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First-principles calculations of the vacancy formation energy in transition and noble metals
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The vacancy formation energy and the vacancy formation volume ofdhd@® and & transition and noble
metals have been calculated within the local-density approximation. The calculations employ th&l order-
locally self-consistent Green’s-function method in conjunction with a supercell approach and include electro-
static multipole corrections to the atomic sphere approximation. The results are in excellent agreement with
available full-potential calculations and with the vacancy formation energies obtained in positron annihilation
measurements. The variation of the vacancy formation energy through a transition-metal series and the effects
of crystal and magnetic structure are investigated and discus3@t63-18209)07717-9

[. INTRODUCTION vacancy-solute interaction energies in alloys or to study
complex thermal defects in some intermetallics, very large
The existence of vacancies in metals and intermetallicupercells are necessary. Since the computational effort in
compounds plays an important role for the kinetic and therconventional band-structure methods growsNdswhereN
modynamic properties of materials. In this connection thds the number of atoms in the unit cell, such methods become
energy of formation of a monovacancy is a key concept inextremely inefficient for large supercells. However, recently
the understanding of the processes that occur in alloys during new generation of electronic structure methods in which
mechanical deformation or heat treatment. Over the last dehe computer time scales linearly witth has emerge 22
cade studies have succeeded in determining energies @ne most efficient so-called orddr-method is the locally
monovacancy formation from positron annihilation self-consistent Green's-functidi. SGF) method by Abriko-
experiments ™ as well as fromab initio full-potential (FP) 5oy et al27-2% that may be used to treat ordered, disordered,
calculations for simple metdfs® and for some transition and and partially ordered systems on the same footing and with
noble metals™° The most recent work even includes studies |, accuracy comparable to that of conventional band-
of vacancy-vacancy and vacancy-solute interactions in Clgiycryre methods. The high efficiency of this method is
Ni, Ag, and Pd(Refs_. 11_1%6.“‘0[ in Al (Ref. 13 by means achieved by the choice of a self-consistent effective medium
of th,e fuII-_potentlal Korringa-Kohn-Rostoker (KKR) that allows for a particularly small local interaction zone
Green s.—functlon .method. o (LZ).
In spite of the importance, to our knowledge, o initio The original implementation of the LSGF metdds

f th havi f th fi i | . .
study of the behavior of the vacancy formation energy aon%@sed on the atomic-sphere approximaiA®A) that may
e

a transition-metal series has been performed so far, althou ! h ¢ . b
a number of theoretical predictions based on simplified mod= expected to overestimate the vacancy formation energy by

els of bonding in transition metals may be found in the@S much as a factor of 2 similar to all the previous vacancy
literature'®~80n the other hand, there are many experimen_calculations performed within the ASR 3! This large error

tally observed and theoretically expected correlations conarises as a result of an inadequate treatment of the electron
necting the vacancy formation energy to other physical propcharge depletion around the vacancy caused by the spherical
erties such as cohesive and surface enefdie¥?'melting ~ averaging of the electron density over each atomic sphere
and Debye temperaturé$??*and elastic constanté There-  and would clearly invalidate the calculations. However, the
fore, the goals of the present work are to perform a systemvacancy formation energy is a physical quantity of the same
atic ab initio study of vacancy formation energies in all the kind (and order of magnitudeas the surface energy and one
3d, 4d, and A transition metals, to analyze the observedwould expect to be able to determine it by means of the
trends along the rows of the Periodic Table, and to investiLSGF method provided the spherical approximation to the
gate the effects of crystal and magnetic structure on the vaelectron charge density is lifté8 similar to the surface en-
cancy formation energies. ergy calculations for simple and transition metaland to

The number of vacancies in an elemental metal at equithe surface segregation calculations in metallic alf5y%.In
librium conditions is usually small. Even close to the meltingthe present work we therefore keep the spherically symmet-
point it is much less than 1 at. %. Thus, in order to study aic potential but go beyond the ASA for the electron density
realistic metal-vacancy system, it is necessary to considdyy an electrostatic multipole expansion and we show that in
either a single vacancy in the bulk using the Green’'s-this formulation the LSGF method has the accuracy neces-
function method;® or a large supercell in which the vacan- sary to calculate the vacancy formation energy in transition
cies are well separated. To calculate vacancy-vacancy anetals.
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IIl. METHOD OF CALCULATIONS

A. Thermodynamic definitions

Let us consider a bulk crystal of an elemental metal con
taining N, atoms and\, vacancies at zero temperature. The
number of vacancies in the system is allowed to chang
while the number of atoms is kept constant. We then defin

the vacancy concentration as,=N,/N, where N=N,

+N, is the total number of lattice sites and evaluate th

vacancy formation quantities in the dilute linaf—0.

At constant pressung, corresponding to the experimental

conditions, the vacancy formatienthalpymay be defined

as
N,=0/ N,=0/

ta ta

dV(N,)
N,

- [GE(N,)
v F7NU

@

whereE(N,) is the total energy an¥(N,) the volume of

P. A. KORZHAVYI et al.

PRB 59

B. Supercell calculations for vacancies

To calculate the physical quantities relevant for vacancy
formation we use a supercell approach in which the metal-

vacancy system is modeled by a bulk crystal in which the
number of lattice site®l=N,+ N, is fixed by construction.

%ollowing the definitiong1) and(2) the vacancy formation
%nthalpy and the vacancy formation volume may be calcu-
eIated from the expressions

HL =E(1,0)~- %E(O,ﬂ)ﬁt pINO—(N-1)Q] (7)
and
Q1y=NOo=(N=1)Qy, ®

whereE(N, ,Q) is the total energy of a supercell containing

N, vacancies at a volum& corresponding to an external
pressurep. For the perfect crystal with no vacancies present
the volume corresponding to the common external pressure

the system. The pressure dependence of the vacancy formig-().

tion enthalpy is commonly characterized by the first deriva-

If the size of the supercell is large, the effect of volume

tive at zero pressure, the so-called vacancy formation volrelaxation on the energy is negligible since the total energy

ume,

F
. _dHE,
1V &p

: 2

c,=0

PO
ac,

p=0

whereQo=Vy(c,)/N is the equilibrium volume per site. At

constant volumeV the vacancy formatiorenergy may be
defined as

- _[FE(N,)
v aNU

) . ©)
N,=0/ yn,

The vacancy formation energy, E@®), evaluated at the cal-
culated equilibrium volume/, and the vacancy formation

of the supercell has a minimum at the appropriate equilib-
rium volumes. In that case the vacancy formation energy
may be calculated at a fixed volume close to the equilibrium
volumeQ, as

. N-1
ENV(Q)=E(LO) - —~E(0Q), ©

while the partial vacancy pressure may be estimated from its
first derivative using Eq(4). Due to the superior conver-
gence of Eq(7) asN—o, we have used this expression at
zero external pressure instead of E9). to calculate the va-
cancy formationenergyas is common practice in supercell
calculations for vacancies:>30-%6

C. Locally self-consistent Green’s-function method

enthalpy, Eq(1), determined at zero external pressure coin-

cide.

The volume dependence of the vacancy formation energ
may be described by a partial contribution to the crystal

pressuré?

ap JEF(Q)
pr: - T o0

Q)

&CU Cu=0> Q

0

=0,

connected to the vacancy formation volui@ through the
thermodynamic relationship

Qfy )
=B|——-1|=Bg¢, 5
Piv (Qo 5

whereB is the bulk modulus of the host antlis the volume
misfit

1 9Q
0= —
Qg dc,

(6)

c,=0

To eliminate vacancy-vacancy interactions one needs su-
ercells with about 30 to 50 lattice sites and since we want to
erform total-energy calculations for close to 30 elemental

metals in two crystal structures, bcc and fcc, we will here
take advantage of the LSGF methdd® the computational
efforts of which scale linearly with the number of lattice
sites. This favorable orde¥- scaling is achieved by solving
the multiple-scattering problem exactly inside the so-called
local interaction zone that surrounds each atom in the super-
cell whereby one may obtain locally self-consistent values of
the Green’s function for the central site of each LIZ. The
LSGF method employs a judiciously chosen effective me-
dium to describe the crystal beyond the LIZ and therefore
one may obtain highly accurate total energies for a minimal
LIZ size. In fact, the method typically becomes more effi-
cient than conventional ordé2 methods for supercells with
more than 20 atoms and is ideally suited for the present
purpose. A detailed description of the method and some ap-
plications may be found in Ref. 28.

The LSGF method is based on the linear muffin-tin orbit-
als (LMTO) theory of Anderset{~*?and employs the ASA
in which one includes only the electrostatic monopole con-
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tribution to the atomic-centered spherically symmetric poten- TABLE I. Madelung potential, net charge, and partial Madelung
tials. This approximation has proved to be accurate forenergy of the atomic spheres belonging toitecoordination shell
highly symmetric and close-packed systems, such as ordgaround the vacancy site in fcc Cu f&,s=2.58 bohrs calculated
nary metallic crystals, but the neglect of higher multipolesusing a 32-site supercell without(;,,=0) and with (na,=6)
makes the ASA fail, for instance, in surface calculations. Fofmultipole Madelung terms. The vacancy site is-ai0 and the LIZ
the same reason Brawt al2° find vacancy formation ener- Size is two coordination shells.

gies for Fe that in the ASA are 2.5 times larger than the - _ - S
experimental value. Clearly, to obtain reliable vacancy for-coordination  Multipole  Vg(R) Qr(R)  En(R)
mation energies one needs to go beyond the ASA. shell number Imax (Ry) (lel) (Rysite)

0 —0.4387 0.9022 -0.1979
—0.6495 1.0299 -0.3346
0.0897 —0.0873 —0.0039
0.0797 -0.0894 —0.0078
—0.0120 —0.0083 0.0000
—0.0097 0.0003 0.0000

D. Corrections to the ASA

Similar to the LMTO Green's-function method for sur- 1
face calculatior¥ we include in the present work the mono-
pole contribution to the ASA potential from the higher mul- 2
tipoles of the charge density, i.e., go beyond the ASA for the
charge density but keep the ASA for the potential. For want
of a better name we call this approximation, which is the first
step towards the full charge-density techni§Bi&ASA+M.

The monopole I(=s) contribution to the effective one-
electron potential is evaluated from the monopole and mul-

tipole momentsQ, of the valence electron charge by the Here eis the electron chargeef=2 in Rydberg units Sthe
multipole expansion radius of the atomic sphe(é is assumed that all the atomic

spheres have equal ragdiand«y, the Madelung constant for
1 sL' L the underlying lattice. The effective chargg(S)) is the
VrR=g > MR Qn. (10 average interstitial electron density in the crystal multiplied
R'.LY by the atomic sphere volume. In the present case it becomes

whereL is shorthand for thel(m) quantum numbers and 4 1
ME’YLR', is the multipole Madelung matrix that is equivalent to (q(9))= §7TS3N > nR(S), (13
the conventionalunscreenedg¢=0) LMTO structure con- R

stants for theentire supercell. A corresponding Madelung
contribution given by

DO oo oo

(a(s))?

1
ER,,O”=§e2(1.8—aM)T. (12)

where the summation runs over all of tNeatomic positions

R of the supercell.

1 For closed-packed underlying lattices, is close to 1.8,

- L LL 5L’ which is the value ofyy, in the ASA, and for most metals at

Ew 2S5 RE,I_ QRRZL M Qe (D their equilibrium volun'\1/|e, the Ewald correction is typically in

, . the range from 10 to 40 mRy/atom. The correction has been

is add_ed to the tqtal energy. A description of t_he procedure, juded in a number of calculatiof&*8 where it tends to

including expressions for the Madelung matrices and th,rease the calculated equilibrium lattice parameter that is

multipole moments may be found in Ref. 32 where it is alsoyg,5)ly underestimated within the ASA. The importance of

shown that_ only \{vhen the multipole cor_1tr|but|ons to theihis term in the vacancy problem comes from two facts.

ASA potentlal are included does one obtain accurate surfac,girst, the vacancy formation energy is very sensitive to the

energies. , _ _ _ atomic volume and, second, a vacancy lowers the interstitial

_ The number of multipoles included in thesummations  gjectron density that enters EG2). The latter effect is much

in Egs.(10) and(11) is determined by the angular momen- g onger than in normal alloys, say, between two transition

tum cutoffl,,,, used in the Green’s-functions calculations. In metals, which havex(S) of the same order for all the alloy
the present calculations, ,,= 3 and due to the properties of components.

the Gaunt coefficients the multipole moments of the charge
density have nonzero components ud 02l ,,,.. AS a re-
sult the Madelung contributions to the potential and total
energy include angular momenta uplte6. To test the convergence of the LSGF in the ASM we

In Table | we show the monopole Madelung potential forhave calculated the vacancy formation energy in Cu varying
the atomic spheres at and around a vacancy in Cu as a funtie LIZ and supercell sizes. The result of this convergence
tion of |5, together with the corresponding self-consistenttest is summarized in Table II. In general we find that the
net charge and contribution to the total energy. It is seen thatet charge of the vacancy, i.e., the empty sphere, shows an
the multipole terms lower the potential by 30% and lead to aattenuated oscillatory behavior with increasing LIZ size, that
substantial reduction of the Madelung energy. In fact, thishe Madelung shift on the vacant site converges monoto-
reduction brings the calculated vacancy formation energy fonously, and that the resulting value of the vacancy formation
Cu in complete agreement with the results of full-potentialenergy is insensitive to an increase of the LIZ size beyond
calculations'® the first coordination shelll c.s). The difference between

As a minor correction we also include the muffin®ior ~ the vacancy formation energies calculated using a 32-site or
Ewald® correction to the ASA Madelung energy a 108-site (X 3x3) fcc supercell is found to be 0.01 eV.

E. Convergence with respect to LIZ and supercell size
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TABLE Il. Net charge inside the empty sphere, Madelung po- L L L L L AL
tential and energy of the vacancy site, and the vacancy formation 4r 7

energy in Cu calculated using different supercell and LIZ sizes. 3
3 - -
Supercell LIZ Multipole Q3. V3. Ev2c  HE, 1
size size 1. (e) Ry (Rylsitd (eV) ) S o N j_x_ -
s A\ S
32 2cs. 0 0.9022 —0.4387 —0.1979 2.90 JF X \\V— el E i
32 lcs. 6 1.0312 —-0.6504 —0.3354 1.33
32 2c.s. 6 1.0299 —0.6495 —0.3346 1.33 P S S T T S S R
32 3c.s. 6 1.0306 —0.6491 —0.3346 1.33 Sc Ti V Cr Mn Fe Co Ni Cu
108 2cs. 6 1.0312-0.6403 —0.3302 1.32 =~ — T
()]
) T 4

This indicates that the interaction of vacancies at long dis- % 3l x & i
tances is repulsive and rather small. S . S

As a further indication of the accuracy of the method we T ot ,/' r——— - J
have calculated the formation energy of divacancies in Cu g '//x" 3N
using 64-site (X 2X4) supercells in which the two vacan- % 1l 8
cies are first and second neighbors, respectively. The maxi- §
mum separation between the vacancies in a 64-site supercell g R S S S S T
corresponds exactly to the separation of the vacancies in a Y Zr No Mo Tc Ru Rh Pd Ag
32-site supercell with a single vacancy, and this allows us to —— T
extract the vacancy-vacancy interactions in Cu. Our calcu- 4} i
lated divacancy binding energy is shown in Table Il and it 5d /§~\\
compares well the results of the full-potential studiés. 3} ,é 4 . ]

It is seen that the interaction between two vacancies is P .
small and attractive when they are first neighbors but repul- L L7 /’( x\\\ . J
sive when they are second neighbors. Despite the fact that e ‘a‘\\ l
the divacancy binding energy is of the same order of magni- 1k d \l‘J J

tude as the energy of the local lattice relaxations around a
single vacancy, the relaxation effects cancel to a large degree S S S
in the final expression for the binding energy of a divacancy, Lu Hf Ta W Re Os Ir Pt Au
and the residual contribution to the divacancy binding energy

due to local relaxation effects should be one order of mao- FIG. 1. Experimental data for the monovacancy formation ener-
nil:ude smaller xall u ggies in the &8, 4d, and A transition and noble metalgrosses

Recommended medium-temperature values are shown as open
squares. The broken line represents the vacancy formation energies
F. Details of calculations given by theTy/1000 rule, while the dot-dashed line shows the

Based on the convergence tests we have used the LsdReancy formation energies predicted by Miedema'’s theory.

meth0&7 in COI’ljunCtion with the ASA-M to performed gu'ar momenta up tbmang' ThUS, we treated Va'enm p,
scalar-relativistic total-energy calculations of monovacancieg| andf electrons self-consistently within the local-density
in the A, 4d, and & transition metals. For the magnetid 3 approximation for which we used the Perdew, Burke, and
metals we included the effect of Spin p0|arizati0n. To ana-Ernzerhofg parametrization of the many_body results by
lyze the variation of the vacancy formation energy along theceperley and AldéP for the nonmagnetic metals and for
rows of the Periodic Table all the metals were calculated irferromagnetic bcc Fe, fcc CO, and Ni and antiferromagnetic
the fcc as well as bcc crystal structures. We assumed equgde Mn and bee Cr.
atomic radii for metal atoms and vacancies and included an- The core states were recalculated at each self-consistency
loop using the soft-core approximation. Semicore states of
TABLE Ill. The monovacancy formation energhizy, and the  Sc, Ti, Y, Zr, and Hf were treated using two energy panels,
binding energies of two vacancies which are fiEs},(1), andsec-  while Lu was calculated in the frozen core approximation to
ond, E?V(Z), neighbors in fcc Cu. All energies are given in eV. gy0id problems with its # states.
Negative sign of the binding energy means attraction. LSGF The Brillouin zone integration was performed by means
ASA+M refers to the present calculations for a 32-site supercellof the special point technique, including 2kQoints in the
with one vacancy and a 64-site supercell with wo vacancies. Thq 4g jrequcible wedge of the Brillouin zone for the fcc lat-
results of the full-potential calculations by Klemraattal. (Ref. 13 tice and 285 points for the bcc lattice. The moments of the
are labeled FP-KKR-GF. state density were evaluated by a 16-point Gaussian integra-

tion on a complex energy contour enclosing the occupied
Hiy E5u(1) E5(2) P » g a
states.
LSGF ASA+M 1.33 —0.096 0.080 Test calculations for 32- and 108-site fcc supercells show
FP-KKR-GF 1.41 —0.076 that a 32-site supercell is sufficient to calculate vacancy for-

mation energy in the fcc structure. This follows from the fact
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TABLE IV. Vacancy formation energy in eV for the transition metals in the fcc and bcc crystal structures.
LSGF ASA+M refers to the present calculations and FP to previous full-potential calculations.

Metal fcc bcc
LSGF ASA+M FP LSGF ASAFM FP
Sc 1.52 1.8% 1.21
Ti 1.67 2.13 1.63
\Y 2.03 2.20 3.08
Cr(p) 2.12 2.70 2.86
Cr(a) 2.80
Mn(p) 2.51 1.51
Mn(f) 2.51
Fe(p) 2.65 1.30
Fe(f) 2.25
Co(p) 2.18 2.18 1.52
Co(f) 2.15
Ni(p) 1.67 1760 1.77 1.65
Ni(f) 1.78
Cu 1.33 1.4%1.32 1.23
1.29
Y 1.51 1.74 1.12
zr 1.70 1.77 1.68
Nb 2.00 2.32 2.92
Mo 2.17 2.50 3.13,2.90"
Tc 2.46 2.58 1.45
Ru 2.76 2.78 1.02
Rh 2.16 2.08 2.26° 1.32
Pd 1.43 1.5%1.6% 1.43
Ag 0.96 1.20%1.24 0.87
1.06
Lu 1.54 1.08
Hf 1.69 1.56
Ta 2.42 2.41 3.4
W 2.49 3.04 3.2%
Re 2.89 1.27
Os 3.19 0.66
Ir 2.27 0.68
Pt 1.21 1.48 1.42
Au 0.77 0.82 0.81

3FpP-KKR-GF, Refs. 7 and 8.
bEP-LMTO, Ref. 10.
°FP-LMTO, Ref. 9.
dpseudopotential, Ref. 36.

that the total-energy change caused by vacancy-vacancy ifthus, for fcc Cu the difference was found to be less than
teraction, see Table lll, is one order of magnitude smalle.01 eV (see Table ). The Madelung potential and energy
than the vacancy formation energy even when two vacanciesere calculated by means of Eq40) and (11) with sum-
are nearest neighbors, and decreases further with increasingation up tol =6.
distance. For the bcc structure the difference in vacancy for- For each pure metal and metal-vacancy system we per-
mation energies calculated using a 27-sitex@x 3 rhom-  formed three self-consistent calculations at three different
bohedral and a 54-site (¥ 3 3 cubig supercell was found lattice parameters close to the equilibrium. The total energies
to be larger, e.g., 0.03 eV for Cr, 0.12 eV for Mo, and 0.18at equilibrium were calculated using a parabolic fit to the
eV for W, and therefore we used the 54-site supercells in thisesults of the self-consistent calculations. Thus, volume re-
case. laxation of the crystal lattice was taken into account in the
The local interaction zone was chosen to contain two co€alculations of the vacancy formation energies although, of
ordination shells around each atom for the fcc supercells andourse, its effect was very small especially in the case of the
three coordination shells for the supercells with an underly54-site supercell. The effect of local lattice relaxations that is
ing bcc lattice. Further increase of the LIZ size did not leadknown to be relatively small for vacancies in transition
to any significant change in the vacancy formation energymetals®°%was neglected.
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4 . 4 g
3d |
3t . 3t .
2 - i X -1 ?l_)/ 2 B T
g X 3 1
" 1 g 1] B FP—KKR-GF 1
g AFP-LMTO
TR oY 3 —
Sc Ti V Cr Mn Fe Co Ni Cu £ 41 |
< T T T T T T T T T g BCC A--Aspgf
2 B i o o—asp
4 R
5 ad g 3 A,'A\
= a
[+)
o 3F x K . - 2} i
S x X
e 2 X ] [ ]
o
(>_)’ 1F - 1 1 1 1 1 1 1 1 1
§ Y Zr Nb Mo Te Ru Rh Pd Ag
[
= \'( er Nlb Ivio Tlc Rlu R'h pld A:g FIG. 3. '_I'he monovacancy formation energies for tiderdetals _
calculated in the two cubic crystal structures and compared with
NV available full-potential calculations. The present calculations were
Aar 54 ; T performed with two different sets of basis functions so as to com-
1 pare with previous full-potential results. The captions in the figure
3r g ] apply to both panels.
2t X
In the past Miedema’s “macroscopic atom” motfehas
] been fitted to the experimental data and the result of this
rocedure is shown in Fig. 1 as the dot-dashed line. The
p g
o values given by the Miedema theory are sometimes even

Lu Hf Ta W Re Os Ir Pt Au referred to as experimental ddfaalthough they only repre-
sent a fit to a very limited number of the old experimental
FIG. 2. Calculated monovacancy formation energies for the 3 gata, as may be seen in the figure. A similar fit based on the
4d, and I transition and noble metal§illed circles connected by empirical correlation with the melting temperatdg in the
a solid ling compared with the experimental results of Fig. 1. The form HF..=T../1000. where the value of the denominator of
fcc and bcc metals have been treated in their low-temperature YS000 Kl/VeV f';/las beén determined on the basis of the new
tal structures while Mn and the hcp metals have been treated as fcC. it ihilati dat. The Tw/1000 rule h b
For the magnetic @ metals the calculations were spin polarized. Eﬁg:/vrr?r’:oe\l/(/]grlklvavéﬁnnotaon.ly fc?r trgnsition :;J](ae’téli:l:d Cgﬁn

therefore be used in a few cagadieu of experimental data.
I1l. MONOVACANCY FORMATION ENERGY

A. Experimental results B. Theoretical results

Before we present the results of our calculations it is use- The calculated zero-temperature vacancy formation ener-
ful to analyze the experimental data, and to this end we ShO\gies [Eq. (7)] for the 3, 4d, and & transition and noble
in Fig. 1 most of the available experimental vacancy formametals are presented in Table IV and Fig. 2 together with
tion energies for the three transition-metal series. In the figexperimental data including the recommended values. In the
ure one immediately observes a substantial scatter in the dagalculations all the metals have been treated in their low-
and it appears that in some important cases, such as Fe, thEmperature equilibrium crystal structure except for Mn and
results obtained using different experimental techniques varthe hcp metals that were treated as fcc. For the magndtic 3
too much to be useful in a quantitative comparison with first-metals we included the effect of spin poplarization. As the
principles calculations. For Fe, part of the uncertainty steméigure shows, the trends are well described by the calcula-
from the strong interaction of the vacancies with carbortions and in those cases where recommended experimental
impurities>? Similarly, problems with sample purity prevents data exist the agreement between theory and experiment is
the determination of the vacancy formation energy ifi Ir. excellent.
However, recently the situation has improved and based on As seen in Fig. 2 there exist a number of cases, notably
positron annihilation experiments a consensus has beéR, Cr, Fe, Nb, Mo, and Re, where the agreement between
reached as to the vacancy formation energies in a number ¢fieory and experiment is rather poor. To determine whether
transition metal,and these have been tabulated as “recom+these discrepancies may be a result of the approximations in
mended values for medium temperatures” with estimatedur approach, we compare in Fig. 3 the present vacancy for-
errors of=0.05 eV3 mation energies with those obtained in previous full-
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4} A r
3F b 20 |
o} 4
&
= 10
it . g
©
A
Sc Ti V Cr Mn Fe Co Ni Cu § 0
S\ 1 1 1 ) 1 ) L) 1 ) 8 bCC
> 4 T 8 20 1
B 4d =
@ o3
5 3f . 4
s o
g 10} 1
T R 4
k]
g 1} ] : ——
% 0 —t i
) -0.5 0.0 0.5
> Energy (Ry)
Con FIG. 5. State density for Ru in the fcc and bcc structures pro-
Aar 5d T jected onto a vacancy sitbroken ling, onto an atomic site that is
the nearest neighbor of the vacantlin line), and onto a distant
3r T bulk site (heavy ling.
2} 4
il oo , 1 applied to the formation of vacancies does lead to a maxi-
‘o= mum at the center of a transition series but the absolute val-
o ues of the energies obtained in the model ar80% too

Lu Hf Ta W Re Os Ir Pt Au

FIG. 4. The monovacancy formation energies for thig 3d,

large. The simple approach may be corrected by a pair po-
tential and one then arrives at a model the parameters of
which may be found by a fit to the measured vacancy for-

and o transition and noble metals calculated in the fcc and bCCmation energie%*.lo Thereby one confirms the empirical

structures showing the effect of the crystal structure. All calcula-
tions including those for the magnetial 3netals were non-spin-
polarized.

potential calculation$-1° From this comparison we find that
provided we includes, p, d andf orbitals in our calculations
the agreement with the full-potential KKR Green’s-function
resultd® is excellent for all the fcc @ metals. In contrast,
the agreement with the FP-LMTO results of Korhonen
et al1? for the bcc 41 metals is unsatisfactory except when
we use thespdbasis also used in the FP-LMTO calculations.
We conclude that the present approach includingspdf
basis yields vacancy formation energies with an accuracy
similar to that obtained in the most accurate full-potential
methods.

C. General trends

For a transition-metal series the vacancy formation energy
plotted as a function of the occupation number exhibits
roughly a parabolic variation with a maximum close to the

Energy difference (eV)

correlation®®

-3

EF ~ 2! 14
1V~3 coh: (14)

bce

Y Zr Nb Mo Tc Ru Rh Pd Ag

FIG. 6. bce-feec vacancy formation energy difference for thike 4

middle of the series. This is similar to the more well-known metals as calculated within the LSGF A$M method, filled
cases of the cohesive and surface energies that are usuadiycles. The solid line shows the one-electron energy contribution

explained using Friedel's rectangular state-density model imbtained in a canonical band model, see text. The broken line shows
the tight-binding approximatior® When the Friedel model is the calculated structural energy difference curve.
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between the cohesive enerd/,, relative to a non-spin- 7—1 7—1

polarized atomic state and the vacancy formation energy. Eac= Z(l— T)8'§0h+2 V— Aesy- (16
SinceE/,, varies parabolically with thel occupation num-

ber, see Ref. 54, so does the vacancy formation energy.

Here, the first term is, in fact, Eq14) and it includes a
structural contribution that will add to the difference in the
vacancy formation energy of the fcc and bcc structures. This

In Fig. 4 we show the monovacancy formation energiesstructural contribution is, however, greatly reduced on ac-
for the transition and noble metals calculated in the paramagzount of its coordination number dependent prefactor, and
netic state assuming two cubic crystal structures. In the fccannot explain the structural effects seen in Fig. 4.
structure each of the three series exhibits the parabolic be- The second term in Eq16) represents the effect of re-
havior predicted by the Friedel model but with the maximumshaping the state density for a given crystal structure, i.e., it
displaced to al-band filling of 70%, while in the bcc struc- is the change in the stuctural contribution to the cohesive
ture the monovacancy formation energy shows a pronounceshergy that is caused by the vacancy formation. Although the
minimum at the same 70%band filling. We note thatin the value of A&, is not known in general, it is clear that in the
extreme cases, i.e., Fe, Ru, and Os, the structural contribufeatureless” limit, where the reshaping effect is so strong
tion is a sizable fraction of the monovacancy formation enthat the atoms next to the vacancy have a rectangular state
ergy and approximately a factor of 3 larger than the corregensity, one has\e&,=—&,. Further, in contrast to the
sponding structural energy differenc¥s. first term in Eq.(16), this structural contribution isnhanced

To understand the origin of this large structural contribu-py 3 factor of the order of the coordination numizett can
tion we may use the local bond pictdteto construct the  therefore lead to a large difference in the vacancy formation
following simple model. Assume that the cohesive energyenergy of the fcc and bee structures.
per atom may be written in the form We may now use our model to explain the vacancy for-
mation energies shown in Fig. 4. For a transition-metal series
we find that the first term in E416) represents essentially a
parabolic variation with thel occupation number leading to
only a small structural difference in the vacancy formation
energies for the two cubic structures while the second term

Fried - leads to the large reduction in the vacancy formation ener-

wheree ;" is the energy of a reference state that we take tcbies seen in théparamagnetichcc metals Mn, Fe, Co, Tc,
be the one-electron energy corresponding to Friedel's rectarg, Rh, Re, Os, and Ir. It follows from the outline of the
gular state density anef;, is the structural contribution cor- model that the origin of this effect is the reduction of the
responding to the difference between the reference state deﬁseudogap of the bce state density upon vacancy formation
sity and the actuak-structure state density. that is the prominent feature responsible for the stability of

At the formation of a vacancy the atoms next to it arethe pee structure for a half-filled band.
perturbed and, as a result, the corresponding local state den- The onset of magnetism leads to a reduction in the surface
sities arerescaled i.e, their bandwidths are reduced, and energy of the magneticdBmetals described, for instance, by
reshaped Both effects are clearly seen in Fig. 5, where weg spin-polarized Friedel mod&l.As a result, one might ex-
show the relevant state densities for Ru in the two cubigyect a similar reduction for the vacancy formation energy of
crystal structures. For simplicity we will assume that only ferromagnetic Fe. However, in this case one finds an increase
the atoms closest to the vacancy are perturbed and, hencs, about 0.95 eV when going from paramagnetic to ferro-
that only these atoms contribute to the vacancy formatiorpnagnetic bce Fe, cf. Figs. 2 and 4, and Table IV. The reason
energy. As will be shown below by means of Andersen’sfor this increase is easily traced to the structural contribution
canonical band picturéthis assumption leads to an accurategiven by the second term in E€L6). In the paramagnetic
description of the vacancy formation energy for & case bcc Fe has a low vacancy formation energy as a result
transition-metal series. of the large structural contribution faroccupation numbers

In a tight-binding picture the decrease in #héandwidth  close to 7. However, in the completely saturated spin-
caused by the reduction in the effective coordination ”Umbebolarized case bcc Fe is described by a minority-spivc-
gives rise to a factor of/(z—1)/z, wherez is the bulk co-  cupation number close to that of bcc Cr where the structural
ordination number, in all the contributions to B45). This  contribution is small and therefore ferromagnetic bcc Fe is
means that each of the perturbed atoms contributdd  predicted to have a vacancy formation energy close to that of
—V(z—1)/z]ec,p to the vacancy formation energy due to Cr, as indeed it has. The increase may therefore be viewed as
the rescaling of the state density. In addition, the lowering ofa structural effect.
the local symmetry around a vacancy tends to wash out some The simple analysis above may be guantified if we apply
of the prominent features found in the local state density fothe canonical band approach to the total supercell Ru state-
the ideal crystal. This reshaping effect gives rise to an addielensitiesD; and calculate the first-order energy moments
tional contribution to the vacancy formation energy that
stems fromeZ,, and has the prefactof(z—1)/z.

With the above assumptions the final expression for the
vacancy formation energy becomes

D. Crystal structure effects

a __ _Fried a
€coh™ €coh +85tr- (15)

Ei=fEF(s—ci>Di(s>de 17
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TABLE V. Calculated equilibrium atomic volum&, in units of bohr$, calculated and experimental
relative vacancy formation volumé&)f, /.

Metal fcc bcc
Qq Q510 QO Q510

This Experiment or This Experiment or
work FP calculation work FP calculation

Sc 155 0.73 160 0.69

Ti 111 0.68 110 0.69

\% 87 0.67 83 0.64

Cr(p) 75 0.64 72 0.79

Cr(a) 72 0.71

Mn(p) 68 0.68 67 0.59

Mn(f) 68 0.72

Fe(p) 64 0.70 65 0.63

Fe(f) 69 0.55 0.98

Co(p) 64 0.70 0.98 65 0.67

Co(f) 67 0.66

Ni(p) 66 0.71 0.88 66 0.70

Ni(f) 67 0.72

Cu 72 0.70 0.78,0.7¢° 72 0.71

Y 206 0.76 212 0.81

Zr 151 0.70 0.9% 146 0.78

Nb 120 0.60 113 0.74

Mo 103 0.60 100 0.65 0.990.6¢F

Tc 94 0.66 93 0.66

Ru 89 0.71 920 0.66

Rh 89 0.73 91 0.66

Pd 96 0.68 95 0.70

Ag 108 0.76 107 0.78

Lu 190 0.80 196 0.72

Hf 140 0.76 136 0.78

Ta 120 0.71 114 0.76

W 106 0.63 103 0.72

Re 97 0.66 96 0.66

Os 93 0.72 94 0.66

Ir 94 0.67 96 0.67

Pt 100 0.69 99 0.75

Au 113 0.73 0.8% 111 0.72

8Experiment, Ref. 3.
bFP.KKR-GF, Ref. 51.
‘Pseudopotential, Ref. 36.

for i corresponding to the fcc and bcc supercells with andour cases involved. The comparison with the results of the
without vacancies as functions of the zeroth-order energyull calculation and the analysis above shows that the struc-
moments, tural contribution to the vacancy formation energy can be

traced to the well-known structural energy difference curve

1 (E 3
ni:N_f FDi(S)dS, (18) for d-band metals.
a

i.e., the one-electron energies as functions of the occupation
numbers per atom. Thereby, we obtain four one-electron en-
ergies whose proper combination yields the vacancy forma- The calculated equilibrium atomic volumes and vacancy
tion energy as a function of the zeroth-order moment, i.e.formation volumes are presented in Table V. We find that in
the d occupation number. all cases the vacancy formation volume is smaller than the
In Fig. 6 we show the results of the canonical procedureatomic volume by approximately the same amount, i.e.,
where the first-order moments have been obtained relative lﬁfV/Qo~0.7, independent of crystal structure.
the centers of gravitg; corresponding to the total state den-  There is a dearth of experimental data on the vacancy
sity of Ru occupied by 11 electrons per atom for each of thdormation volumes in transition metals. Moreover, even for

IV. VACANCY FORMATION VOLUME
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the same metal-vacancy system the existing experimental V. CONCLUSIONS

data for the vacancy formation volumes are typically scat- We have used the ord&-LSGF method in conjunction

tered within the range from 0%, to {,. However, what with an electrostatic multipole correction to the atomic-

appears to be the most reliable low-temperature data for thgphere approximation, ASAM, to study the monovacancy
volume misfits as obtained by positron annihilation experi ' '

) | X “formation energies in thed 4d, and & transition and
ments have been tabulated in the Landoltitain refer-  opje metals. The results are in excellent agreement with the
ence series bodkrom which the values of vacancy forma-

> available full-potential calculations and with the recently
tion volumes can be deducésee Table V. “recommended” monovacancy formation energies for Ni,
Since the vacancy formation volume is a thermodynamiacy, Ag, Pt, and Au. For the remaining transition metals the
quantity, it reflects the overall relaxation of the volume of acalculations describe the trends observed experimentally, but
crystal containing vacancies. This global volume relaxatiorowing to large uncertainties in the experimental values it
of the crystal lattice is included in our calculations. It is appears that the calculated results at present form the most
clear, that any additional lattice relaxation, such as local reeonsistent estimate of the monovacancy formation energies
laxations around a vacancy site, will decrease the absoluie the three transition-metal series.
value of the partial vacancy pressure and the volume misfit. Note addedSince the completion of the present manu-
Accordingly, the vacancy formation volume should approacrscript we have become aware of three recent publications
Q, if local relaxations are present in the system. As a resultielated to the present papef) a critical review of experi-
the present calculations, which neglect such relaxations, terf#€ntal results(Ref. 58; (i) a study of the effect of the
to underestimate the vacancy formation volumes in transitioéneralized gradient approximation on the vacancy forma-
metals, and the small difference between our results and efion energy(Ref. 59; (iii) an ab initio calculation of the
periment may be attributed to the effects of local relaxationYacancy formation and migration energy in (Ref. 60.
To our knowledge, there exist only two first-principles
calculations of vacancy formation volumes. Papanikolabu ACKNOWLEDGMENTS
al.%! used the FP-KKR Green’s-function method for an iso- \We are grateful to Dr. S. I. Simak and Dr. L. Vitos for

lated vacancy in Cu and calculated the volume misfit throughsupplying us with their computer codes for supercell con-
the Kanzaki forces. The result of our calculation for the va-struction and Madelung matrix calculation, respectively. One
cancy formation volume in fcc Cu is in agreement with their of us (P.A.K.) would like to thank Dr. N. M. Rosengaard and
result, 6= —0.3 (see Table V. The vacancy formation vol- Dr. A, Yu. Lozovoi for useful discussions and comments.
ume for bcc Mo was calculated by Meyer anchREe™ using  This work was partially supported by SKB AB, the Swedish

a 54-site supercell by means of a mixed-basis pseudopotentuclear Fuel and Waste Management Company. The support
tial method. The difference between their resdl},/Q, by the Swedish Natural Science Research Council is ac-
=0.6=0.1, and our resulfsee Table Vis within the ex- knowledged. Center for Atomic-Scale Materials Physics is
pected error limits of both calculations. sponsored by the Danish National Research Foundation.

*Also at the Department of Theoretical Physics, Moscow State'’N. Stefanou, N. Papanikolaou, and P. H. Dederichs, J. Phys.:
Institute of Steel and Alloys, Russia. Condens. MatteB, 8793(1991).
1H.-E. Schaefer, Phys. Status Solidil®2 47 (1987). 13y, Klemradt, B. Drittler, T. Hoshino, R. Zeller, P. H. Dederichs,
2R. W. Siegel, inProceedings of the 6th International Conference  and N. Stefanou, Phys. Rev.48, 9487(1991).
on Positron Annihilation edited by P. G. Coleman, S. C. 14T, Hoshino, R. Zeller, P. H. Dederichs, and M. Wienert, Euro-

Sharma, and L. H. Diaendorth-Holland, Amsterdam, 1982 phys. Lett.24, 495(1993.
p. 351. 15T, Hoshino, R. Zeller, and P. H. Dederichs, Phys. Rev5®
3p. Ehrhart, P. Jung, H. Schultz, and H. Ulimaier Atomic De- 8971(1996.
fects in Metalsedited by H. Ullmaier, Landolt-Bmistein, New M. Lannoo and G. Allan, J. Phys. Chem. Sol@® 637 (1971).
Series, Group lll, Vol. 25Springer-Verlag, Berlin, 1991 17E. R. de Boer, R. Boom, W. C. M. Mattens, A. R. Miedema, and
4M. J. Gillan, J. Phys.: Condens. Mattkr689 (1989. A. K. Niessen, inCohesion in Metals: Transition Metal Alloys
SW. Frank, U. Breier, C. Elsser, and M. Hanle, Phys. Rev. B8, edited by F. R. de Boer and D. G. Pettifttorth-Holland, Am-
7676(1993. sterdam, 1988 Vol. 1.
®N. Chetty, M. Weinert, T. S. Rahman, and J. W. Davenport, Phys'®M. J. Mehl and D. A. Papaconstantopoulos, Phys. Rew64B
Rev. B52, 6313(1995. 4519(1996.
"B. Drittler, M. Weinert, R. Zeller, and P. H. Dederichs, Solid '°T. Gorecki, Z. Metallkd.65, 426 (1974.
State Commun79, 31 (1991). 20p_R. Couchman, Phys. LeB4A, 309 (1975.
8P. H. Dederichs, B. Drittler, and R. Zeller, Application of Mul- 213, p. Perdew, Y. Wang, and E. Engel, Phys. Rev. 166t.508
tiple Scattering Theory to Materials Scienaedited by W. H. (1992.
Butler et al, MRS Symposia Proceedings No. 28@aterials ~ 22J. A. Alonso and N. H. MarchElectrons in Metals and Alloys
Research Society, Pittsburgh, 199@. 185. (Academic Press, London, 1989
9H. M. Polatoglou, M. Methfessel, and M. Scheffler, Phys. Rev. B2G. Grimvall and S. Sjdin, Phys. Scr10, 340(1974).
48, 1877(1993. 24C. L. Reynolds, Jr. and P. R. Couchman, Phys. L&A, 157
107 Korhonen, M. J. Puska, and R. M. Nieminen, Phys. Re§1B (1974).
9526(1995. 25D, M. C. Nicholson, G. M. Stocks, Y. Wang, W. A. Shelton, Z.

11y. Klemradt, B. Drittler, R. Zeller, and P. H. Dederichs, Phys. Szotek, and W. M. Temmerman, Phys. Rev.5B, 14 686
Rev. Lett.64, 2803(1990. (1994.



PRB 59 FIRST-PRINCIPLES CALCULATIONS OF TH. .. 11703

26y, Wang, G. M. Stocks, W. A. Shelton, D. M. C. Nicholson, Z. M. P. Tosi(North-Holland, New York, 1985
Szotek, and W. M. Temmerman, Phys. Rev. L&®, 2867  “20. K. Andersen, Z. Pawlowska, and O. Jepsen, Phys. R&4, B

(1995. 5253(1986.
271, A. Abrikosov, A. M. N. Niklasson, S. I. Simak, B. Johansson, “3L. Vitos, J. Kolla, and H. L. Skriver, Phys. Rev. B5, 13 521
A. V. Ruban, and H. L. Skriver, Phys. Rev. Lef6, 4203 (1997.
(1996. 44E. Esposito, A. E. Carlsson, D. D. Ling, H. Ehrenreich, and C. D.
28], A. Abrikosov, S. I. Simak, B. Johansson, A. V. Ruban, and H.  Gelatt, Jr., Philos. Mag. A1, 251 (1980.
L. Skriver, Phys. Rev. B56, 9319(1997. 45D. Glotzel and O. K. Andersefunpublishel
29T, Beuerle, R. Pawellek, C. Elsser, and M. Hanle, J. Phys.: %A, K. McMahan, H. L. Skriver, and B. Johansson, Phys. Rev. B
Condens. MatteB, 1957 (1991). 23, 5016(1981).
30p, Braun, M. Fanle, M. van Schilfgaarde, and O. Jepsen, Phys4’N. E. Christensen and S. Satpathy, Phys. Rev. L#dt. 600
Rev. B44, 845(1991). (1985.

3IM. Sinder, D. Fuks, and J. Pelleg, Phys. Re\6® 2775(1994.  “8H. L. Skriver, Phys. Rev. B1, 1909(1985.
32H, L. Skriver and N. M. Rosengaard, Phys. Rev.4B, 9538  “°J. P. Perdew, K. Burke, and M. Ernzerhof, Phys. Rev. LZf.
(1991. 3865(1996.
33A. V. Ruban, I. A. Abrikosov, D. Ya. Kats, D. Gorelikov, K. W. 5°D. M. Ceperley and B. J. Alder, Phys. Rev. Let§, 566 (1980.
Jacobsen, and H. L. Skriver, Phys. Rev4® 11 383(1994. SIN, Papanikolaou, R. Zeller, P. H. Dederichs, and N. Stefanon,
341, A. Abrikosov, A. V. Ruban, H. L. Skriver, and B. Johansson,  Phys. Rev. B55, 4157(1997).
Phys. Rev. B50, 2039(1994. 52, de Schepper, D. Segers, L. Dorikens-Vanpraet, M. Dorikens,
35Here we consider the vacancy formation energy at a fixed volume G. Knuyt, L. M. Stals, and P. Moser, Phys. Rev.2B, 5257
per site. The thermodynamically consistent definition requires (1983.
that not only the total volume of the systewhbut also the  53J. Friedel, inThe Physics of Metalgdited by J. M. Zimar{Cam-
number ofatoms N, be kept fixed. Under these constraints, the  bridge University Press, Cambridge, 196p. 494.
partial vacancy formation pressure may be definedp&s  5*M. S. S. Brooks and B. Johansson, J. Phy43FL197 (1983.
:(ap/acv)VO:BQEV/QO. This pressure is always positive, in 55A. V. Ruban, H. L. Skriver, and J. K. Nskov, Phys. Rev. Lett.

contrast top,y . 80, 1240(1998.
36B. Meyer and M. Fhnle, Phys. Rev. B56, 13 595(1997). %0. K. Andersen, J. Madsen, U. K. Poulsen, O. Jepsen, and J.
370. K. Andersen, Phys. Rev. B2, 3060(1975. Kollar, Physi@a B & C 86-88B 249 (1977).
380. Gunnarsson, O. Jepsen, and O. K. Andersen, Phys. R2Y,. B 57M. Alden, H. L. Skriver, S. Mirbt, and B. Johansson, Phys. Rev.
7144(1983. Lett. 69, 2296(1992.
39H. L. Skriver, The LMTO Method(Springer-Verlag, Berlin, 58Y. Kraftmakher, Phys. Re[299, 79 (1998.
1984. 59M. Asato, T. Hoshino, T. Asada, R. Zeller, and P. H. Dederichs,
400, K. Andersen and O. Jepsen, Phys. Rev. 158t.2571(1984. J. Magn. Magn. Mater177-181 1403(1998.

410. K. Andersen, O. Jepsen, and D. @ll, in Highlights of  ®°A. Satta, F. Willaime, and S. de Gironcoli, Phys. Rev5B 11
Condensed-Matter Thegredited by F. Bassani, F. Fumi, and 184 (1998.



