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Phase separation in inhomogeneous mixed-valence systems

P. Schlottmann
Department of Physics, Florida State University, Tallahassee, Florida 32306

~Received 22 October 1998!

A simple alloy-analogy model for inhomogeneous mixed-valence systems is considered in the context of
manganites. It is assumed that the Mn ions coexist in two magnetic configurations, Mn41 and Mn31, and that
they interact via a nearest-neighbor charge interaction. In addition, two nearest-neighbor ions with equal
valence interact antiferromagnetically~superexchange!, while ions of different valence are coupled ferromag-
netically~double exchange!. Assuming classical spins, we show that the system is unstable to phase separation,
i.e., to the coexistence of antiferromagnetic and charge ordered ferromagnetic domains.
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I. INTRODUCTION

The discovery of the colossal magnetoresistance1 has re-
newed the interest in the rich phase diagram
La12xCaxMnO3.2–4 The end compounds LaMnO3 and
CaMnO3 are antiferromagnetic insulators, while for interm
diatex the system is either a ferromagnetic metal or a cha
ordered antiferromagnet.3 Coupling to the lattice in the form
of polarons or a dynamical Jahn-Teller effect5–7 and orbital
order have been found. The lattice distortions manifest th
selves in changes of the Mn-O-Mn bond lengths and angl8

Most attempts to theoretically explain the phenomenon
voke the double exchange mechanism within the framew
of the ferromagnetic Kondo lattice.9 There is some experi
mental evidence for phase separation in the manganites,
a separation into electron rich and electron poor doma
larger than the atomic scale~for a brief review see Ref. 10!.
For smallx this question has been theoretically addresse
Refs. 11–13. Phase separation has recently also been a
portant issue in high-Tc compounds.14

The manganese ions exist in a mixed trivalent and tetra
lent state in which each of the threet2g orbitals is singly
occupied with their spins coupled to form a total spinS
53/2. The eg orbitals, on the other hand, are empty f
Mn41 and occupied by one 3d electron in Mn31, which is
ferromagnetically correlated with the localizedt2g electrons
~Hund’s rule!, yielding S852. The Mn-O bonds are crucia
to understand the spin-exchange interactions between the
ions.15 Two Mn of equal valence do not involve the char
transfer of aneg electron and the interaction is an antiferr
magnetic~AF! superexchange. On the other hand, if the t
ions have different valence theeg electron can hop betwee
the sites inducing a ferromagnetic~FM! double exchange
coupling.

It is useful to distinguish between homogeneous and
homogeneous mixed valence compounds. In the former
the valence is intermediate~not integer! and typically heavy
band-like states at the Fermi surface give rise to a meta
conductivity. In the case of inhomogeneous mixed vale
the ionic configurations are well defined and the conductiv
is semiconductor-like. Examples of this class are Sm3S4 ,
Eu3S4 , Eu3O4,16,17 and to some extent Fe3O4. For the man-
ganites this means that theeg electrons hop slowly from site
PRB 590163-1829/99/59~17!/11484~5!/$15.00
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to site and their kinetic energy~other than contributing to the
double exchange bond! can be neglected. This point of view
namely to consider the manganites as an inhomogene
mixed-valence compound, was taken in Goodenough’s15 pio-
neering work. In more recent contributions6,9,13 the mangan-
ites are described by a Kondo lattice with ferromagnetic
change. The Bloch states induce a metallic homogene
mixed-valence ground state, rather then a mixture of trival
and tetravalent ions. The manganites are most likely in
intermediate regime between homogeneous and inhom
neous mixed valence. The description as a homogeneous
tem is adequate at low temperatures where the Fermi se
stabilized by Bloch states, while at intermediate and h
temperatures the local bonds play the dominant role giv
rise to semiconductor-like behavior.

In this paper we consider an inhomogeneous mix
valence system for the manganites consisting of a distr
tion of nearest-neighbor bonds consistent with the concen
tion of tetravalent ions. Four coupling constants a
involved, namely the AF couplingsJ33 and J44, the ferro-
magnetic couplingJ34, and a chemical interactionU. The
subindices refer to the valence of the ion, i.e.,J33 is the
superexchange between two trivalent ions. The chemica
teraction U takes into account the difference in the bo
strength between the different ions. The model is descri
with more detail in Sec. II. In Sec. III we discuss the grou
state of the model. The same properties also are valid
intermediate temperatures. In Sec. IV we discuss ot
mechanisms that favor or limit phase separation. It is c
cluded that inhomogeneous mixed valence favors sm
phase-separated domains. Conclusions and a discussio
the limitations of the model, in particular the lack of cohere
states and simplifications to the complicated bond arran
ments of Mn31, follow in Sec. V.

II. MODEL

We assume that the manganites can be described a
inhomogeneous mixed-valence compound. The Mn io
form a simple cubic lattice, which we subdivide into tw
interpenetrating sublatticesa andb, with coordination num-
berz. We limit ourselves to a probabilistic description of th
local environment by defining bond probabilities of neare
11 484 ©1999 The American Physical Society
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neighbor pairs. We further assume that the spinsS53/2 and
S852 are large enough to be treated as classical. We in
duce the pair probabilitiesPi j

ab giving the probability of find-
ing an ion i at a site of the sublatticea and an ionj at a
neighboring site on the sublatticeb. Herei andj can take the
values 31, 32, 41, and 42, corresponding to trivalen
and tetravalent ions with upspin and downspin, respectiv
There are then 16 such pair probabilities, which are norm
ized by the condition( i j Pi j

ab51. The single-site probabili-
ties expressed in terms of thePi j

ab are given by

ni
a5(

j
Pi j

ab , nj
b5(

i
Pi j

ab , ~1!

whereni
a denotes the probability of finding the componeni

at a site of the sublatticea. The probabilities are furthe
constrained by the total number ofeg electrons, i.e.,x
5 1

2 (n41
a 1n42

a 1n41
b 1n42

b ), wherex is the fraction of Ca
ions substituting La ions.

Within the pair approximation the entropy of the syste
is given by18

S5
N

2
~z21!(

i
~ni

alnni
a1ni

blnni
b!2N

z

2(i j Pi j
ablnPi j

ab ,

~2!

whereN is the total number of Mn ions. As mentioned in th
introduction we consider a charge~chemical! and a magnetic
~Ising-like! interaction between nearest-neighbor ions, giv
by16

Hc5NzU(
ss8

~P3s3s8
ab

1P4s4s8
ab

2P3s4s8
ab

2P4s3s8
ab

!,

Hex5NzS2J44(
ss8

ss8P4s4s8
ab

1NzS82J33(
ss8

ss8P3s3s8
ab

2NzSS8J34(
ss8

ss8~P3s4s8
ab

1P4s3s8
ab

!, ~3!

wheres561. The free energy of the system is then giv
byF5Hc1Hex2TS, which must be minimized with respec
to the Pi j

ab subject to the normalization condition and th
given concentration 12x of eg electrons. An estimate of th
coupling parameters can be obtained from the phase diag
of La12xCaxMnO3: J33 andJ44 are comparable correspond
ing to transition temperatures of about 100 K,J34 is about
two times larger, andU is the largest energy expected to
about ten times larger thanJ33.

III. GROUND STATE

In the absence of an external magnetic field the mode
invariant under the following transformations:19 ~i! change of
sign of J34 and inversion of all spins of one magnetic com
ponent, e.g., all Mn41 spins,~ii ! simultaneous interchange o
x with 12x andJ33 with J44, and~iii ! change of sign ofJ33
andJ44 by reinterpreting a FM phase as AF and vice ve
~inversion of one sublattice!.

From these symmetries it is clear that the ground stat
our model does not have a phase transition as a functionx.
o-

y.
l-

n

m
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a

of

There is no frustration of the spins and consequently
system can be mapped onto one with only ferromagn
interactions. Hence as a function ofx the only possible
changes in the ground state are crossovers or the coexis
of different phases. Below we study the ground-state ene
as a function ofx.

~i! For CaMnO3, i.e.,x51, all Mn ions are tetravalent an
only P4s4s8

ab can be different from zero. The antiferroma
netic spin interaction yieldsEG5(U2S2J44)Nz and from
entropy considerations we have thatP4142

ab 51 while all
other pair probabilities are zero. As expected the ground s
is a pure AF.

~ii ! For LaMnO3, i.e., x50, all Mn ions are trivalent and
only P3s3s8

ab is different from zero. Minimization of the free
energy in the limitT→0 yields an AF ground state with
EG5(U2S82J33)Nz and P3132

ab 51 while all other pair
probabilities are zero.

~iii ! For x50.5 the ground state is charge ordered, i.
one sublattice contains only trivalent ions and the other o
tetravalent ions. The ground state is ferromagnetic w
P3141

ab 51, while all other pair probabilities vanish, and h
energyEG52(U1SS8J34)Nz.

~iv! For 0.5<x<1 the only nonvanishing pair probabili
ties areP3141

ab 5222x andP4241
ab 52x21 and the ground-

state energy is

EG522~12x!~U1SS8J34!Nz1~2x21!~U2S2J44!Nz.
~4!

This expression interpolates linearly between the end po
given by cases~i! and ~iii !.

~v! For 0<x<0.5, on the other hand, the only nonvanis
ing pair probabilities areP3132

ab 5122x and P3141
ab 52x.

The ground-state energy here interpolates linearly betw
the end-point cases~ii ! and ~iii ! and is given by

EG522x~U1SS8J34!Nz1~122x!~U2S82J33!Nz.
~5!

The linear dependence of the ground-state energy ox
corresponds just to Vegard’s law. In this case a homo
neously mixed system has the same energy as the sep
constituents, i.e., in case~v! 2x parts of the charge ordere
ferromagnet and 122x parts of LaMnO3. The mixing en-
ergy is exactly zero.

Note that while the ground state can only have a crosso
as a function ofx, there are two possible phase transitions
a function of temperature. The high-T phase is a disordere
paramagnet. Assuming that the chemical interactionU is
much larger than the magnetic ones, the system for inter
diate x will undergo a second-order transition into a par
magnetic state with partial charge order, and at even loweT
magnetic order will set in. The phase diagram studied w
the Migdal-Kadanoff decimation procedure along the lines
Ref. 19 yields similar results.

IV. PHASE SEPARATION

The approach outlined in the previous sections yields
same ground-state energy for a homogeneous mixture
bonds and a phase separated system. In this section w
amine possible mechanisms that could stabilize either
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11 486 PRB 59P. SCHLOTTMANN
these phases. These mechanisms represent refinements
model beyond the simple nearest-neighbor bond approxi
tion. The first three favor phase separation, while the last
tend to limit phase separation.

Next-nearest-neighbor (NNN) correlations.For the
ground-states~i!, ~ii !, and ~iii ! in the previous section~cor-
responding tox51, x50, and x50.5, respectively!, Mn
ions on the same sublattice are ferromagnetically correla
We call ferromagnetically correlatedNNN bonds satisfied
and those antiferromagnetically correlated unsatisfied. I
assumed that unsatisfiedNNN bonds are energetically unfa
vorable and we assign an additional energye to such a bond.
This can be implemented by introducing three-site diagra
i.e., the simultaneous interaction of an ion with two near
neighbors. The eight possible three-site diagrams are
tained by assigning trivalent and tetravalent ions to the si
The relative spin orientations in the ground state are t
determined by the magnetic interactions. Four diagrams
long into the satisfiedNNN bond class and the other fou
diagrams are unsatisfied.

It is energetically favorable to maximize the satisfi
NNN bond and thereby minimize the unsatisfied ones. T
leads to domains of ground states of the type~i!, ~ii !, and
~iii !. In this case only the boundaries between domains h
unsatisfied bonds. The additional energy is then proportio
to e times the surface of the domains. Optimally there
only two large domains, one withx50.5 and the other one
being an end-point compound (x50 or x51). This corre-
sponds to a complete separation of phases. A refineme
this argument to more complex interactions, e.g., third- a
fourth-order neighbors, does not change this conclusion. T
surface energy vanishes in the thermodynamic limit.

x dependence of J34. While the superexchange require
integer-valent Mn ions, the ferromagnetic double exchang20

requires intermediate valence and depends on the fracti
occupation of theeg orbitals. Assuming the system is meta
lic it is easy to calculate the energy of one link atT50
joining two ferromagnetically and antiferromagnetically co
related Mn ions. The energy difference is the exchange
ergy, which is proportional to the hoppingt. For homoge-
neously distributed electrons the carrier density
determined byx. Considering twoeg orbitals with directed
hopping we obtain21

EF2EAF52tx@ 1
2 1x#/2 if 0<x<0.5,

EF2EAF52tx~12x! if 0.5<x<1. ~6!

This expression is maximum atx50.5 indicating that the
bond is strongest for exactly one electron per link. Due to
x dependence of the exchange the ground-state energy,
~4! and ~5!, is no longer linear inx and again phase separ
tion is favored. In other words, it is energetically favorable
have AF and charge ordered FM domains, in which the
bonds have maximum strength.

Volume changes.The AF superexchange bonds a
shorter than the FM double exchange bonds. This gives
to a strong coupling to the lattice. Volume changes couple
the long-range order parameterh for the charge~chemical!
interaction17
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Elatt /V5c~DV!21l~DV!h2,

h5(
ss8

~P3s4s8
ab

2P4s3s8
ab

!, ~7!

wherec contains the elastic constants,DV is the change in
volume, andl is the electron-lattice coupling constant. Min
mizing with respect toDV we obtain for the ground stat
Elatt52(l2h4/4c)V52(4l2/c)p4V, wherep5x if 0<x
<0.5 andp512x if 0.5<x<1. The energy gain is maxi
mum for x50.5 and zero forx50 andx51. This mecha-
nism again favors phase separation into AF and charge
dered FM domains.

Coulomb interactions.Assuming that thexN Ca ions are
randomly distributed on the La sublattice, a phase separa
causes a local charge imbalance, i.e., the domains have e
an excess or deficiency of electrons as compared to the p
tive background. This gives rise to an increase of the C
lomb interaction which favors the uniform phase. Three co
tributions have to be considered:~a! the kinetic energy,~b!
the electrostatic energy of the electrons with the backgrou
and ~c! the Coulomb energy between the electrons. We
vide the system into two domains of volumeV6 and electron
densityr6 , which satisfyV5V11V2 and V1r11V2r2

5Vr0, wherer0 is the density of the uniform system. W
assume a screening lengthl21 ~for simplicity independent
of the electron density! for the metallic phase. A total phas
separation (r250) increases the energy by the amount

DECoul5~3/10m!~3p2!2/3r0
5/3V@~V/V1!2/321#

1~2pe2r0
2/l2!V@~V/V1!21#, ~8!

wherem is the effective mass of the electrons. SinceV/V1 is
fixed by x, subdividing the domains into many smaller d
mains ~keeping the totalV1 and V2 invariant! does not
modify the energy, unless the size of the domains beco
comparable tol21. In this case the above expression f
DECoul is an overestimate, since a sphere of radiusl21

would contain regions with high and low electron densi
Small sized domains are then energetically favored.

Lattice mismatch.The two coexisting phases~AF and
charge ordered FM! have different lattice constants, so th
there is necessarily a lattice mismatch, which introdu
strain into the sample. The volume mismatchdV occurs at
the boundariesSbetween domains on a shell of widtha. If c

is the corresponding lattice constant, the energy forÑ do-
mains of average sizeṼ ~i.e., ÑṼ5V) is

Emis5~c/2!Ñ~dV!2'~a2c/2!ÑS2}ÑṼ4/35V~V/Ñ!1/3.
~9!

It is then energetically favorable to have many small d
mains.

The above arguments suggest that the equilibrium gro
state for an inhomogeneous mixed-valence system with
magnetic configurations as considered here is phase s
rated, consisting of small insulating AF integer-valent d
mains and small charge ordered FM~semiconducting or
metallic-like at finiteT) regions.
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V. CONCLUSIONS

We considered an inhomogeneous mixed-valence c
pound of the type La12xCaxMnO3 within a simple alloy-
analogy model. Assuming that all interactions can be
scribed by pair probabilities we obtain that the ground-st
energy is a linear superposition of thex50.5 charge ordered
FM state and one of the AF integer-valence end points of
alloy atx50 or x51 ~Vegard’s law!. The dependence of th
double exchange mechanism on the electron density and
ume changes due to the different bond lengths yield de
tions from the linearity inx favoring a phase separation. O
the other hand, the local charge neutrality~Coulomb interac-
tions! and the lattice mismatch~as a consequence of the di
ferent bond lengths! limit the size of the domains. The ene
getically most favorable configuration is then a pha
separated alloy with relatively small regions of an integ
valent AF insulator and a charge ordered FM, whi
becomes a poor metal at intermediate temperatures.

Within the limitations of this model the conductivity a
low and intermediateT is due to the thermally activated hop
ping of theeg electrons. We assume that the conductivity
proportional to the available Mn31-Mn41 pairs ~preferably
with parallel spin because of the double exchange! in the
system, since these are the only bonds contributing to
transport. The probability for hopping is then given b
P3141

ab 1P4131
ab , which is maximum forx50.5, and the ac-

tivation energy corresponds to the long-range charge o
gap ~i.e., P3141

ab ÞP4131
ab ).16,17 To have nonzero conductiv

ity requires in addition that the FM domains are percolat
~or drift in an electrical field!, since otherwise the electron
cannot travel through the sample. Hence, the carriers are
calized ~donor/acceptor-like bound states! close to the end
points, i.e., for smallx or small 12x, where the system is
insulating. Note that the temperature dependence of the
tribution of bonds also yields a thermal expansion~or
contraction!.17

Experimentally at lowT the alloys are poor metals in th
mixed-valence regime. This exposes the main limitation
the model. Aspects of the competition of Bloch-like sta
with covalent bonds have been neglected. Ideally Blo
states give rise to a Fermi surface and stabilize the sys
s,
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against phase separation. The ground state is a coheren~in
time and space! superposition of the two electronic configu
rations leading to a homogeneous state. Homogeneou
inhomogeneous mixed valence is a well-understood issu
rare-earth compounds. Above a characteristic~Kondo! tem-
perature the local interactions dominate and the two confi
rations can be distinguished. In the present case the mi
of the two configurations via a hybridization is minimal, s
that the system is likely to be somewhere midway betwe
homogeneous and inhomogeneous mixed valence. The
question in the present context is the degree of formation
the Fermi surface, i.e., the degree to which there is cohere
at low T. In any case the inhomogeneous mixed-valence
proach should be valid at intermediate temperatures.

In this paper we simplified the complicated nature of t
Mn31O22 bonds. Mn31 has only one empty 3d orbital, so
that it hybridizes square coplanar lattice orbitals.15 Hence,
Mn31 can only satisfy four metallic bonds and the remaini
two bonds~perpendicular to the plane! are ionic. Mn41, on
the other hand, has botheg electrons missing, so that it ca
sustain six metallic bonds. The bonds of the Mn31 ions lead
to planar spin and charge arrangements, including orbital
der. It may therefore be more appropriate to consider a
ordination numberz54 rather thanz56 as for the isotropic
three dimensional case. From the symmetries listed in S
III we concluded that the ground state as a function ofx has
no phase transition. This of course changes if the anisotr
of the Mn31O22 bonds is properly taken into account.15

Phases with more complicated magnetic order are then
sible and limit the range ofx over which phase separation
possible. Orbital order can be included into our model
introducingNNN interaction~between sites on the same su
lattice! and by associating an orbital index to the Mn31 ions.
This considerably complicates the model, but does
change the quite general phase-separation arguments.
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