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Exciton-exciton scattering dynamics in a semiconductor microcavity and stimulated scattering
into polaritons

F. Tassone and Y. Yamamoto
ERATO Quantum Fluctuation Project, Ginzton Laboratory, Stanford University, Stanford, California 94305

~Received 10 November 1998!

We study the polariton dynamics in a semiconductor microcavity for small temperatures and zero exciton-
cavity detuning, including the exciton-exciton and exciton-phonon scatterings. A bottleneck in the relaxation of
excitons into lower polariton is found, which persists up to high densities. We then consider injection of large
populations of lower polaritons with an external pump. All scatterings featuring the lower polariton as the final
state become stimulated. In particular, scattering of two excitons into both lower and upper polaritons shows
direct evidence of stimulation. Within the rate equation approach, we also predict sizable saturation effects due
to the stimulated emission.@S0163-1829~99!06615-1#
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I. INTRODUCTION
Semiconductor microcavities featuring high-reflectiv

dielectric mirrors resulted in the realization of the stro
coupling between radiation and matter in two dimension1

This renewed the interest in the exciton-polaritons, also
cause the signature of strong-coupling, i.e., the splitting
the degenerate exciton and cavity photon modes, is rea
observable in emission and reflectivity, in contrast to
bulk polaritons. More generally, the dispersion of t
exciton-polaritons is also readily observable by changing
angle of observation.2 The first studies basically focused o
these aspects of the polariton system, and only later t
dynamical properties were addressed.3 Although the cavity
photon acquires a mass because of confinement, this is a
four orders of magnitude smaller than the typical excit
mass, and strong mixing is only effective in a very sm
fraction of thek space spanned by thermalized excitons. F
largerk vectors, the exciton and photon do not mix and
tain their character. In the following, we refer to lower p
laritons~LP! and upper polaritons~UP! as the strongly mixed
modes close tok50, and to excitons as the unmixed mod
at largerk having excitonlike character. Both the LP and U
have a small mass, and density of states~DOS!, due to their
large photon component. All dynamical properties of t
exciton-polariton system are dominated by these two rela
features, the small fraction ofk space occupied by polaritons
and their small DOS. Indeed, the overall relaxation and s
tering dynamics of the excitons is negligibly modified by t
photon confinement, because a negligible fraction of ex
tons relax into polaritons.4 An outstanding prediction is re
lated to thebosonicnature of the LP: quasithermal LP at
temperature below half the splitting are strongly degene
bosons already at small density, due to the small DO5

However, there are serious problems in assuming a the
distribution of LP.~i! The total phonon scattering into the L
modes is small due to the small final DOS.5 ~ii ! As the ra-
diative lifetime of polaritons is smaller than the phonon sc
tering rate, the polariton population remains lower than
thermal population,6 i.e., a bottleneck in the relaxation o
excitons to LP is found. This is analogous to the bulk, wh
the bottleneck was predicted by Toyozawa,7 and later ob-
served by many groups.8 Therefore, the strongly degenera
PRB 590163-1829/99/59~16!/10830~13!/$15.00
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bosons at small density were never observed,9,10 and the ob-
servation of the bosonic nature of microcavity polaritons
mained questionable. Here we instead show that it beco
relevant in appropriate conditions.

In this paper, we extend the calculations of the dynam
of the exciton-polariton system of Ref. 6 in which on
acoustic-phonon scattering was considered, and incl
exciton-exciton scattering. The interaction between excit
is an effecive mean to take into account the fermionic nat
of the exciton constituents, the electron, and the hole, as
will explain later. We treat the exciton-exciton scatterin
within the rate equation approach also used in Ref. 6. Pr
ous results of unvaried exciton dynamics in the microcav
and existence of a bottleneck in their relaxation to LP
based on the small LP DOS, and short LP lifetimes. They
thus fairly general, and not intimately connected to the
ture of the exciton to polariton scattering. These results
here confirmed even at larger exciton densities wh
exciton-exciton scattering is taken into account.11 Scattering
of excitons into polaritons is a unique feature of strong co
pling. We subsequently focus on this dynamic. We identifi
two qualitatively different types of scattering from a den
exciton reservoir: scattering of two excitons into another
citon and a UP~or LP!, or scattering of two excitons into
both a UP and a LP. We then consider injection of a finite
population with an external laser beam. We argue that a la
LP population can be produced, because scattering out o
populated state is quenched by the small LP DOS. The s
terings involving the LP as a final state will be stimulate
This is a unique bosonic feature of the system. In particu
the scattering to both UP and LP experimentally allows us
measure the stimulation from the UP emission. Quantit
estimations show that this effect is relevant and observa
Moreover, the stimulated emission of excitons into the
entails saturation effects at large densities, which is ano
observable signature of stimulated emission.

The paper is divided as follows. In Sec. II we introdu
the bosonic picture of interacting excitons, and report
relevant interaction Hamiltonians. In Sec. III we introdu
the rate equation approach, report the exciton-polariton
persion, radiative recombination rates, for the conside
10 830 ©1999 The American Physical Society
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GaAs based system, and the closed expressions for
exciton-exciton and the exciton-phonon scattering rates.
then discuss the numerical integration of the rate equati
and their physical limits of validity. Finally, we show th
stationary solutions in the presence of an exciton pump
Sec. IV we examine the stimulation effects of the excito
exciton scattering, when a large LP population is injec
with an additional pump. We show that they are releva
and observable in experiment. In Sec. V we examine sat
tion effects due to stimulated emission of excitons into L
and discuss other saturation effects beyond the semiclas
approximation. Finally, we conclude and discuss the
evance of interface disorder on the exciton-polariton dyna
ics in Sec. VI. The exciton-exciton scattering Hamiltonian
derived with a straightforward procedure in Appendix A, a
useful simplified analytical expressions for the exciton
polariton scatterings are given in Appendix B.

II. NONLINEAR INTERACTIONS

In this section we introduce the bosonic exciton pictu
Athough widely known, we wish to remark on its relevan
and limitations, and its connections to the more fundame
fermionic theory, which involves fermionic excitations of th
valence band~holes! and conduction band~electrons!, and
their interactions only. When we consider a single electr
hole pair in the crystal, the Hamiltonian reduces toKe1Kh
1Veh , whereKe andKh are the kinetic terms, andVeh is the
electron-hole Coulomb interaction. Its eigenstates inclu
bound states, the excitons, with a binding energyEB , and a
Bohr radiusaB . Also a state of the crystal with two exciton
approximately diagonalizes the total Hamiltonian, apart fr
terms of the order ofaB

2/S, S being the sample surface. W
may iterate this argument, and understand that whennexcaB

2

!1 (nexc the exciton density!, the system may be treated a
an ideal bose gas of excitons. We remark that this boso
concept is very valuable. For example, it is awkward~though
possible! to describe an exciton condensate in the electr
hole basis. However, the description of the exciton as
ideal boson is seldom sufficient. Even whennexcaB

2!1, there
is a small but finite overlap of the exciton constituents:
they are fermions, they should not overlap. It is possible
still treat the excitons as bosons, by including an effect
repulsion between them such that the overlap of the fer
onic constituents is reduced. This procedure can be form
ized, under the assumption that excitons only are present
fundamental microscopic Hamiltonian may be mapped t
bosonic Hamiltonian, featuring the exciton kinetic ener
term as the lowest-order term, and higher-order terms re
senting two-body, three-body, and so on, exciton inter
tions. Among these systematic methods for constructing
higher-order terms, we recall the commutator expansion12

and ordering/transcription operators methods.13,14 Of course,
all give the same results. In practice, we have to truncate
bosonic Hamiltonian to some finite order. The simplest tru
cation consists of neglecting exciton-exciton interactions
together, and was discussed above. The two-body exc
interaction is the lowest order term, which takes into acco
the fermionic nature of the exciton constituents. In this pa
we include the two-body interaction only, and negle
higher-order terms. The truncated Hamiltonian is used to
he
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culate dynamical effects to all orders, nonperturbatively.15 In
principle, the remainder of the interaction could introdu
contributions comparable to the calculated ones. To the
of our knowledge, even the convergence problem has
been addressed in general. The justification is after all p
nomenological, in that truncating up to the two-body inte
action, we achieve a satisfactory description of the dynam
of the real system. For thermal equilibrium, it is well know
that the two-body interactions are necessary for the desc
tion of the second-order phase transitions.16 In the exciton
case we have another phase transition~Mott transition! to the
electron-hole plasma whennexcaB

2;1, which we can clearly
not describe in the bosonic model of excitons introduc
above. We conclude that the bosonic description of the s
tem, including two-body interaction, is probably sufficient
describe the dynamics whennexcaB

2!1.

A. Exciton-exciton interaction

The exciton-exciton interaction Hamiltonian reads:

Hexc-exc5 (
k,k8,q

M k1 ,k2 ,q bk11q
† bk22q

† bk1
bk2

, ~1!

where we omitted to indicate spin degrees of freedom. T
actual calculation of the two-body interaction was alrea
carried out in details in the literature, including the spin d
grees of freedom.17,18,14We report a straightforward deriva
tion in Appendix A. In the GaAs quantum well, for heavy
hole excitons we have four exciton spin states, of which t
are dark. Rapid scattering between the different spin st
equalizes their population. In the following we do not a
dress this equalization dynamic, but consider the exci
population at later times, when all spin states are equ
populated. Therefore, we average out the spin degree
freedom in the scattering matrix elements, which results
using 1/2 of the value ofuM u2 for aligned spins. Both ex-
change of consituents and direct Coulomb interaction c
tribute to this value ofM k1 ,k2 ,q . However, direct Coulomb
interaction~of dipole-dipole type!, is much weaker than the
short-ranged exchange, and here we neglect it comple
For small momentak,k8,q!aB

21 :

M;2(
k,k8

Vk2k8fkfk8@fk
22fkfk8#;6EB

aB
2

S
, ~2!

HereVk52p/(Sk) is the two-dimensional Coulomb interac
tion, and fk5A8paB

2/S@11(kaB)2#23/2 is the 1s two-
dimensional exciton wave function. The detailed moment
and angular dependence ofM k,k8,q are reported in Appendix
A, and have been calculated numerically in Refs. 18 and
They typically show a momentum cutoff of the order ofaB

21 ,
which we neglect as we will consider cold distributions spa
ning a smaller phase space.

B. Higher-order exciton-photon interaction

The bosonization of the interaction Hamiltonian betwe
electron and holes and photons is straightforward, and gi
in Appendix A. The linear interaction term reads
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Heh-phot
~2! 5(

q

V

2
~bq

†1b2q!~aq1a2q
† !, ~3!

whereV is the Rabi splitting, and is related to the mater
and electromagnetic field quantization parameters.20 Higher-
order terms are also calculated directly in the fermio
space in Appendix A, and result into

Heh-phot
~4!

5 (
k1 ,k2 ,q

sk1 ,k2 ,q~bk11k22q
† bk1

bk2
1H.c.!~aq1a2q

† !,

~4!

with sk1 ,k2 ,q given in Appendix A. In the limit ofk1 ,k2 ,q

!aB
21

s;
4p

7

aB
2

S
V.

This nonlinear exciton-photon interaction term is the boso
counterpart of the phase space filling in the interaction
electrons and holes with photons. In the microcavities t
we are considering,V;4 meV, whileEB;10 meV. In the
calculation of the scattering to polaritons, the matrix e
ments are squared. This nonlinear interaction gives a co
bution of order (V/4EB)2;1022 compared to exciton-
exciton scattering, and is fairly negligible. Thus, phase-sp
filling is negligible in the microcavity polariton system. Th
collapse of Rabi splitting originates in the broadenings fr
exciton-exciton interaction, when\Gexc2exc;V/2, as re-
marked in Ref. 21, rather than in a saturation of the oscilla
strength in the optical transition. Instead, for systems hav
V.EB , such as the bulk GaAs, we should also take t
term into account.22

III. RATE EQUATION MODEL OF THE DYNAMICS

We may identify three steps in the description of the d
namics of excitations: first excitations are provided eith
continuously or impulsively by an external pump, secon
relaxation process in which the energy is exchanged betw
the excitations and with the lattice, and finally a radiati
recombination process. In the continuous case, the statio
state of the system is produced by the balance between t
processes. Emission is measurable only for those states
are radiatively recombining, and is defined as the rate
photon emission into a defined solid angle. In this paper
are considering direct injection of excitons in the system
low temperatures. This allows us to disregard completely
presence of free carriers and exciton formation and ion
tion processes. The relaxation and recombination steps
characterized by different characteristic time scales. In
following, we are going to keep track of all these differe
time scales exactly within a semiclassical rate equa
model of the dynamics. In the numerical calculations
need to discretize thek space. In a finite volume calculation
the k-space mesh is uniform. However, the excitons and
laritons have largely different masses. A dense grid for
polariton would result in an exciton grid with a prohibitive
large number of points. Thus, in this paper we choose ins
a grid that is uniformly spaced in energy. We also assu
l
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isotropic populations. The uniform energy grid allows us
impose exact energy conservation in the elastic excit
exciton scatterings, and avoids numerical drifts in the ene
conservation from the elastic terms in the integration of
rate equations. This point is important, as our problem c
tains different time scales, and many hundred integrat
steps are required to reach stationarity. The grid for the lo
polariton branch~which includes excitonlike polaritons! is
defined as

Ei
~ j !5E~1!~k50!1~ i 11/2!DE, ~5!

with i 50,1, . . . , j 51,2. HereDE defines the energy spac
ing, j 51 labels the lower branch, andj 52 the upper branch
We used the same energy grid for both UP and LP, wh
makes it immediate to write energy conservation in the e
tic scatterings. In the following, we will use one index on
to label both the energy bin and the branch for compactn
The energy grid defines a nonuniformk grid, $ki%, such that
E(ki)5Ei .

The discrete rate equations then read

FIG. 1. ~a! The exciton-polariton dispersion at smallk. ~b! The
radiative recombination rates. The symbols mark the points used
discretization, evenly spaced in energy. The lines are only gu
lines for the eye. The radiative rates of excitons havingk.k0

5nv/c50.
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Ṅi5Pi2G iNi2Wi ,i 8Ni~Ni 811!1 i↔ i 8

2Yii 1 ,i 8 i
18
NiNi 1

~Ni 811!~Ni
18
11!1

i↔ i 8
i 1↔ i 18

, ~6!

and repeated index are summed. HereG i are the radiative
recombination rates,Wi ,i 8 the exciton~or polariton! scatter-
ing rates with the phonons,Yii 1 ,i 8 i

18
the exciton ~or

polariton!-exciton scattering rates, andNi is the population at
ki .

A. Dispersion and radiative recombination

The calculation of the exciton-polariton dispersion
straightforward within the two-oscillator model,23 and the
energies thus obtained are sufficiently accurate for the ca
lation of the exciton-phonon and exciton-exciton scatter
rates. The radiative recombination rates at small angles
be also derived from this model. At larger angles andk, the
detailed structure of exciton-radiative recombination dyna
ics is related to the leaky modes of the dielectric mirror4

Although the average radiative rates do not markedly di
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from those of the bare~QW!, the detailed structure of the
transition region between small and largek vectors still de-
pends on the dielectric structure enclosing the QW. Here
carried the calculation ofG(k) for a GaAs based
l-Ga0.7Al0.3As microcavity embedding a 80 Å QW at it
center, and enclosed by a 16l/4 pairs distributed Bragg
reflector at the top~facing air!, and 24 bottom pairs facing
the substrate, according to Ref. 25. The low index of refr
tion material in the mirrors is AlAs, the high index of refrac
tion one is Ga0.85Al0.15As. We then averaged the radiativ
recombination rates over a discrete energy grid@Eq. ~5!# hav-
ing DE50.05 meV. The resulting energy dispersion and
diative recombination rate as a function of the exciton~po-
lariton! momentum are shown in Fig. 1.

B. Exciton-phonon and exciton-exciton scattering rates

In this section we report the expression forW andY of Eq.
~6! using the Fermi Golden rule. The calculation of the ela
tic exciton-exciton scattering rate follows that of Snoke a
Wolfe.26 We take the small momenta limit of the interactio
matrix elementM k1 ,k1 ,q as explained in Sec. II A:
Yi 1i 2 ,i 3i 4
5

p

\

S2

~2p!4

DE2

]k2E~k2!]k2E~k3!
Xk1

Xk2
Xk3

Xk4
uM u2

R~k1 ,k2 ,k3 ,k4!

]k2E~ j 4!~k4!
, ~7!

R~k1 ,k2 ,k3 ,k4!5
1

2EI
dx

A@~k11k3!22x#@x2~k12k3!2#@~k21k4!22x#@x2~k22k4!2#
, ~8!

I5@~k12k3!2,~k11k3!2#ù@~k22k4!2,~k21k4!2#.
re-
xci-

e
ons
a-
e

re
is

ton-
Here ]k2E(ki)5]E(k)/](k2)uk5ki
is proportional to the in-

verse DOS of the branchj at k5ki . Conservation of energy
is automatically imposed, ask45k(E45E11E22E3). The
Xk are the exciton Hopfield coefficients~squared!,24 and
specify the exciton content of the polariton state. In the
merical integration, we used adaptive integration in Eq.~8!,
after changing variable to smooth the singularity at the in
gration extrema.

The interaction of electrons and holes with acous
phonons through rigid deformation of the bands is w
known, and described in standard textbooks.27 The resulting
interaction with excitons and polaritons has been worked
in details in Refs. 28 and 4, and we only report the fin
results for the uniform energy grid:

Wi 1 ,i 2
5

2p

\

S

~2p!2

DE

2]k2E~k2!
Xk1

Xk2

3
\Dk

2rSu
R8~k1 ,k2!Nph~E22E1!, ~9!

R8~k1 ,k2!52E
0

umax
du

2Dk

\uqz
I'

2 ~qz!

3@aeI i~bDkiaB!2ahI i~aDkiaB!#2, ~10!
-

-

c
l

ut
l

with qz(u)5ADk22Dki
2, Dki

2(u)5k1
21k2

222k1k2cosu,
Dk5uE22E1u/\u,

cosumax5H 1, c.1

c, cP@21,1#

21, c,21

, c5
k1

21k2
22Dk2

2k1k2
.

The phonon occupation factorNph is the Bose function
NB(E) for E.0 ~absorption! andNB(E)11 for E,0 ~emis-
sion!. Finally, I are the adimensional overlap integrals rep
senting the effectiveness of overlap of the phonon and e
ton wave functions, in the growth direction (I') and in-plane
(I i):

I'~q!5E dzu f ~z!u2eiqz, I i~x!5@11~x/2!2#23/2

~11!

and f (z) are growth direction confinement functions. W
used a simple midpoint rule to define the energy integrati
in Eq. ~9!, and adaptive integration for the angular integr
tion in u after changing of the variable for smoothing th
singularity at the extremumumax.

Higher-order terms in the exciton-phonon interaction a
exciton-exciton scattering processes in which a phonon
also emitted or absorbed. The sequential elastic exci
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exciton scattering followed or preceded by phonon rel
ation, as described in the rate equations, is presumably m
important.

C. Discretization and validity of the rate equations

Four factors influence the choice ofDE. ~i! We want a
good description of the population distributions, thus t
relative variation of these distributions overDE should be
small. For a Boltzmann distribution, this condition becom
DE,kBT. For a degenerate Bose distribution, it is mo
stringent.~ii ! We want a good description of the scatteri
with phonons:DE must be smaller than the typical energ
exchanged with the phonons. This energy amounts to alm
1 meV in thin GaAs QW.~iii ! We want a good description o
the exciton-exciton scattering, thus a sufficiently smallDE.
~iv! As the exciton-exciton scattering becomes singular
small exchanged momenta, we need to set a minimumDE
which works as a cutoff, as explained later. We first exa
ined the relevance of~ii ! and~iii !, studying typical scattering
rates from a given initial population distribution. In order
separate the effects~ii ! and~iii ! from those related to~i!, we
chose it as a Gaussian with large energy widths@DE, and
studied the exciton-phonon scattering rates and exci
exciton scattering rates as functions of energy, for vari
DE. In particular, we consideredDE in the range 0.05
20.2 meV. We found changes in the overall scattering ra
well below a few parts in a hundred in all the cases. W
further checked all the results in the numerical analysis p
sented in the next sections by doublingDE: no significant
changes were found, consistent with the above checks.

Problem ~iv! is related to the validity of the rate equa
tions. In this approach, we consider successive scattering
independent: the excitations are moving freely most of
time, and experiencing short binary collisions once in
while. No phase information is carried over from one co
sion to another, and we may calculate the scattering r
within the Fermi golden rule~incoming and outgoing excita
tions asymptotically free!. Both for elastic and inelastic sca
tering, this condition translates into\2kDk/m@G, wherek is
the momentum of the considered excitation,Dk its change in
the collision, andG the collision rate.29 The semiclassica
approach may become unsuitable for particles having sm
momenta, unlessG scales quicker thank to zero: intuitively,
low-momentum excitations are the carrying phase over la
distances, and collision may become dependent on past o
For excitons, or massive particles, at low temperatures, s
tering with phonons exchanges energies of the order o
meV, whereas the rates are much smaller, of the orde
5 meV/K. Only for the smallest momentak, the condition
kDk/m@\G does not hold for phonon scattering. In GaA
this region is a small fraction of the radiative region, thus
is fairly negligible unless condensation and/or very low te
peratures are considered. For exciton-exciton scattering
scattering rate is diverging for small exchanged mome
Thus, for these particular collisions we cannot apply the r
equations. However, when we are discretizing energy, th
collision are mostly within an energy bin, and are thus n
apparent in the dynamics:DE sets a minimum cutoff energ
that we need to consider in the dynamics. The validity of
rate equations then readsDE@\G, whereG now is a typical
-
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scattering rate. As a meaningful estimate ofG we consider
the total scattering rate offk50 from a given distribution,
which is mildly dependent on the shape of the distributi
when the momentum dependendences inM are neglected:

\Gexc-exc5
p2

2
~nexcaB

2 !
EB

2

\2/mexcaB
2

. ~12!

For a typical GaAs QW,\G;1 meV atnexc51010 cm22,
and the rate equation certainly hold fornexc;109 cm22 at
low temperatures, whereas results at higher densities sh
be considered with reserve.

D. Integration of the rate equation: Numerical results

In this section we present the results of the integration
the rate equations@Eq. ~6!#, considering a resonant pum
term of the Gaussian type, centered at the exciton energE
50, for different temperatures and excitation intensities.
particular, the pump term reads

Pi5Pe2E~ki !
2/s2

. ~13!

In the following, we chooses50.25 meV, representative o
a quasimonochromatic pump beam, still larger thanDE
50.05 meV, but smaller thanEB . In Fig. 2~a! we show the
resulting exciton and polariton populations vs energy,
four different pump intensities, and atT54 K. The resulting
total density is also shown on the figure, and is basica
determined by the averaged exciton radiative recombina
rate.30 At low densities, the excitons atE.0 are quasither-
mal, populated with a Boltzmann factor~a linear tail in loga-
rithmic scale!. Instead, both UP and LP are strongly deplet
with respect to this thermal population. This is the bottlene
effect discussed in detail in Ref. 6. We may also notice
residual dip for the radiative excitons close toE50, due to
slow phonon scattering at these low temperatures comp
to exciton radiative recombination. This was already stud
in Ref. 28. Increasing the density, exciton-exciton scatter
becomes relevant. This results in a sizeable filling of
depleted LP and UP populations. Also, the residual dip of
radiative excitons atE50 fills up, disappearing at densitie
around 109 cm22. In Fig. 2~b! we show the same calculatio
for T510 K. The same pump densities were used to gen
ate these data. We remark that larger densities correspon
the same pump rates atT510 K, as the average radiativ
lifetime increases with temperature.30 We may otherwise ob-
serve the same qualitative behavior described above foT
54 K. Depletion of the LP and UP, and especially of rad
tive excitons, are slightly less marked, because of faster p
non scattering.

Another interesting result is found forT54 K in the en-
ergy interval20.5 meV,E,0 meV region. These lowe
polaritons still have dominantly excitonlike character, bu
rapidly falling DOS with lowering energy. Moreover, the
feature long radiative lifetimes, due to cavity confinement,
clearly shown in Fig. 2~b!. This last fact, combined with a
sufficiently quick exciton-exciton scattering dynamics at t
largest considered densities~despite the reduced DOS!, is
sufficient to guarantee a quasithermal population of
modes. It results in an occupation factor larger than one
some of them, i.e., a dynamical condensation effect
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nexc;53109 cm22. However, we remarked above that
this region of densities results of the rate equations shoul
considered with reserve, as the exciton-exciton scatte
rates are already considerably large. Thus, these results
wait for further analysis beyond the rate equation, which
beyond the scope of the present paper.

IV. STIMULATED SCATTERING

Results of Sec. III confirm the persistence of the bott
neck in the relaxation of excitons to LP up to relatively lar
densities, which was previously only shown to hold at lo
densities in Ref. 6. Although spanning a small region of
phase space, the scattering dynamics to the polaritons is
with respect to the exciton system. In particular, we enum
ate the possible dynamical paths from excitons to LP
UP:

~1! exciton→ LP 1 phonon
~2! exciton→ UP6 phonon
~3! exciton1 exciton→ LP 1 exciton
~4! exciton1 exciton→ UP 1 exciton
~5! exciton1 exciton→ LP 1 UP.

The bottleneck in the relaxation of excitons means that
system is strongly out of equilibrium, and an additional L

FIG. 2. The exciton and LP population vs energy at differe
densities, at~a! T54 K, ~b! T510 K. The UP population is
marked by thicker lines, starting atE52 meV.
be
g
ust
s

-

e
ew
r-
d

e

population, completely independent of the exciton popu
tion, may be injected using a pump at the LP energy.
expect that large LP populations can be thus realized:
scattering to close-by modes is expected to be much sm
than the radiative recombination rate~few ps21), due to the
small LP DOS. In fact, although we noticed in Sec. III C th
the scattering out of a single mode is not correctly treated
the rate-equation approach, Eq.~12! still gives a reasonable
estimate of this rate when rescaled bymLP /mexc;1024.
Thus, the scattering rate out of the excited LP mode is
ways negligible compared to the large LP radiative recom
nation rates. This is quite the opposite for the excito
where substantial diffusion to otherk states is expected, giv
ing rise to large densities, comparable to the Mott dens
well before large populations are realized in the pump
mode. This argument is again based on the different DOS
excitons and LP and is very general. In this discussion
did not include the effects of disorder, which are quali
tively different and will be discussed later in more details.
the above argument we neglected scatterings from LP to
citons or unbound electron-hole pairs, which have relev
final DOS. These processes are suppressed at low tem
ture, in particular the scattering to excitons forkBT,V/2,
and optical phonon absorption below 40 K typically in GaA
based structures. In summary, we neglect scattering ou
the pumped LP mode atk50 completely, apart from radia
tive recombination. The possibility of realizing large pop
lations is intimately connected to the bosonic nature of
LP. In particular, processes~1!, ~3!, and~5! are stimulated by
large LP populations. The scattering rate related to proc
~5! may be measured from the UP emission rate. Inste
showing a direct signature of stimulation, observation of
stimulated scattering rates of processes~1! and ~3! remains
experimentally difficult to access.

In the following we will elucidate the scattering proce
~1! to ~5! in detail. We showed in Sec. III D, that the excito
population is largely of the Boltzmann type. We then assu
a rigid exciton distribution of the Boltzmann typeNk
5 f knexc, wherenexc is the exciton density, and

f k5Ne2E~k!/KBT, E~k!.Ecut , ~14!

N215E dk

~2p!2
e2E~k!/KBT

is the normalization. In the following, we considerEcut
;20.2 meV from the numerical results of Sec. III D, i
order to take into account populated excitons in the bot
neck region at low density, as shown in Fig. 2. We th
reduce the set of rate equations Eq.~6! by discarding irrel-
evant processes, and fixing rigidly the exciton distribution
above. We also remark thatNk50

(1) 5NLP can eventually be
large, but otherwise LP and UP populations are negligi
small compared to one:

dNUP,k

dt
52

NUP,k

tUP,k
1aUP,knexc1@bUP,k1bk8~11NLP!#nexc

2

~15!

t
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dNLP

dt
5PLP2

NLP

tLP
1aLP,k50 nexc~11NLP!

1FbLP,k501(
k

bk8Gnexc
2 ~11NLP! , ~16!

dNexc

dt
5Pexc2

Nexc

texc

2FaLP,k50nexc1(
k

bk8nexc
2 1bLP,k50nexc

2 GNLP .

~17!

Here NLP,k and NUP,k are the LP and UP population atk
respectively,Nexc5nexcS the total exciton population,tLP

5(Gk50
(1) )21 is the LP lifetime,tUP,k the UP radiative life-

time, andtexc is the averaged radiative lifetime, given b
texc

215(kGk f k . In Eq. ~17! we also neglected those scatte
ings involving LP and UP that are not stimulated, as from
results of the previous section we know that they have n
ligible effects on the exciton density. Also, the out-scatter
rates from the LP and UP have been neglected, apart f
the radiative recombination.

The coefficientsa and b can be calculated as usual wi
the Fermi golden rule:

aj ,k2
5

2p

\

S

~2p!2E dE1

2]k2E~k1!
Xk1

~1!Xk2

~ j !
\Dk

2rSu

3R8~k1 ,k2!Nph~E22E1! f k1
, ~18!

whereR8, Nph , Dk, and all other quantities have been i
troduced in relation to Eq.~10!, and j 51,2 for LP and UP,
respectively. This rate can be calculated analytically foj
52 ~Appendix B!.

The quadratic coefficients are given by

bj ,k3
5

p

\

S2

~2p!4E dk1
2dk2

2Xk1

~1!Xk2

~1!Xk3

~ j !Xk4

~1!uM u2

3
R~k1 ,k2 ,k3 ,k4!

]k2E~1!~k4!
f k1

f k2
. ~19!

Due to the small LP and UP DOS, the major contributi
originates from excitons as final scattering states ink4, while
scattering to LP is negligible in comparison. As a con
quence, it can be shown that fork350, bLP5bUP . Also,
neglecting the small contribution from the populated ex
tons belowE50, we calculated these rates analytically
Appendix B.

We plot in Figs. 3~a! and 3~b! the linear coefficientsa of
Eq. ~18! and quadratic coefficientsb of Eq. ~19!, respec-
tively, as functions of the lattice temperatureT, and fork3
50. Other parameters regarding the structure were gi
before. In Fig. 3~a! we see that the scattering to the UP fi
increases rapidly with T, then only linearly increases
kBT.V/2. The scattering to LP is weakly dependent onT.
In Fig. 3~b! we see that the LP and UP coefficients are ba
cally the same fork50. Their temperature dependence
first exponential with temperature, then forkBT.V/2 starts
e
g-
g
m

-

-

n
t
r

i-

to be weakly decreasing withT. The numerical results com
pare reasonably well with analytic expressions. As remar
in Appendix B, the phonon scattering to the LPaLP,k50 is
strongly sensitive the theqz cutoff in the phonon scattering
@Eq. ~10!#. For QW with infinite barriers, we show its depen
dence on the QW thicknessLz in the inset of the figure.

The linear and quadratic coefficients show simple ex
nential dependences on the final energyE, which mainly
originate in the Boltzmann factors of the exciton populatio
Further energy dependences stem from the changes in
exciton components of the final state~Hopfield factors!. The
energy dependences are found to be well described by
analytic approximation in Appendix B, Eqs.~B1! and ~B2!
and Eq.~B3!. The only exception is the phonon scattering
the LP, which does not show the exponential energy dep
dence of the other processes. Instead, this rate is more
sitive to theqz cutoff in the phonon scattering as remark
above.

The coefficientbUP,k3
8 has the same expression asb2,k3

of

Eq. ~19!, where we now consider the final scattering sta
k450, andk25k32k1:

FIG. 3. The scattering coefficients into LP and UP wi
phonons,a of Eq. ~18!, in ~a!, and the exciton-exciton scatterin
coefficients into LP and UP,b of Eq. ~19!, in ~b!, as functions of the
lattice temperatureT. The analytic approximations of Appendix B
are also shown for comparison.
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bUP,k3
8 5

p

\

S

~2p!2E dk1Xk1

~1!Xk2

~1!Xk3

~2!Xk450
~1! uM u2d~E11E22E32ELP! f k1

f k2

5
p

\

S

~2p!2
uM u2Xk3

~2!
1

2E dE1

]k2E2

Xk1

~1!Xk2

~1!

A@~k21k3!22k1
2#@k1

22~k21k3!2#
f k1

f k2
. ~20!
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This rate is also calculated analytically in Appendix B. W
remark thatb8}S21, as M2}S22. The stimulated rate is
proportional to thek50 LP densitynLP5NLP /S. We plot
the temperature and energy dependence of this rate in Fi
Regarding the energy dependence of the emission aE
5E(k3), it is mostly exponential again. A small reduction
the normal direction@E5E(k50)# in an energy range of the
order of \2k0

2/2mexc ~0.1 meV in GaAs! is related to the
details of the exciton-polariton dispersion at the knee
tween the excitons and LP, and is not predicted by the s
plified analytic expression in Appendix B. However, in th
calculation we neglected the populated dark spin sta
which clearly do not split into polariton modes at small m
menta, so that it is unlikely to observe this small reduction
actual experiments. We finally checked that all the rates
weakly dependent on the choice ofEcut , as expected from
the rapidly falling DOS for the exciton modes havingE,0.

At small exciton and LP densities, the exciton dens
nexc is directly proportional to the exciton pump intensi
Pexc. Thus, the UP emission rate@Eq. ~15!# has a linear
contribution in Pexc originating from process~2!, and two
quadratic contributions inPexc originating from processe
~4! and~5!. The latter is also proportional to the LP popul
tion in the k50 mode, thus toPLP . Experimentally, it is
thus possible to discriminate between the three contribut
from their different power-law dependences onPexc and
PLP . For example, at T54 K, considering nexc
5109 cm22, we obtainaUP,k50nexc;23107 s21, and also

FIG. 4. The scattering rate to both LP and UP, as a function
the UP energy, and as a function of temperatureT, for T54 K and
for E2E(k50)50.2 meV, respectively. The analytic approxim
tions of Appendix B are also shown for comparison.
4.

-
-

s,

n
re

s

bUP,k50nexc
2 ;23107 s21, which are quite measurabl

emission rates. When alsonLP5NLP /S5109 cm22,
bk508 nexc

2 nLP;108 s21: the stimulated scattering of excito
into polaritons is measurable, and dominates the other s
terings already at small LP densities. All the three scatter
processes have been actually observed and discriminate
experiments at 4.8 K.33 We finally remark that increasing th
temperature reduces the stimulated scattering rate in c
parison to types~2! and ~4! scatterings, making more diffi
cult its observation.

V. SATURATION DYNAMICS

For largenLP and largenexc, the scattering of excitons
into LP competes with the exciton radiative recombinatio
the last three terms of Eq.~17! then become comparable t
the radiative recombination term. As a result, the exci
population becomes sublinear inPexc. Already at low tem-
peratures, here we will considerT54 K, the contribution
from (kbk8 in Eq. ~17! is actually smaller by one order o
magnitude with respect to that of processes~1! and~3!. Thus,
we further simplify Eqs.~16! and~17! to analyze the result-
ing saturation dynamics in stationary conditions:

nexc

texc
5

Pexc

S
2@aLP,k50nexc1bLP,k50nexc

2 #nLP ~21!

nLP

tLP
5

PLP

S
1@aLP,k50nexc1bLP,k50nexc

2 #nLP . ~22!

The UP emission rate is still given by Eq.~15!. We plot in
Fig. 5 the dependence of this rate as a function ofPLP ,

f
FIG. 5. The scattering rate to the UP, and the total exci

density, as functions of the LP density, forT54 K and two differ-
ent, fixed exciton pump ratesPexc.
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considering a fixed pump rate (Pexc/S)texc51010 cm22

s21 and a fixed-averaged radiative lifetime for the excito
of 100 ps. These are typical parameters for a GaAs QW.
expected, the UP emission rate first increases linearly w
PLP , then saturates and starts to decrease. The saturati
related to the reduction ofnexc for increasingnLP . Both the
linear ~phonon mediated! and quadratic rates consequen
finally decrease, resulting in a sublinear dependence onPLP .
For even largerPLP , the decrease ofnexc is so marked that
it results in a net reduction of the UP emission rate. F
smaller Pexc the saturation of the UP emission rate is le
marked.

The results shown in Fig. 5 have to be considered
qualitative only, asnexc.109 cm22: we have already re
marked in Sec. III C that the rate equation approach beco
unsuitable when the exciton-exciton scattering rates
larger than typical energies, herekBT,V. We may expect
that multiple scattering has to be effectively included in t
case. A self-consistent Born approximation, leading to g
eralized rate equations, could still be insufficient when
excitons become almost degenerate.29 Furthermore, even
when nexc,109 cm22, a large nLP induces a relevan
exciton-mass renormalization, and further reduction of
scattering rates as their dispersion becomes phononlike
analogy to superfluidity. Preliminary calculations show th
this effect is already relevant well belownLP;1010 cm22.31

We may instead neglect LP mass renormalization effects
to the usual small DOS. Finally, the collapse of the R
splitting, which can be thought of as a polariton-ener
renormalization, sets in abruptly atnexc;431010 cm22:32 it
is therefore relevant in a narrow region of densities close
the above one, and below this critical density, the effects
the LP and UP energy renormalization remain negligib
and we did not consider them in this paper.

VI. DISCUSSION AND CONCLUSIONS

We have confirmed the persistence of the bottleneck
fect up to large exciton densities, and shown how to exp
the resulting nonequilibrium to perform experiments that e
dentiate the bosonic character of LP and UP. In particu
the scattering of two excitons into both LP and UP can
enhanced by final-state stimulation using an external be
that injects a large LP population. The resulting UP emiss
rate is linearly dependent on the LP beam intensity at
densities, and the calculated rates show that this proce
measurable at modest exciton and LP densities. Prelimin
experimental results confirm this expectation.33 Moreover,
we investigated the saturation effects of the UP emiss
within the rate equations approach, and showed that they
observable for exciton and LP densities aroundnLP
;1010 cm22, well below the collapse of the Rabi splitting
We discussed other important renormalization effects
are not included in the rate equations. These are expecte
further enhance the saturation effects. Finally, we reca
how the present bosonization approach partially includes
fermionic properties of the microscopic elementary exc
tions. Both stimulated exciton-exciton scattering and satu
tion effects have this same microscopic origin, and the sa
results are thus expected in the fermionic picture, altho
their description would be far less transparent.
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Stimulated emission of bulk polaritons was already e
perimentally observed in II-VI samples of sufficient quali
in the late seventies,34 and more recently in QW microcavity
samples.35 In the bulk, a cleaved bulk crystal formed a nat
ral resonator for the photonlike polaritons of the low
branch, increasing their lifetime to several ps. Sufficient
citation produced stimulated emission based on vari
mechanisms, depending on temperature: from LO pho
emission at high temperature, to exciton-exciton scatterin
the lowest temperatures. The gain mechanisms were theo
cally characterized by Haug and Koch,36 based on the sam
semiclassical approximation of the dynamics we conside
in this paper. Large exciton binding energy, strong oscilla
strengths~large polariton splittings!, and strong exciton-LO
phonon interaction, favor the realization of stimulated em
sion before the polariton splitting collapses at large exc
tion densities. However, this fact was not checked in a
experiment; as in the bulk, the splitting does not direc
show in emission or reflectivity, and much more involve
experimental techniques are necessary for its observatio37

The laser emission in the II-VI microcavities occured at lar
negative detunings only, and persistence of the splitting w
not reported either.35 We remark that in principle, the stimu
lated scatteringeffects presented in this paper could ha
been observed even in the bulk, but to the best of our kno
edge, the problem was never addressed.

The issue of interface disorder and inhomogeneous bro
ening in the QW is relevant in currently grown structures
is presumably leading to important consequences in the
lariton dynamics, which have not been addressed in this
per. Excitons are ‘‘motionally narrowed’’ in the QW, in th
sense that they show only a small fraction, typically fe
meV, of the full interface potential variation, fractions of a
eV, in the optical response. Due to the small DOS, polarito
were predicted to be even more so in a pioneering pape
Whittakeret al.38 However, it has been later shown that f
current structures, polaritons and excitons are substant
mixed by multiple scattering with the strong disorder pote
tials, and have to be treated on an equal footing.39,40 This
resulted in the explanation of a much weaker motional n
rowing for the LP, and of its absence for the UP. These la
approaches treat both exciton-photon coupling, and exc
scattering on disorder exactly. Interestingly, a simplified a
proach, which accounts for effects of disorder at the leve
exciton absorption only, was also shown to produce the c
rect results for the polariton inhomogeneous line widths41

This makes questionable the advantage to use the pola
picture when considering strong disorder. Regarding
scattering dynamics with phonons and other excitons,
above results also point out to the insufficiency of the cle
polariton picture used in this paper. Indeed, some predicti
of the polariton dynamics are in striking contrast to the e
perimental observations: the detailed photoluminesce
lineshape from the LP and UP is predicted to be stron
nonthermal in our model,6 but is instead found to be at mos
weakly deviating from thermal emission in experiment42

Moreover, recent studies put into evidence shortcomings
the calculation of the photon emission within the simple ra
equation approach, at least for large negative detuning43

Finally, no direct observation of the bottleneck dynamics
the microcavity polariton system has yet been reported
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many respects, the situation has analogies to the early on
the bulk, when the weak lower branch luminescence w
completely dominated by emission from impurity-bound e
citons, preventing the observation of the exciton-polari
dynamics. Cleaner samples finally allowed for its direct o
servation. We may expect the same will occur for the mic
cavities. However, we notice that indirect, but solid, expe
mental evidence of the bottleneck has already b
established: the exciton dynamics of bare and cavity emb
ded QW is similar, and independent of the exciton cav
detuning,44 and the LP do not dynamically condense at lo
lattice temperatures, before collapse of the Rabi splitting9,10

Moreover, evidence of a thermal exciton reservoir is found
the temperature dependence of the exciton lifetime,30,44 and
the possibility to realize large LP population with a pum
remains true as the LP lineshape is mainly related to
radiative recombination, and scattering out of LP by phon
absorption has been shown to be quenched at
temperatures.45 We therefore expect that our predictions
stimulated scattering remain valid also for the curre
samples, as they are based on the above evidence extr
from current samples. We conclude that although disorde
likely to quantitatively affect the calculated photon-emissi
rates, the qualitative features of the dynamical picture p
sented in this paper are relevant also for current sample
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APPENDIX A

Let us consider the fermionic Hilbert spaceF of electron-
hole pairs, and the bosonic Hilbert space of excitonsB. They
can be further subdivided in subspaces of 0, 1, 2,. . . ,n pairs,
F5F0%F1%F2% . . . , andsubspaces of 0, 1, 2,. . . , n ex-
citons,B5B0%B1%B2% . . . . Thestates of then50, 1 sub-
spaces may be put into a one-to-one correspondence
ally:
for
s

-
n
-
-
-
n
d-
y
-

n

e
n
w

t
ted
is

-

vi-

cp1

† dq1

† u0&F↔bp1q1

† u0&B ,

wherec† andd† are electron and hole creation operators, a
the b† operators are bosonic creation operators. The dim
sionality ofBn for n>2 is much larger than the dimension
ality of Fn . For example:cp1

† dq1

† cp2

† dq2

† u0&F exists only for

p1Þp2, whereasbp1q1

† bp1q1

† u0&B also exists for p15p2.

Thus, theBn , n>2 have to be restricted to ‘‘physical’’ state
with some projection operation. In practice, as we are lo
ing for the transcription of bound exciton states only, and
almost empty bands~continuum limit!, this restriction is
completely avoided. Many approaches have been devise
realize the transcription of bound bosons.12–14,17For n52, it
is straightforward to build the corresponding states in
bosonic and fermionic space directly.17,18 Here, we briefly
outline the conceptual steps in the derivation.

We are interested in transcribing the 1s bound excitons
from B2 to F2. First, the correspondence betweenB1 andF1
is trivial:

uK &B5bK
† u0&B↔uK &F5(

k
fbK1k* c2k

† dK1k
† u0&F .

~A1!

Here,b5mh /(me1mh). Tentatively, we may try the sam
correspondence inn52:

uK1K2&B5bK1

† bK2

† u0&B↔uK1K2&F

5 (
k1 ,k2

fbK11k1
* fbK21k2

* c2k1

† dK11k1

† c2k2

† dK21k2

†

3u0&F . ~A2!

However, the fermionic states are not properly norm
ized, as F^K18K28uK1K2&F5dK1 ,K

18
dK2 ,K

28
dK1 ,K

28
dK2 ,K

18

1O(aB
2/S). Thus, in calculatingB^BK18K28uOBuK1K2&B as

F^K18K28uOFuK1K2&F , this fact must be taken into accoun
properly. In particular, we are interested inOF5Ke1Kh
1Vee1Vhh1Veh . We have,
om (
rgy

lculation
KeuK1K2&F5 (
k1 ,k2

@eck1
1eck2

#fbK11k1
* fbK21k2

* c2k1

† dK11k1

† c2k2

† dK21k2

† u0&F . ~A3!

VehuK1K2&F5 (
k1 ,k2 ,q

Vq$~fbK11k11q* fbK21k2
* 1fbK11k1

* fbK21k21q* !c2k1

† dK11k1

† c2k2

† dK21k2

†

1fbK11k1
* fbK21k2

* c2k11q
† dK11k1

† c2k2

† dK21k22q
† 1fbK11k1

* fbK21k2
* c2k1

† dK11k12q
† c2k21q

† dK21k2

† %u0&F .

The first two terms represent electron-hole Coulomb interaction within the same exciton; together with the terms frKe
1Kh)uK1K2&F , they thus give (eK1

1eK2
)uK1K2&F , whereeK is the exciton energy. These terms contribute to the self-ene

of the two excitons only, and have to be discarded in the calculation of the scattering-matrix elements. Finally, the ca
of

VeeuK1K2&F5 (
k1 ,k2 ,q

VqfbK11k1
* fbK21k2

* c2k12q
† dK11k1

† c2k21q
† dK21k2

† u0&F
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is straightforward, and theVhhuK1K2&F term is analogous. Simple algebra leads to the scattering-matrix elements, wh
not have to be further renormalized as they are already of orderaB

2/S:

F^K11QK22QuVeeuK1K2&F5H (
k1k2

@VQ2Vk12k22Q#fbK11k12aQfbK21k21aQfbK11k1
* fbK21k2

* J 1$Q↔K22K12Q%.

Herea512b, and F^K11QK22QuVhhuK1K2&F has simplya↔b. The first term is the classical Coulomb interaction, t
second term is the exchange of the electron, the other two are the corresponding exciton~boson! exchanges. Finally, from the
last two terms ofVehuK1K2&F we obtain:

F^K11QK22QuVehuK1K2&F5H (
k1 k2

VQ@fbK11k11bQfbK21k21aQ1fbK11k12aQfbK21k22bQ#fbK11k1
* fbK21k2

*

1Vk12k22Q@fbK11k12aQfbK21k22bQ1fbK11k22aQfbK21k12bQ#fbK11k1
* fbK21k12Q* J

1$Q↔K22K12Q%.
ns
la

in
e

ile
ls
w

a

ac

e
e

ic

n

of
of

per
ant

gi-
Again, the first two terms are direct Coulomb interactio
and the other exchanges of a single constituent. The
terms are the boson exchanges. The detailed momentum
pendence for variousa has been calculated numerically
Refs. 18 and 19. The spin dependence of the direct and
change matrix elements is also readily calculated. Deta
angular dependences for all the four scattering channe
any elliptical basis have been reported in Ref. 19. Here
remark that in the limit ofK1 ,K2 ,Q!aB

21 , the direct terms
are negligible, while the exchange terms give

^K11QK22QuVee1VhhuK1K2&

;24(
k1k2

Vk12k2
ufk1

u2ufk2
u2

and

^K11QK22QuVehuK1K2&;4(
k1k2

Vk12k2
ufk1

u2fk2
fk1

* ,

and result into Eq.~2!.
The interaction of electron and holes with photons in

closed microcavity reads:

Heh-phot5(
k,q

epcv

mc
A 4p\c2

vcavLe f fS

3~ck1q
† dk

†1dkck2q!~aq1a2q
† !. ~A4!

Herem is the free-electron mass,pcv the momentum matrix
element between valence and conduction band, andLe f f is
an effective cavity length, which takes into account the f
that dielectric mirrors have a finite~and large! penetration
depth.23 When considering the bosonic term of lowest-ord
generated from this Hamiltonian, we find a relationship b
tween the Rabi splittingV and the constants above:

V

2
5

epcv

mc
A 4p\c2

vcavLe f fS
(

k
fk .
,
st

de-

x-
d
in
e

t

r
-

Higher-order terms are calculated directly in the fermion
space, as before, and result into Eq.~4!. The matrix element
reads

sK1 ,K2 ,Q5
epcv

mc
A 4p\c2

vcavLe f fS

3(
k

faK31k1Q2K1
faK21k* faK11k1Q2K1

,

~A5!

with K35K11K22Q. The limit of low momenta has bee
reported in Eq.~4!.

APPENDIX B

In this appendix we calculate analytical approximations
the exciton to polariton scatterings, under the assumption
thermal-exciton population given in Eq.~14!, and withEcut
50. First, we consider phonon scattering to the up
branch. There are two major contributions, the first import
at large temperatures, withuDk5DE;0 (\51), when
Nph(DE);DE/kBT, and originating in a region of width
kBT. In this case, Dki;kexc5AmexcV, and uDki
;0.1 meV. Thus, forkBT.1 K, we haveqz;Dk, and the
cutoffs I i ,I';1. The energy integration of Eq.~18! is in a
small interval@E22kBT/4,E21kBT/4# and results into

aUP,k2
5

p

u
Xk2

~2!
~ae2ah!2

ru2
kBTe2

E2

kBT. ~B1!

The other contribution is for small temperatures, and ori
nates in phononabsorption, when E1!E2, and Nph(DE)
;exp@2(E22E1)/kBT#. In this case, theqz is cutoff at qz
;2p/Lz , and the integration inE1 of Eq. ~18! is in the
interval @E222p/Lz ,E2#. Thus,l

aUP,k2
5

2p

u
Xk2

~2!
~ae2ah!2

ru2

~2up/Lz!
2

2kBT
e2~E2/kBT!.

~B2!
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The crossover between the two behaviors is atkBT;u2p/Lz . For the LP, the largest contribution is for phonons of largeqz ,
andE1;0. Thus, the rate becomes quantitatively more sensitive on the actual form of the cutoffI'(qz) at largeqz . It can be
shown that the rate is then weakly dependent on temperature forkBT,V/2.

We now consider exciton-exciton scattering to the exciton and UP or LP@Eq. ~19!#. R(k1 , . . . ,k4), whose expression is
given in Eq.~8!, is readily calculated whenk3!k1, giving

R~k1 , . . . ,k4!5
p

2A@~k21k4!22k1
2#@k1

22~k22k4!2#
.

Then, considering thatk4 is on the exciton branch,k4
2;k1

21k2
222mexcE3, and @(k21k4)22k1

2#@k1
22(k22k4)2#54k1

2k2
2

22mexcE3. Also, ]k2E(k4);1/2mexc. Substituting in Eq.~19!, we obtain

bj ,k3
;pXk3

~ j !uM u22mexc

S2

~2p!4Ek1
2k2

2
.mexcE3

dk1
2dk2

2 p

2A4k1
2k2

222mexcE3

f k1
f k2

5pXk3

~ j !uM u2mexcp
S2

~2p!4
l th

4 2pmexckBTe2uE3u/kBT. ~B3!

HereE35E( j )(k3) as usual, andl th
2 52p/(mexckBT) is the exciton-thermal wavelength. Also notice the absolute value in

exponential, which makes the LP scattering rate exponentially increasing with smalleruE3u. This has been confirmed by actu
numerical integration.

Finally, for the scattering to both LP and UP, we have from Eq.~20!, neglecting details of the lower branch dispersion
the knee, and simply considering a pure excitonic dispersion fork1 ,k2, that the integral is trivial and givesp/2, thus

bUP,k3
8 5p2Xk3

~2!
1

2

S

~2p!2
mexcuM u2l th

4 e2~E31E~1!~k50!/kBT!. ~B4!
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