23 except that, in the present pap
we also compared results obtained for four different types
carbon black~CB! powders. Briefly, the samples are com
posed of a mixture of a commercial CB and a polymer. T
CB resistivity is of the order of 1022 Vcm while that of the
polymer is of the order of 1018Vcm. Many different mix-
tures were prepared with a wide range of CB volume
denoted here byv. Each compound was compressio
molded into thin slabs. The composition of the compos
was determined by thermogravimetric analysis.22 To retest
our suggestion3 that the ‘‘lower’’ the ‘‘structure’’ of the car-
bon black~i.e., the closer the structure of the carbon bla
particles to compact spheres22! the better the description o
12 196 ©1999 The American Physical Society
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PRB 59 12 197BRIEF REPORTS
the system by the TPM~Ref. 3! ~in which the particles are
assumed to be randomly dispersed and well removed f
each other!, we have checked the degree of t
‘‘structure’’ 22 using the well-known dibutylphtholate~DBP!
test.22 This common semiquantitative measure of the str
ture consists of finding the ratio of the DBP-oil volume th
can be adsorbed to 100 g of CB particles. The larger
value the larger the deviation from spherical-compact p
ticles, i.e., the ‘‘higher’’ the ‘‘structure’’ of the CB. For the
four types of carbon blacks studied, the lowest ‘‘structur
was found to have a DBP of 43 cm3/100 g while the highes
had a DBP of 180 cm3/100 g.

The four-probe measurements of the resistivityr have
confirmed the trend we found3 previously on another serie
of composites~made with different types of carbon black!,
i.e., that the lower the ‘‘structure,’’ the higher the percolati
threshold~i.e., the critical CB volume %,vc) and the larger
the value of t. Following our suggestion3 that the higher
these values the better the description of the system by
TPM, we concentrate in this letter on the composites of
‘‘lowest structure,’’ i.e., on those of a DBP value of 4
cm3/100 g and an average primary particle size of 320 nm22

The resistivity of the corresponding composites as a func
of the proximity to the percolation thresholdp-pc is shown
in Fig. 1. In this paper, we define the experimentalp andpc
as v/(12vc) and vc /(12vc), respectively. The best fit to
that data, shown in Fig. 1, yields avc of 3962% and at
value of 6.460.7. For completeness and in agreement w
the above-mentioned suggestion,3,24 let us mention that for
all other compositesvc<20.3% andt<3.1. As far as we
know, the presentt56.4 value is the largest ever reported
CB-polymer composites and thus~according to the above
argument of Ref. 3!, this composite is the best available sy
tem for testing the predictions of our TPM.

FIG. 1. The measured dependence of the resistivity on the p
imity to the percolation threshold, in our~low structure! CB-
polymer composite.
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For the relative resistance noise measurements we h
cut 143530.25 mm3 strips of the composites. The sampl
and the experimental setup used for these measurement
illustrated in Fig. 2. Five contacts were attached by fi
scribing the surface of the sample and then applying a la
of a silver paste. The noise measurements were carried
then in a standard five-probe configuration. Such a setup
duces bias and contact noise. Assuming a single bulkf
noise in the resistivity fluctuations the noise power of t
voltage fluctuations of the 10–100 Hz range is given byN
5t*10

100@SV( f )/V2#d f , wheret is the volume of one arm
of the sample,V is the voltage across one arm,f @Hz# is the
frequency, andSV( f ) is the power spectral density of th
voltage noise. As noted in previous works,5,21 the determina-
tion of k/t is much more accurate than the determination
k since no derivation of, or an assumption on, the value
the percolation threshold is necessary. Hence, we presen
results in Fig. 3 in terms of the resistivity dependence ofN.
The best fit of the data to a power law dependence is fo
to yield a value ofk/t50.560.1. We will show below that
while the latter valuecannotbe explained by the nontunne
ing models2,4,6 it is in excellent agreement with the predic
tions of the following TPM.

Let us assume then that we have a random distribution
spheres~of radiusb! the average distance between which is
@52(3n/4p)1/3#, where n is the volume density of the
spheres. Under these conditions the distribution function
the distances between two adjacent particlesr is expected

x-

FIG. 2. A schematic of the sample configuration and the exp
mental setup used for the present noise-power measurements.

FIG. 3. The measured dependence of the relative resista
noise power on the resistivity in our~low structure! CB-polymer
composites.
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12 198 PRB 59BRIEF REPORTS
to be peaked aroundr 5a. This distribution function,
known25 as the Hertz distribution, is given by
(3r 2/a3)exp@2(r/a)3#. Since for the present purpose of th
tunneling between relatively far-apart spheres, the impor
feature of the distribution is its exponential decrease withr,
andsince we would like to use as a simple analytic funct
as possible, which still retains this feature, we adopt3 a
‘‘simplified Hertz distribution’’ of the form (1/a)exp
(2r/a). For this distribution the probability thatr is larger
than somer 0 , is simply exp(2r0 /a). Applying the nodes-
links-blobs ~NLB! approach,25,26 as in all previous
theories,2–6 we now use the fact that in a link of the NLB
model there areL1 singly connected resistors. Hence, t
probability that in the link there will be no resistor for whic
r .r 0 , is @12exp(2r0 /a)#L15exp@2L1 exp(2r0 /a)#. The
typical largest distance between two particles in the linkr 0 is
given then by:L1 exp(2r0 /a)'1.

The resistance of a resistor controlled by tunn
ing is R1 exp@(r22b)/d#, where R1 is a constant ~or,
at most, a very weak function ofr!, and d is the char-
acteristic tunneling distance of the system. Hen
the average resistance of a resistor in the link
^R&L1

5R1 exp(22b/d)$*2b
r0 exp@(2r/a)(12a/d)#dr%. Consid-

ering the above relation betweenr 0 andL1 we see that̂R&L1

diverges asL1
2(12a/d). Since the links’ resistanceRj in the

NLB model is given byL1^R&L1
, the additional term to tha

of the universal behavior~i.e., to that of anL1 independent
^R&L1

), in the present NLB-TPM, is simplyL1
(a/d21). Using

the well-known25,26 relation L1}(p2pc)
21, we have that

the resistivity critical exponentt which is defined byr}(p
2pc)

2t, will be given by

t5tun1~a/d21!, ~1!

wheretun is the critical exponent in the universal case.
We note in passing that in the case where the CB parti

have a ‘‘high structure,’’ i.e., when the particles are elo
gated and/or of irregular shapes~such as in composites
where the interparticle distance is determined by interpart
friction, or entanglement! one can assume3 a constant dis-
tancer m22b between the surfaces of two adjacent partic
and thus a universal behavior. Hence, the expectation~ful-
filled by previous3 and present results, see above! that the
‘‘higher’’ the ‘‘structure’’ of the CB the closer the value oft
to that of tun. Correspondingly for composites such as t
one investigated here, wherea.2b@d, the larger thet, the
closer the expected particle distribution to that of the He
distribution.

Turning to the behavior of the electrical noise in our TP
we consider, as in the theory of the nontunneling system4,6

the single resistor that has the resistanceRj . For this ‘‘link
resistor’’ we have to find the corresponding distancer 1 , i.e.,
the distancer 1 such thatRj5R1 exp@(r122b)/d#. Since we
found above that for our ‘‘simplified’’ Hertz distribution
Rj}L1^R&L1

5L1
(a/d), we can conclude now thatr 1 is sim-

ply determined by the relation:L1}exp@(r122b)/a#. Now,
for the relative resistance noisedR2/R2 of a resistor elemen
of resistanceR we know27 that the ratio of the squared fluc
tuations to the squared resistance is inversely proportion
the number of elements in the resistor. Hence,dR2/R2
nt

n

-

,
:

s
-

le

s

z

to

}1/f, wheref is the volume of the resistor. The correspon
ing average ofdR2 over theL1 resistors is given then by
^dR2&L1

}*0
r 1(R2/f)exp(2r/a)dr. In the present case, sinc

the interparticle volumef has, at most, a power law depe
dence onr, this dependence can be neglected. Conside
the above relation betweenr 1 and L1 we find then that the
nonuniversal part of the fluctuations is well approximated
^dR2&L1

}L1
(2a/d21). Using this result and the above non

universal part of̂ R&L1
, i.e., L1

(a/d21), we find that the non-

universal contribution to^dR2&L1
/^R&L1

2 is simply L1 .
Hence, we conclude that the critical exponent of the relat
resistance noise@defined bySR}(p2pc)

2k# is k5kun11,
wherekun is its universal value. Numerically, this means th
since in three dimensional systems4,25 tun52 and kun
51.56, our predictedk/t ratio for the TPM is given by

k/t5~kun11!/@ tun1~a/d!21#52.56/~11a/d!. ~2!

In the other extreme case of a constantr m22b, both
^dR2&L1

and^R&L1

2 are constants and thus botht andk have

their universal values so thatk/t5kun/tun50.78. This case
of a single-value resistors in the system, cannot be dis
guished from the nontunneling universal case. Hence
composites where the CB is of ‘‘high structure’’ a percol
tion independent evidence~such as in Refs. 9 or 18! for the
existence of interparticle tunneling is necessary. If the
tended RV and IRV models are considered,6 our measured
t56.4 value would imply thatk/t is 1.86, if the RV model
applies, and 3.0, if the IRV model applies. In no case
these models can the value ofk/t be less than 0.78. We se
then that the present experimental results of,t56.4@tun and
k/t50.5 are consistentonly with our TPM predictions@Eqs.
~1! and ~2!#.

The above reconfirmation of the trend that the lower C
structure yields a higherpc and a largert, indicates that the
particle distribution in our system is relatively close to th
of the randomlike Hertz distribution. We note of course th
in view of the simplifications used in the model and t
significant deviation of the experimental system from that
the ideal Hertz distribution, thea/d values that can be de
duced from the measurement oft may be quite different from
the actuala/d values in the experimental system. For e
ample, for the composite at hand, one would expect22 a priori
an a/d value of the order of 130 (2b/d'6500/50) rather
than 5.4 that can be deduced from the measured valuet
56.4. This large deviation can be explained, howev
within the framework of the above model since apparen
the present, experimentally studied system is far from hav
an ideal Hertz distribution. We may view then the prese
experimental system as an ‘‘intermediate case’’ between
of a constant distance between the surfaces of two adja
particles, and that of the ideal Hertz distribution. Hence, o
experimental system is too far from the ideal Hertz case
yield the ‘‘actual’’ high-t values, but is close enough to th
ideal case, to yieldk/t values that are lower than the unive
sal values.Hence, the a/d value that one may deduce fr
the measured t is more of a measure of the proximity to
Hertz distribution than the actual a/d ratio.We have to
stress then that the experimental system under study, w
being still far from the ideal ‘‘Hertz system’’ is the bes
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approximation to such a system, among the available carb
black polymer composites.The important point is, however
that the value we measure fork/t is beyond the expectatio
from all other available nonuniversal percolation theories.6

This makes the present TPM the only available explana
of the experimental results presented here. We further n
that the TPM is based on two well-established features of
system, i.e., the tunneling between the carbon bl
particles9 and the larger dispersion with the lower structu
of these particles,22 as manifested by the higherpc found
here and pointed out previously.3 The approximation we
made here is not designed then to yield exact values for
exponents but rather the values of their limits. Indeed,
experimental results are accounted for by these limits and
clearly distinguishable from those of previous theories.6 We
can conclude then that thet values, which lie in the interva
between the universal value~as measured in som
works13,18,20!, and the previous3,11,12,14,19and present, high
nonuniversal values, are consistent with our3 explanation of
the deviation of the measured system from the rando
uniform Hertz distribution. In particular, suppose that duri
o

.

o

B

,

b

n-

n
te
e
k

e
e
re

-

the molding process the particles are pushed against e
other so that there is no polymer layer between them. In t
case, there is a percolation network that consists of partic
that in practice ‘‘touch geometrically’’24 so that it is better
described by the IRV models2,6 than by our TPM. This
seems to be the case in Refs. 14 and 15. In another stud21

it was found that by increasing the applied voltage, a tran
tion from ak/t51.7 value~which is consistent with the ex-
tended IRV model6! to a k/t50.5 value~which is in agree-
ment only with the present TPM! has been observed. Thi
observation suggests that the effect of increasing the volt
is to switch the conduction from that of a voltage
independent IRV-like network to that of a voltage-depende
tunnelinglike network.

In conclusion, combined measurements of the resista
and relative resistance noise and the corresponding theo
cal analysis of the tunneling-percolation network indica
clearly the existence of the tunneling-percolation scena
Comparison with other data and other models suggested
the literature makes us conclude that for some systems
above scenario applies while in others the extended inver
random void model is a better description.
.
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