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Exciton-exciton scattering dynamics in a semiconductor microcavity and stimulated scattering
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We study the polariton dynamics in a semiconductor microcavity for small temperatures and zero exciton-
cavity detuning, including the exciton-exciton and exciton-phonon scatterings. A bottleneck in the relaxation of
excitons into lower polariton is found, which persists up to high densities. We then consider injection of large
populations of lower polaritons with an external pump. All scatterings featuring the lower polariton as the final
state become stimulated. In particular, scattering of two excitons into both lower and upper polaritons shows
direct evidence of stimulation. Within the rate equation approach, we also predict sizable saturation effects due
to the stimulated emissionS0163-18209)06615-1]

_ |. INTRODUCTION bosons at small density were never obser&thnd the ob-
Semiconductor microcavities featuring high-reflectivity servation of the bosonic nature of microcavity polaritons re-
dielectric mirrors resulted in the realization of the strongmgained questionable. Here we instead show that it becomes

coupling between radiation and matter in two dimensi’ons.re|evam in appropriate conditions.
This renewed the interest in the exciton-polaritons, also be- |, this paper, we extend the calculations of the dynamics
cause the signature of strong-coupling, i.e., the splitting OBf the exciton-bolariton system of Ref. 6 in which only

the degenerate exciton and cavity photon modes, is read"é{coustic-phonon scattering was considered, and include

observable_ in emission and reflectivity, In contrast to theexciton—exciton scattering. The interaction between excitons
bulk polaritons. More generally, the dispersion of the. . . o
exciton-polaritons is also readily observable by changing thé> @n effeqve mean .to take into account the fermionic nature
angle of observatiof The first studies basically focused on Of_ the exqton constituents, the electr.on, and_ the hole, as we
these aspects of the polariton system, and only later theﬁ”!” _explam later. We treat the excnon—exc!ton scatterlng_
dynamical properties were addressetlithough the cavity within the rate equa‘qon approach also.usgd in Ref. 6. Preyr
photon acquires a mass because of confinement, this is abdtifS results of unvaried exciton dynamics in the microcavity
four orders of magnitude smaller than the typical exciton@nd existence of a bottleneck in their relaxation to LP are
mass, and strong mixing is 0n|y effective in a very Sma”based on the small LP DOS, and short LP lifetimes. They are
fraction of thek space spanned by thermalized excitons. Fotthus fairly general, and not intimately connected to the na-
largerk vectors, the exciton and photon do not mix and re-ture of the exciton to polariton scattering. These results are
tain their character. In the following, we refer to lower po- here confirmed even at larger exciton densities when
laritons(LP) and upper polaritondJP) as the strongly mixed exciton-exciton scattering is taken into accotingcattering
modes close t&=0, and to excitons as the unmixed modesof excitons into polaritons is a unique feature of strong cou-
at largerk having excitonlike character. Both the LP and UP pling. We subsequently focus on this dynamic. We identified
have a small mass, and density of stdf2©9), due to their two qualitatively different types of scattering from a dense
large photon component. All dynamical properties of theexciton reservoir: scattering of two excitons into another ex-
exciton-polariton system are dominated by these two relatediton and a UP(or LP), or scattering of two excitons into
features, the small fraction &fspace occupied by polaritons, both a UP and a LP. We then consider injection of a finite LP
and their small DOS. Indeed, the overall relaxation and scatpopulation with an external laser beam. We argue that a large
tering dynamics of the excitons is negligibly modified by the LP population can be produced, because scattering out of the
photon confinement, because a negligible fraction of excipopulated state is quenched by the small LP DOS. The scat-
tons relax into polariton$.An outstanding prediction is re- terings involving the LP as a final state will be stimulated.
lated to thebosonicnature of the LP: quasithermal LP at a This is a unique bosonic feature of the system. In particular,
temperature below half the splitting are strongly degeneratéhe scattering to both UP and LP experimentally allows us to
bosons already at small density, due to the small DOS.measure the stimulation from the UP emission. Quantitive
However, there are serious problems in assuming a thermaistimations show that this effect is relevant and observable.
distribution of LP.(i) The total phonon scattering into the LP Moreover, the stimulated emission of excitons into the LP
modes is small due to the small final DOSi) As thera- entails saturation effects at large densities, which is another
diative lifetime of polaritons is smaller than the phonon scat-observable signature of stimulated emission.

tering rate, the polariton population remains lower than the The paper is divided as follows. In Sec. Il we introduce
thermal populatiof,i.e., a bottleneck in the relaxation of the bosonic picture of interacting excitons, and report the
excitons to LP is found. This is analogous to the bulk, whererelevant interaction Hamiltonians. In Sec. Ill we introduce
the bottleneck was predicted by Toyoza(vand later ob- the rate equation approach, report the exciton-polariton dis-
served by many grougsTherefore, the strongly degenerate persion, radiative recombination rates, for the considered
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GaAs based system, and the closed expressions for thwilate dynamical effects to all orders, nonperturbativéiy
exciton-exciton and the exciton-phonon scattering rates. Werinciple, the remainder of the interaction could introduce
then discuss the numerical integration of the rate equationgontributions comparable to the calculated ones. To the best
and their physical limits of validity. Finally, we show the of our knowledge, even the convergence problem has not
stationary solutions in the presence of an exciton pump. Itbeen addressed in general. The justification is after all phe-
Sec. IV we examine the stimulation effects of the exciton-nomenological, in that truncating up to the two-body inter-
exciton scattering, when a large LP population is injectedaction, we achieve a satisfactory description of the dynamics
with an additional pump. We show that they are relevantof the real system. For thermal equilibrium, it is well known
and observable in experiment. In Sec. V we examine saturdhat the two-body interactions are necessary for the descrip-
tion effects due to stimulated emission of excitons into LP tion of the second-order phase transitidhi$n the exciton
and discuss other saturation effects beyond the semiclassiczdse we have another phase transitidott transition to the
approximation. Finally, we conclude and discuss the relelectron-hole plasma whem,, a3~ 1, which we can clearly
evance of interface disorder on the exciton-polariton dynamnot describe in the bosonic model of excitons introduced
ics in Sec. VI. The exciton-exciton scattering Hamiltonian isabove. We conclude that the bosonic description of the sys-
derived with a straightforward procedure in Appendix A, andtem, including two-body interaction, is probably sufficient to
useful simplified analytical expressions for the exciton todescribe the dynamics Whmxca§<l-

polariton scatterings are given in Appendix B.

A. Exciton-exciton interaction

II. NONLINEAR INTERACTIONS The exciton-exciton interaction Hamiltonian reads:

In this section we introduce the bosonic exciton picture.
Athough widely known, we wish to remark on its relevance
and limitations, and its connections to the more fundamental Hexcexc= 2
fermionic theory, which involves fermionic excitations of the

valence bandholes and conduction bandelectrony, and \yhere we omitted to indicate spin degrees of freedom. The
their interactions only. When we consider a single electronycya) calculation of the two-body interaction was already
hole pair in the crystal, the Hamiltonian reduceskipt Ky, carried out in details in the literature, including the spin de-
+Ven, whereK, andK, are the kinetic terms, and.pisthe  grees of freedon’ 84 We report a straightforward deriva-
electron-hole Coulomb interaction. Its eigenstates includgjg, in Appendix A. In the GaAs quantum well, for heavy-
bound states, the excitons, with a binding enelfgy and @  pole excitons we have four exciton spin states, of which two
Bohr radiusag . Also a state of the crystal with two excitons are dark. Rapid scattering between the different spin states
approximately diagonalizes the total Hamiltonian, apart fromgqualizes their population. In the following we do not ad-
terms of the order 083/S, S being the sample surface. We dress this equalization dynamic, but consider the exciton
may iterate this argument, and understand that whg@s  population at later times, when all spin states are equally
<1 (nexc the exciton density the system may be treated as populated. Therefore, we average out the spin degrees of
an ideal bose gas of excitons. We remark that this bosonifreedom in the scattering matrix elements, which results in
concept is very valuable. For example, it is awkwéftbugh  using 1/2 of the value ofM|? for aligned spins. Both ex-
possiblg to describe an exciton condensate in the electronehange of consituents and direct Coulomb interaction con-
hole basis. However, the description of the exciton as afribute to this value oM k, k,.q- HOwever, direct Coulomb

ideal boson is seldom sufficient. Even whenaz<1, there  interaction(of dipole-dipole typg, is much weaker than the

is a small but finite Overlap of the exciton constituents: aSShort_ranged exchange, and here we neg|ect it Comp|ete|y.
they are fermions, they should not overlap. It is possible tq=g; small momentd,k’,q<ag
still treat the excitons as bosons, by including an effective

tot
2 M, ky.a Bk, +qPr,— Pk, Pk, (D)
K\

repulsion between them such that the overlap of the fermi- 22
onic constituents is reduced. This procedure can be formal- M~2> Vi il do— brbi]~6Eg— )
ized, under the assumption that excitons only are present: the KK’ S

fundamental microscopic Hamiltonian may be mapped to a

bosonic Hamiltonian, featuring the exciton kinetic energyHereV,=2x/(SK) is the two-dimensional Coulomb interac-
term as the lowest-order term, and higher-order terms repreion, and ¢,=\8wa3/J 1+ (kag)?] 32 is the Is two-
senting two-body, three-body, and so on, exciton interacdimensional exciton wave function. The detailed momentum
tions. Among these systematic methods for constructing thend angular dependence M , , are reported in Appendix
higher-order terms, we recall the commutator expansidns, A, and have been calculated numerically in Refs. 18 and 19.
and ordering/transcription operators meth&t.Of course,  They typically show a momentum cutoff of the orderagf*,

all give the same results. In practice, we have to truncate th@hich we neglect as we will consider cold distributions span-
bosonic Hamiltonian to some finite order. The simplest trunning a smaller phase space.

cation consists of neglecting exciton-exciton interactions al-
together, and was discussed above. The two-body exciton
interaction is the lowest order term, which takes into account
the fermionic nature of the exciton constituents. In this paper The bosonization of the interaction Hamiltonian between
we include the two-body interaction only, and neglectelectron and holes and photons is straightforward, and given
higher-order terms. The truncated Hamiltonian is used to calin Appendix A. The linear interaction term reads

B. Higher-order exciton-photon interaction
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) Q. ) 1.506 . ;
Hepnor= 2 5 (bytb-g)(agta’y). (3)
where() is the Rabi splitting, and is related to the material 1.504 | .
and electromagnetic field quantization paramet®tigher-
order terms are also calculated directly in the fermionic
X . . =
space in Appendix A, and result into S 1502 i
4 &3]
Hgah)—phot
‘ ‘ 1.500 F
= kl%'q Uklikz'q(bk1+k2_qbk1bk2+ H.C.)(aq+ a_q),
4
_ ) _ ) o 1.498 Ls L S
with Ok, ky.q 9iVEN in Appendix A. In the limit ofk,,k,,q 10 10 10
<agl (a) Kk,
1.0
A7 aé |
. . . . . . . 08 ! i
This nonlinear exciton-photon interaction term is the bosonic !
counterpart of the phase space filling in the interaction of I
electrons and holes with photons. In the microcavities that %‘ 0.6 | uP : . ]
we are considering)~4 meV, whileEg~10 meV. In the E | excilons
calculation of the scattering to polaritons, the matrix ele- [_E 04 | LP : 1
ments are squared. This nonlinear interaction gives a contri- ' :
bution of order ()/4Eg)2~10 2 compared to exciton- | 6,y (90° in air)
exciton scattering, and is fairly negligible. Thus, phase-space 02 I .
filling is negligible in the microcavity polariton system. The !
collapse of Rabi splitting originates in the broadenings from I
exciton-exciton interaction, WhenT oyc exc~ /2, as re- 09,7 o Tl
marked in Ref. 21, rather than in a saturation of the oscillator Kk,

strength in the optical transition. Instead, for systems having
Q>Eg, such as the bulk GaAs, we should also take this FIG. 1. (@ The exciton-polariton dispersion at sméll(b) The

term into account? radiative recombination rates. The symbols mark the points used for
discretization, evenly spaced in energy. The lines are only guide-
Ill. RATE EQUATION MODEL OF THE DYNAMICS Ilnr?s/::or éhe eye. The radiative rates of excitons havigk,
=Nw/C=V.

We may identify three steps in the description of the dy-

namics of excitations: first excitations are provided eitherisotropic populations. The uniform energy grid allows us to
colntmu_ously or impulsively by an external pump, second §mnose exact energy conservation in the elastic exciton-
relaxation process in which the energy is exchanged betwegQy citon scatterings, and avoids numerical drifts in the energy

the excitations and with the lattice, and finally a radiative ,nservation from the elastic terms in the integration of the
recombination process. In the continuous case, the stationafye equations. This point is important, as our problem con-

state of the system is produced by the balance between thege < jitferent time scales, and many hundred integration

processes. Emission is measurable only for those states thgbs are required to reach stationarity. The grid for the lower

are radiatively recombining, and is defined as the rate Ofg\ariton branch(which includes excitonlike polaritohss
photon emission into a defined solid angle. In this paper Wejsfined as

are considering direct injection of excitons in the system at

low temperatures. This allows us to disregard completely the

presence of free carriers and exciton formation and ioniza- EV=ED(k=0)+(i+1/2AE, (5)

tion processes. The relaxation and recombination steps are

characterized by different characteristic time scales. In the

following, we are going to keep track of all these differentwith i=0,1, ..., j=1,2. HereAE defines the energy spac-
time scales exactly within a semiclassical rate equationng, j=1 labels the lower branch, ane- 2 the upper branch.
model of the dynamics. In the numerical calculations weWe used the same energy grid for both UP and LP, which
need to discretize thiespace. In a finite volume calculation, makes it immediate to write energy conservation in the elas-
the k-space mesh is uniform. However, the excitons and potic scatterings. In the following, we will use one index only
laritons have largely different masses. A dense grid for théo label both the energy bin and the branch for compactness.
polariton would result in an exciton grid with a prohibitively The energy grid defines a nonunifotkrgrid, {k;}, such that
large number of points. Thus, in this paper we choose instead(k;)=E; .

a grid that is uniformly spaced in energy. We also assume The discrete rate equations then read
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Ni:Pi_FiNi_Wi NN+ 1) i from .t.hose of the baréQW), the detailed structure_ of the
’ transition region between small and larigeectors still de-
i—i’ pends on the dielectric structure enclosing the QW. Here we
_Yiilyi’iiNiNil(Ni/+1)(Nii+1)+il<_>ii’ (6) carried the calculation ofl'(k) for a GaAs based
, o N-Ga, -Al sAs microcavity embedding a 80 A QW at its
and rep_eatgd index are summe_d. HEreare _the radiative  center. and enclosed by a 264 pairs distributed Bragg
recombination rates)V; ;. the exciton(or polaritor) scatter-  reflector at the togfacing aip, and 24 bottom pairs facing
ing rates with the phononsy;j, i.: the exciton (or  the substrate, according to Ref. 25. The low index of refrac-
polariton-exciton scattering rates, aid is the population at  tion material in the mirrors is AlAs, the high index of refrac-
k;. tion one is GggsAlg15AS. We then averaged the radiative
recombination rates over a discrete energy ffgd. (5)] hav-
A. Dispersion and radiative recombination ing AE=0.05 meV. The resulting energy dispersion and ra-
diative recombination rate as a function of the excitpn-

The calculation of the exciton-polariton dispersion is lariton) momentum are shown in Fig. 1.

straightforward within the two-oscillator mod&l,and the
energies thus obtained are sufficiently accurate for the calcu-
lation of the exciton-phonon and exciton-exciton scattering

rates. The radiative recombination rates at small angles may In this section we report the expression WandY of Eq.

be also derived from this model. At larger angles &nthe  (6) using the Fermi Golden rule. The calculation of the elas-
detailed structure of exciton-radiative recombination dynamtic exciton-exciton scattering rate follows that of Snoke and
ics is related to the leaky modes of the dielectric mirfors. Wolfe.?® We take the small momenta limit of the interaction

Although the average radiative rates do not markedly diffematrix elementV Ky ky.q @S explained in Sec. Il A:

B. Exciton-phonon and exciton-exciton scattering rates

T P AE? R(Kky,kz,k3,Kye)
Yiiioinia™ 7 Xi, X X Xk, [M[P————, (7)
12734 (2m)% eE(Kp) deE(kg) Tt 2 T IeE"19 (ky)
1 dx
R(ka koo k)= 5 | : : : _, ®)
[ (Ky +Ka)?— X][X— (Ky —K3) ][ (Ko+ Kg) 2= X][X— (Ko —k4)?]

Z=[(ky—Kz)?,(Ky+k3)2IN[(ka—Ky)?,(ka+Kg)?].

Here dy2E (k) =JE(K)/d(k?)|,y, is proportional to the in- with  q,(6)= \/AkZ—Akz‘ . AKP(8) =K;+ k53— 2k;k,cosd,
verse DOS of the branghat k=k; . Conservation of energy Ak=|E,—E;|/Au,

is automatically imposed, ds,=k(E,=E;+E,—Ej3). The
X, are the exciton Hopfield coefficientsquaredi* and
specify the exciton content of the polariton state. In the nu-  CO¥ya,=1 C ce[—11],

1, c>1
K2+ k5— Ak?

merical inte_gration_, we used adaptive integrati_on in Ei){ -1, c¢<-1 2kike
after changing variable to smooth the singularity at the inte-
gration extrema. The phonon occupation factdt,;, is the Bose function

The interaction of electrons and holes with acousticNg(E) for E>0 (absorptiopandNg(E) + 1 for E<O (emis-
phonons through rigid deformation of the bands is wellsion. Finally, | are the adimensional overlap integrals repre-
known, and described in standard textbodk$he resulting ~ senting the effectiveness of overlap of the phonon and exci-
interaction with excitons and polaritons has been worked outon wave functions, in the growth directioh, () and in-plane
in details in Refs. 28 and 4, and we only report the final(l)):
results for the uniform energy grid:

27 S AE
"2 b (24)2 20,2E (k)

IL(q)=de|f(2)lze‘qZ, L) =[1+(x/2)?] 32
Xie X, (11

and f(z) are growth direction confinement functions. We
used a simple midpoint rule to define the energy integrations
in Eq. (9), and adaptive integration for the angular integra-
tion in @ after changing of the variable for smoothing the
, 5 singularity at the extremuni,,,y.
R (kl,k2)=2fo demh(%) Higher-order terms in the exciton-phonon interaction are
exciton-exciton scattering processes in which a phonon is
X[ agl ”(,BAk”aB)—ahlH(aAk“aB)]z, (10 also emitted or absorbed. The sequential elastic exciton-

nAk
X g5 (ki ko Non(E2~En), (9)

Hmax
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exciton scattering followed or preceded by phonon relaxscattering rate. As a meaningful estimatelofve consider
ation, as described in the rate equations, is presumably mothe total scattering rate oK=0 from a given distribution,
important. which is mildly dependent on the shape of the distribution
when the momentum dependendencebliare neglected:
C. Discretization and validity of the rate equations w2 ) Eé

Four factors influence the choice afE. (i) We want a hrexc—exc:7(nexdaB)m-
good description of the population distributions, thus the 8
relative variation of these distributions ovAIE should be  For a typical GaAs QWA ~1 meV atne,=10 cm™?,
small. For a Boltzmann distribution, this condition becomesand the rate equation certainly hold fog,.~10° cm 2 at
AE<KkgT. For a degenerate Bose distribution, it is morelow temperatures, whereas results at higher densities should
stringent.(ii) We want a good description of the scattering be considered with reserve.
with phonons:AE must be smaller than the typical energy
exchanged with the phonons. This energy amounts to almost D. Integration of the rate equation: Numerical results
1 meVin thin GaAs QW(iii) We want a good description of In this section we present the results of the integration of

the exciton-exciton scattering, thus a sufficiently snie. the rate equation§Eq. (6)], considering a resonant pump

(iv) ﬁ\s thﬁ excr;lon—excnop scatterlng(]j lt:)ecortnes s_m_gular forterm of the Gaussian type, centered at the exciton engrgy
sr;:_ahexc kange motmﬁn a, we ln_ee q lotse \";‘Vm;_”"tmﬁ' =0, for different temperatures and excitation intensities. In
which works as a cutoff, as explained later. We first exam-, i lar the pump term reads

ined the relevance dfi) and(iii ), studying typical scattering
rates from a given initial population distribution. In order to p.— pe Ek)?o? (13)
separate the effectsi) and(iii) from those related t¢i), we ! '
chose it as a Gaussian with large energy widthAE, and  In the following, we choose=0.25 meV, representative of
studied the exciton-phonon scattering rates and excitora quasimonochromatic pump beam, still larger thak
exciton scattering rates as functions of energy, for various=0.05 meV, but smaller thaBg . In Fig. 2a) we show the
AE. In particular, we consideredE in the range 0.05 resulting exciton and polariton populations vs energy, for
—0.2 meV. We found changes in the overall scattering ratefour different pump intensities, and &4 K. The resulting
well below a few parts in a hundred in all the cases. Wetotal density is also shown on the figure, and is basically
further checked all the results in the numerical analysis predetermined by the averaged exciton radiative recombination
sented in the next sections by doublinge: no significant  rate®® At low densities, the excitons &>0 are quasither-
changes were found, consistent with the above checks.  mal, populated with a Boltzmann fact@ linear tail in loga-
Problem (iv) is related to the validity of the rate equa- rithmic scal@. Instead, both UP and LP are strongly depleted
tions. In this approach, we consider successive scatterings agth respect to this thermal population. This is the bottleneck
independent: the excitations are moving freely most of theeffect discussed in detail in Ref. 6. We may also notice a
time, and experiencing short binary collisions once in aresidual dip for the radiative excitons closeEe-0, due to
while. No phase information is carried over from one colli- slow phonon scattering at these low temperatures compared
sion to another, and we may calculate the scattering ratet® exciton radiative recombination. This was already studied
within the Fermi golden ruléincoming and outgoing excita- in Ref. 28. Increasing the density, exciton-exciton scattering
tions asymptotically free Both for elastic and inelastic scat- becomes relevant. This results in a sizeable filling of the
tering, this condition translates intdkAk/m=>T", wherekis  depleted LP and UP populations. Also, the residual dip of the
the momentum of the considered excitatidrk its change in  radiative excitons aE=0 fills up, disappearing at densities
the collision, andl’ the collision raté® The semiclassical around 18 cm™2. In Fig. 2b) we show the same calculation
approach may become unsuitable for particles having smafbr T=10 K. The same pump densities were used to gener-
momenta, unlesE scales quicker thak to zero: intuitively,  ate these data. We remark that larger densities correspond to
low-momentum excitations are the carrying phase over largéhe same pump rates &t=10 K, as the average radiative
distances, and collision may become dependent on past ondifetime increases with temperatut&We may otherwise ob-
For excitons, or massive particles, at low temperatures, scaserve the same qualitative behavior described above for
tering with phonons exchanges energies of the order of =4 K. Depletion of the LP and UP, and especially of radia-
meV, whereas the rates are much smaller, of the order dfve excitons, are slightly less marked, because of faster pho-
5 weV/K. Only for the smallest momente, the condition non scattering.
kAk/m>#T" does not hold for phonon scattering. In GaAs, Another interesting result is found far=4 K in the en-
this region is a small fraction of the radiative region, thus itergy interval—0.5 me\WE<0 meV region. These lower
is fairly negligible unless condensation and/or very low tem-polaritons still have dominantly excitonlike character, but a
peratures are considered. For exciton-exciton scattering, thapidly falling DOS with lowering energy. Moreover, they
scattering rate is diverging for small exchanged momentafeature long radiative lifetimes, due to cavity confinement, as
Thus, for these particular collisions we cannot apply the ratelearly shown in Fig. &). This last fact, combined with a
equations. However, when we are discretizing energy, thessufficiently quick exciton-exciton scattering dynamics at the
collision are mostly within an energy bin, and are thus notlargest considered densiti¢despite the reduced DQSis
apparent in the dynamicAE sets a minimum cutoff energy sufficient to guarantee a quasithermal population of the
that we need to consider in the dynamics. The validity of themodes. It results in an occupation factor larger than one for
rate equations then read€>AT", wherel” now is a typical some of them, i.e., a dynamical condensation effect for

(12
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population, completely independent of the exciton popula-

10° | // A% — 39x10cm? 1 tion, may be injected using a pump at the LP energy. We
N ——— 3.x10°em™ expect that large LP populations can be thus realized: the
107 ¢ 7 N T 2.1x 1020"1'_22 1 scattering to close-by modes is expected to be much smaller
. L AN NN 77T 54x107cm than the radiative recombination rafew ps '), due to the
10 : 3 small LP DOS. In fact, although we noticed in Sec. IIl C that

the scattering out of a single mode is not correctly treated in

the rate-equation approach, EG2) still gives a reasonable

estimate of this rate when rescaled by p/Mg,~10 4.

Thus, the scattering rate out of the excited LP mode is al-

ways negligible compared to the large LP radiative recombi-

nation rates. This is quite the opposite for the excitons,

N where substantial diffusion to othkrstates is expected, giv-

2 ing rise to large densities, comparable to the Mott density,
well before large populations are realized in the pumped
mode. This argument is again based on the different DOS of

10" i : i excitons and LP and is very general. In this discussion we

did not include the effects of disorder, which are qualita-

. tively different and will be discussed later in more details. In

the above argument we neglected scatterings from LP to ex-

3 citons or unbound electron-hole pairs, which have relevant

final DOS. These processes are suppressed at low tempera-

3 ture, in particular the scattering to excitons T <(/2,

and optical phonon absorption below 40 K typically in GaAs

based structures. In summary, we neglect scattering out of

the pumped LP mode &=0 completely, apart from radia-
tive recombination. The possibility of realizing large popu-
lations is intimately connected to the bosonic nature of the

LP. In particular, processés), (3), and(5) are stimulated by

large LP populations. The scattering rate related to process

6 (5) may be measured from the UP emission rate. Instead,

showing a direct signature of stimulation, observation of the

stimulated scattering rates of procesgbsand (3) remains
experimentally difficult to access.
In the following we will elucidate the scattering process

(1) to (5) in detail. We showed in Sec. Il D, that the exciton

Nexe~5X10° cm 2. However, we remarked above that in population is largely of the Bolizmann type. We then assume
a rigid exciton distribution of the Boltzmann typ#l,

this region of densities results of the rate equations should bgf n wheren...is the exciton density. and
considered with reserve, as the exciton-exciton scattering '« €x°’ exc Y
rates are already considerably large. Thus, these results must
wait for further analysis beyond the rate equation, which is
beyond the scope of the present paper.

Population
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0 —— 5x10" cm™
S ——— 47x10°cm™
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(b) Energy (meV)

FIG. 2. The exciton and LP population vs energy at different
densities, at(@) T=4 K, (b) T=10 K. The UP population is
marked by thicker lines, starting &=2 meV.

f=Ne EWKeT E(K)>E .y, (14)

IV. STIMULATED SCATTERING Ao j dk_ —edorkgT

Results of Sec. Il confirm the persistence of the bottle- (2m)?

neck in the relaxation of excitons to LP up to relatively large

densities, which was previously only shown to hold at lowis the normalization. In the following, we considé;,,
densities in Ref. 6. Although spanning a small region of the~ —-0.2 meV from the numerical results of Sec. Il D, in
phase space, the scattering dynamics to the polaritons is nesvder to take into account populated excitons in the bottle-
with respect to the exciton system. In particular, we enumerneck region at low density, as shown in Fig. 2. We then
ate the possible dynamical paths from excitons to LP andeduce the set of rate equations E@). by discarding irrel-
UP: evant processes, and fixing rigidly the exciton distribution as
above. We also remark that{" =N, can eventually be
large, but otherwise LP and UP populations are negligibly
small compared to one:

(1) exciton— LP + phonon
(2) exciton— UP= phonon
(3) exciton+ exciton— LP + exciton
(4) exciton+ exciton— UP + exciton
Nup

(5) exciton+ exciton— LP + UP. dNyp « , )
=- +ayp kNexct [Bup, kT Pr(1+Nyp) Ingyc

The bottleneck in the relaxation of excitons means that the dt —  7yp
system is strongly out of equilibrium, and an additional LP (15
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dN.p Nip
— 7 =Pp———tap k=0 Nexd 1+ Nip)
dt T p

+ bLP,kzO"'; br N2 1+Nip),  (16)
dNeXC: _ NeXC
dt exe Texc
- aLP,k=0nexc+§k: bt bLP,k=On§:xc Nip.
(17)

Here N p x and Nyp  are the LP and UP population &t
respectively,N¢, = NeyS the total exciton populations p
=(I'(My) ' is the LP lifetime,7yp  the UP radiative life-
time, and 7., is the averaged radiative lifetime, given by
Tor=2 T f. In Eq. (17) we also neglected those scatter-

ings involving LP and UP that are not stimulated, as from the

results of the previous section we know that they have neg
ligible effects on the exciton density. Also, the out-scattering

rates from the LP and UP have been neglected, apart from

the radiative recombination.
The coefficientsa andb can be calculated as usual with
27 S

the Fermi golden rule:
Bl (277)2f

XR'(Kq,k2)Nph(E2—Eq) i,

dE, x<k1>x<k”Mk
202E(ky) 't 22pSu

(18

whereR’, N, Ak, and all other quantities have been in-
troduced in relation to Eq10), andj=1,2 for LP and UP,
respectively. This rate can be calculated analytically jfor
=2 (Appendix B.

The quadratic coefficients are given by

T & )
= 2 112% (1) 3y (1) 3 () ye (1) 2
bJ,k3 7 (277)4J dkldeXkl sz Xk3 Xk4 IM]

R(k1,kz,K3,Ky)
9ED(ky)

Due to the small LP and UP DOS, the major contribution
originates from excitons as final scattering states,inwvhile

ky Ty (19
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FIG. 3. The scattering coefficients into LP and UP with
phonons,a of Eg. (18), in (a), and the exciton-exciton scattering
coefficients into LP and URy of Eq. (19), in (b), as functions of the
lattice temperaturd. The analytic approximations of Appendix B
are also shown for comparison.

to be weakly decreasing with. The numerical results com-
pare reasonably well with analytic expressions. As remarked
in Appendix B, the phonon scattering to the BPp ¢ is
strongly sensitive the theg, cutoff in the phonon scattering
[Eq. (10)]. For QW with infinite barriers, we show its depen-
dence on the QW thicknegs, in the inset of the figure.

The linear and quadratic coefficients show simple expo-

scattering to LP is negligible in comparison. As a conseyential dependences on the final enefgywhich mainly

guence, it can be shown that feg=0, b p=byp. Also,
neglecting the small contribution from the populated exci-
tons belowE=0, we calculated these rates analytically in
Appendix B.

We plot in Figs. 8a) and 3b) the linear coefficients of
Eq. (18) and quadratic coefficients of Eq. (19), respec-
tively, as functions of the lattice temperatufe and forks
=0. Other parameters regarding the structure were give
before. In Fig. 8a) we see that the scattering to the UP first
increases rapidly with T, then only linearly increases for
kgT>Q/2. The scattering to LP is weakly dependentTan

In Fig. 3(b) we see that the LP and UP coefficients are basi-

cally the same fok=0. Their temperature dependence is
first exponential with temperature, then kygT> /2 starts

originate in the Boltzmann factors of the exciton population.
Further energy dependences stem from the changes in the
exciton components of the final statdopfield factorg. The
energy dependences are found to be well described by the
analytic approximation in Appendix B, Eq&1) and (B2)
and Eq.(B3). The only exception is the phonon scattering to
éhe LP, which does not show the exponential energy depen-
ence of the other processes. Instead, this rate is more sen-
sitive to theq, cutoff in the phonon scattering as remarked
above.
The coefficienbbp’ks has the same expressiontas, of

Eqg. (19, where we now consider the final scattering state
k,=0, andk,=kz—k;:
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S
O f Ak XXDXEXUEL [ M2 8(E + Ep~Eg—Epp)fy fi,
(D)ye(1)
T S 11 dE X, Xy
% 2|M|2XE<§)EJ : 7 l2 22 7 Ty fieye (20)
(2m) 2Bz [ (Kot ka)2—kiI[KS — (ky+k3)?]

This rate is also calculated analytically in Appendix B. Wep,, kzongxc~2>< 10' s !, which are quite measurable

remark thatb’=S™!, as M?«S™2. The stimulated rate is emission rates. When alson p=N,p/S=10° cm 2,
proportional to thek=0 LP densityn p=N_p/S. We plot b/ n2 n ,~10° s7%: the stimulated scattering of exciton
the temperature and energy dependence of this rate in Fig. thio polaritons is measurable, and dominates the other scat-
Regarding the energy dependence of the emissioft at terings already at small LP densities. All the three scattering
=E(k3), it is mostly exponential again. A small reduction in processes have been actually observed and discriminated in
the normal directiofE=E(k=0)] in an energy range of the experiments at 4.8 R® We finally remark that increasing the
order of %kg/2me, (0.1 meV in GaAs is related to the temperature reduces the stimulated scattering rate in com-

details of the exciton-polariton dispersion at the knee beparison to type€2) and (4) scatterings, making more diffi-
tween the excitons and LP, and is not predicted by the simeylt its observation.

plified analytic expression in Appendix B. However, in the

calculation we neglected the populated dark spin states, V. SATURATION DYNAMICS

which clearly do not split into polariton modes at small mo-

menta, so that it is unlikely to observe this small reduction in  For largen p and largeney, the scattering of excitons

actual experiments. We finally checked that all the rates ar#to LP competes with the exciton radiative recombination:

Weak|y dependent on the choice Etuta as expected from the last three terms of E(ﬁl?) then become comparable to

the rapidly falling DOS for the exciton modes havikg: 0. the radiative recombination term. As a result, the exciton
At small exciton and LP densities, the exciton densityPopulation becomes sublinear .. Already at low tem-

Nexc is direcﬂy proportiona| to the exciton pump intensity peratures, here we will considdr=4 K, the contribution

Peyc. Thus, the UP emission raf&€q. (15)] has a linear from =,by in Eq. (17) is actually smaller by one order of

contribution in P, originating from proces$2), and two ~ magnitude with respect to that of proces&Bsand(3). Thus,

quadratic contributions P, originating from processes Wwe further simplify Eqs(16) and(17) to analyze the result-

(4) and(5). The latter is also proportional to the LP popula- ing saturation dynamics in stationary conditions:

tion in the k=0 mode, thus tdP . Experimentally, it is

thus possible to discriminate between the three contributions M: Pexc

from their different power-law dependences &y,. and Texe S

P.p. For example, at T=4 K, considering Ngy.

=10° cm™2, we obtainayp x—oNexc~ 2% 10" s~%, and also e Pup

2
- < +[aLp k=oNexct BLpk=oNexcNLp - (22)
LP

2
—[aLpk=0oNexct bLpk=oNexcINip (21

E-E(k=0) (meV) The UP emission rate is still given by E(L5). We plot in

0.0 0.5 1.0 1.5 Fig. 5 the dependence of this rate as a functionPgf
N 20 . . .
10-19 L~ 1 .
— UP — Exc. density
————— UP, analytic ——— UP emission rate T=4K
15 + T T 1~
S °IAA // ““\‘ ‘Tm
g g / \ T~ £
- 2 // ~~—_ o
L =) ~ 2
< £ P, Tex=10 €M~ S
o }2] exc "exc -
L% 5 P,y Texc=Xx1 0’cm™ :
_________ =
10'2‘ L L L 1 —
0 10 20 30 40 50 0 , , ,
T (K) 0.0 05 1.0 15 2.0

Pt (10"%cm™)
FIG. 4. The scattering rate to both LP and UP, as a function of

the UP energy, and as a function of temperaiuréor T=4 K and FIG. 5. The scattering rate to the UP, and the total exciton

for E-E(k=0)=0.2 meV, respectively. The analytic approxima- density, as functions of the LP density, fbr=4 K and two differ-
tions of Appendix B are also shown for comparison. ent, fixed exciton pump rate®,,..
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considering a fixed pump rateP{,./S) Tex.=10° cm 2 Stimulated emission of bulk polaritons was already ex-
s ! and a fixed-averaged radiative lifetime for the excitonsperimentally observed in 1I-VI samples of sufficient quality
of 100 ps. These are typical parameters for a GaAs QW. Ain the late seventie¥,and more recently in QW microcavity
expected, the UP emission rate first increases linearly witlsamples” In the bulk, a cleaved bulk crystal formed a natu-
P_p, then saturates and starts to decrease. The saturationred resonator for the photonlike polaritons of the lower
related to the reduction af,, for increasingn . Both the  branch, increasing their lifetime to several ps. Sufficient ex-
linear (phonon mediatgdand quadratic rates consequently citation produced stimulated emission based on various
finally decrease, resulting in a sublinear dependende, @n mechanisms, depending on temperature: from LO phonon
For even largeP p, the decrease of,, is so marked that emission at high temperature, to exciton-exciton scattering at
it results in a net reduction of the UP emission rate. Foithe lowest temperatures. The gain mechanisms were theoreti-
smaller P, the saturation of the UP emission rate is Iessca"y characterized by Haug and Kothbased on the same
marked. semiclassical approximation of the dynamics we considered
The results shown in Fig. 5 have to be considered as this paper. Large exciton binding energy, strong oscillator
qualitative only, asne,c>10° cm™% we have already re- strengths(large polariton splittings and strong exciton-LO
marked in Sec. IIl C that the rate equation approach becomgshonon interaction, favor the realization of stimulated emis-
unsuitable when the exciton-exciton scattering rates argjon before the polariton splitting collapses at large excita-
larger than typical energies, hekgT<(). We may expect tion densities. However, this fact was not checked in any
that multiple scattering has to be effectively included in thisexperiment; as in the bulk, the splitting does not directly
case. A self-consistent Born approximation, leading to genshow in emission or reflectivity, and much more involved
eralized rate equations, could still be insufficient when tthxperimentm techniques are necessary for its observgtion_
excitons become almost degenerdtezurthermore, even The laser emission in the II-VI microcavities occured at large
when ng,<10° cm™?, a large np induces a relevant negative detunings only, and persistence of the splitting was
exciton-mass renormalization, and further reduction of thenot reported eithet® We remark that in principle, the stimu-
scattering rates as their dispersion becomes phononlike, fated scattering effects presented in this paper could have
analogy to superfluidity. Preliminary calculations show thatheen observed even in the bulk, but to the best of our knowl-
this effect is already relevant well belowp~1010 cm 231 edge, the problem was never addressed.
We may instead neglect LP mass renormalization effects due The issue of interface disorder and inhomogeneous broad-
to the usual small DOS. Finally, the collapse of the Rabiening in the QW is relevant in currently grown structures. It
splitting, which can be thought of as a polariton-energyis presumably leading to important consequences in the po-
renormalization, sets in abruptly @f,~4x 10" cm 2:%it  Jariton dynamics, which have not been addressed in this pa-
is therefore relevant in a narrow region of densities close tger. Excitons are “motionally narrowed” in the QW, in the
the above one, and below this critical density, the effects okense that they show only a small fraction, typically few
the LP and UP energy renormalization remain negligiblemeV, of the full interface potential variation, fractions of an

and we did not consider them in this paper. eV, in the optical response. Due to the small DOS, polaritons
were predicted to be even more so in a pioneering paper by
VI. DISCUSSION AND CONCLUSIONS Whittaker et al3® However, it has been later shown that for

current structures, polaritons and excitons are substantially

We have confirmed the persistence of the bottleneck efmixed by multiple scattering with the strong disorder poten-
fect up to large exciton densities, and shown how to exploitials, and have to be treated on an equal footifj. This
the resulting nonequilibrium to perform experiments that evi-resulted in the explanation of a much weaker motional nar-
dentiate the bosonic character of LP and UP. In particularrowing for the LP, and of its absence for the UP. These latter
the scattering of two excitons into both LP and UP can beapproaches treat both exciton-photon coupling, and exciton
enhanced by final-state stimulation using an external bearscattering on disorder exactly. Interestingly, a simplified ap-
that injects a large LP population. The resulting UP emissiorproach, which accounts for effects of disorder at the level of
rate is linearly dependent on the LP beam intensity at lonexciton absorption only, was also shown to produce the cor-
densities, and the calculated rates show that this process risct results for the polariton inhomogeneous line widths.
measurable at modest exciton and LP densities. Preliminaryhis makes questionable the advantage to use the polariton
experimental results confirm this expectatfdriMoreover, picture when considering strong disorder. Regarding the
we investigated the saturation effects of the UP emissionscattering dynamics with phonons and other excitons, the
within the rate equations approach, and showed that they awhove results also point out to the insufficiency of the clean
observable for exciton and LP densities aroungpr  polariton picture used in this paper. Indeed, some predictions
~10' cm™2, well below the collapse of the Rabi splitting. of the polariton dynamics are in striking contrast to the ex-
We discussed other important renormalization effects thaperimental observations: the detailed photoluminescence
are not included in the rate equations. These are expected kneshape from the LP and UP is predicted to be strongly
further enhance the saturation effects. Finally, we recalleshonthermal in our modélbut is instead found to be at most
how the present bosonization approach partially includes theeakly deviating from thermal emission in experimé&ht.
fermionic properties of the microscopic elementary excita-Moreover, recent studies put into evidence shortcomings of
tions. Both stimulated exciton-exciton scattering and saturathe calculation of the photon emission within the simple rate-
tion effects have this same microscopic origin, and the samequation approach, at least for large negative deturfihgs.
results are thus expected in the fermionic picture, althouglrinally, no direct observation of the bottleneck dynamics in
their description would be far less transparent. the microcavity polariton system has yet been reported. In
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many respects, the situation has analogies to the early one for cg dc‘; |0)e <—>bg 4.10)8,

the bulk, when the weak lower branch luminescence was r e

completely dominated by emission from impurity-bound ex-wherec' andd" are electron and hole creation operators, and
citons, preventing the observation of the exciton-polaritonthe b* operators are bosonic creation operators. The dimen-
dynamics. Cleaner samples finally allowed for its direct ob-sionality of B, for n=2 is much larger than the dimension-
ser\_/z_ationl._'We may expect the rslamed\/_Vi” OCEUY f0f|_t:e micro-ality of 7. For example:cgldglcgzngO)F exists only for
cavities. However, we notice that indirect, but solid, experi- ot . _
mental evidence of the bottleneck has already beef1” P2 whereasby q,bp o [0)e al,SO exists forpl— P2:
established: the exciton dynamics of bare and cavity embed-hUs; theB3,, n=2 have to be restricted to “physical” states
ded QW is similar, and independent of the exciton cavityWith Some projection operation. In practice, as we are look-
detuning‘,“‘ and the LP do not dynamically condense at low-N9 for the transcription of_ bound gxqton _states (_)nl_y, apd to
lattice temperatures, before collapse of the Rabi splifiitfg. almost empty bandgcontinuum limiy, this restriction is
Moreover, evidence of a thermal exciton reservoir is found incompletely avoided. Many approaches hﬁVS been devised to
the temperature dependence of the exciton lifefiffdand  realize the transcription of bound bosdfis!*!’Forn=2, it

the possibility to realize large LP population with a pump S stra_lghtforward .to.bund the c_:orres%ondmg state; in the
remains true as the LP lineshape is mainly related to th&0Sonic and fermionic space dlrecfﬁﬁ_ Here, we briefly
radiative recombination, and scattering out of LP by phonorPU“'ne the _conceptual_ steps in _th_e derivation. _
absorption has been shown to be quenched at low We are mtergsted in transcribing the bound excitons
temperature&® We therefore expect that our predictions of from B, to F». First, the correspondence betwegnand 7,
stimulated scattering remain valid also for the currentS trivial:

samples, as they are based on the above evidence extracted

from current samples. We conclude that although disorder is —pt _ * toqt

likely to quantitatiF\)/er affect the calculated phot%n—emission [K)e=bi|0)sK)e Zk %K“‘C*kdm"'o#'

rates, the qualitative features of the dynamical picture pre- (Al)

sented in this paper are relevant also for current samples. Here, B=my,/(m.+m). Tentatively, we may try the same

correspondence in=2:
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APPENDIX A

X |0). (A2)

Let us consider the ferrmomc Hilbert spe@'eofglectron- However, the fermionic states are not properly normal-
hole pairs, and the bosonic Hilbert space of excitBn$hey zed, as  (KiK4KKo)e= 8¢ xSk k:Ox. k. k:
can be further subdivided in subspaces of 0, 1,.2, n pairs, - FAT L2 2/ E Kl'KllKZ,’KZ Ky K PKa Ky
F=Fo® F1®&F,® ..., andsubspaces of 0, 1, 2,..,nex- +0O(ag/S). Thus, in calculatingg(gK 1K;|Og|K1K5)g as

citons,B=B,® B,®B,® . ... Thestates of thev=0, 1 sub- (KK O|K1K,)g, this fact must be taken into account
spaces may be put into a one-to-one correspondence trivproperly. In particular, we are interested @-=K +K,

ally: +Veet Vppt Ven- We have,

_ gt ot gt
Ke|K1K2>F_k§2 [k, + €ck, ] Dk, Pk, +k,C kg Ok, Ok, Ak k| OV - (A3)

— * * * * T T T T
Ver| K1K2>F_k1% . Vol (pk 4k, +qP B, + kT Dok, 4k, BB, +ky+ ) Sk, Ok K, C -k, TK
x x t Pt gt x « togt t t
+ bk, i PEK,+1,C ke +qOK i kKt BEK i Pk, +,C ok, OK kg~ qC -k g0k, i HODF -

The first two terms represent electron-hole Coulomb interaction within the same exciton; together with the terms§.from (
+Kp)|K1K5) g, they thus give €k, e,(2)|K1K2>F , Whereey is the exciton energy. These terms contribute to the self-energy

of the two excitons only, and have to be discarded in the calculation of the scattering-matrix elements. Finally, the calculation
of

_ * * t T t T
Vee|KlK2>F_k ; . Va®Ek ,+k, DB, +k,C -k, — gk, 1, C iyt g0k, 4k, O)F
1.Ko,
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is straightforward, and th¥,,|K,K,)¢ term is analogous. Simple algebra leads to the scattering-matrix elements, which do
not have to be further renormalized as they are already of (31@8.

F(K1+ QK= Q[VedKiKy)r= ( %}2 [Vo= Vi, k-l DK, +k - aQPpK Kyt aQP i+ Pyt | T{Q K2 =K1 — Q).

Here a=1— 3, and (K1 + QK,—Q|Vpn|K 1K) has simplya« 8. The first term is the classical Coulomb interaction, the
second term is the exchange of the electron, the other two are the corresponding @dastonexchanges. Finally, from the
last two terms ofV|K 1K ,)r we obtain:

F(K1+ QK= Q[Ver| K1K o) = [ kEK Val gk, +k,+ QP BK,+ky+aQ T Pk, +k,— aQP K, +ky— BRI ¢EKl+k1¢§K2+ Ky
1"2

Vi, —k,— QL DK +k,— aQPBK y+ ky— BQT P, +kyo— aQP K, 4k, - Q) ¢2§K1+ k1¢EK2+k1—Q

+{Q+=K,—K;—Q}.

Again, the first two terms are direct Coulomb interactions,Higher-order terms are calculated directly in the fermionic
and the other exchanges of a single constituent. The lasipace, as before, and result into E4). The matrix element
terms are the boson exchanges. The detailed momentum deads
pendence for varioug has been calculated numerically in
Refs. 18 and 19. The spin dependence of the direct and ex- ep At c2
. . . . Cv
change matrix elements is also readily calculated. Detailed oy« o= \/
angular dependences for all the four scattering channels in v me ¥V wcalerrS
any elliptical basis have been reported in Ref. 19. Here we
remark that in the limit oK, ,K,,Q<ag*, the direct terms X Pk s k+ Q- K, Pak ,+ kPak y +k+Q-K s
are negligible, while the exchange terms give .

(A5)
(K1+ QK= Q|Veet Vi |K1K ) with K3=K;+K,—Q. The limit of low momenta has been
reported in Eq(4).
~_4k2k Vi~ | 12 1|2
"2 APPENDIX B
and In this appendix we calculate analytical approximations of

the exciton to polariton scatterings, under the assumption of
thermal-exciton population given in E¢L4), and withE_

(K1+QK2—Q|Veh|K1K2)~4ka Vkl_k2|¢kl|2¢k2¢zl’ =0. First, we consider phonon scattering to the upper
o branch. There are two major contributions, the first important
and result into Eq(2). at large temperatures, withAk=AE~0 (A=1), when
The interaction of electron and holes with photons in aNph(AE)~AE/kgT, and originating in a region of width
closed microcavity reads: kgT. In this case, Akj~Kexc=VMexd2, and uAk
~0.1 meV. Thus, fokgT>1 K, we haveq,~Ak, and the

~ €Pe, 4nhe cutoﬁs_ lj,1,~1. The energy integration of E(q18)_ isina
Hehrphot_% = small interval[ E,— kg T/4,E,+kgT/4] and results into

c OcalettS

X (Chsqdl+diCig)(ag+aly).  (Ad) 3e—an)’ £

2
aypk,= > —KsTe kgT. (BY)

o
UX
Herem is the free-electron masp,, the momentum matrix

element between valence and conduction band,landis ~ The other contribution is for small temperatures, and origi-
an effective cavity length, which takes into account the facthates in phonorabsorption when E;<E,, and Nyn(AE)
that dielectric mirrors have a finitéand large penetration ~exg—(E;—Ej)/ksT]. In this case, they, is cutoff atq,
depth?® When considering the bosonic term of lowest-order~2/L,, and the integration irE; of Eq. (18) is in the
generated from this Hamiltonian, we find a relationship bednterval[E,—2#/L,,E;]. Thus|

tween the Rabi splitting) and the constants above:
2_77 (2)(ae_ah)2 (ZUW/LZ)Z _

— E,o/kgT)
QO ep, [ Awhc? s aupk, = XK, e T © (E2lksT),
2 mc YoeleS XK Pic: (B2)

Cav
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The crossover between the two behaviors ikg@t~u2#/L,. For the LP, the largest contribution is for phonons of lagge
andE;~0. Thus, the rate becomes quantitatively more sensitive on the actual form of thel ¢(tgjf at largeq, . It can be
shown that the rate is then weakly dependent on temperatukgyTor (/2.

We now consider exciton-exciton scattering to the exciton and UP dBgP(19)]. R(ky, . . . ki), whose expression is
given in Eq.(8), is readily calculated wheks<k4, giving

ar
2\[(kpt k) 2= IZI[KE— (Kp—kg)?]

Then, considering thak, is on the exciton branchk3~k2+k3—2mg.E3, and [(Ko+ks)2—k2][k2— (kp—k,)?]=4k?k3
—2mgyE3. Also, d,2E(k4) ~1/2m,, .. Substituting in Eq(19), we obtain

R(Kq, - .. Kg)

2

2d2

o
—_— dkidk fi f
<2w)4fkik§>mexcEs T2 Ak 2me, Ey

j 2
bj kg™ 7Tx(kj3)| M | 2Mexc

. s
= mX| M Pmey e 2 A2y kg Te™ [Esl/keT, (B3)

HereE;=EW(k;) as usual, andfh:27-r/(mexckBT) is the exciton-thermal wavelength. Also notice the absolute value in the
exponential, which makes the LP scattering rate exponentially increasing with sf&a|leFhis has been confirmed by actual
numerical integration.

Finally, for the scattering to both LP and UP, we have from @€), neglecting details of the lower branch dispersion at
the knee, and simply considering a pure excitonic dispersiol;fdt,, that the integral is trivial and gives/2, thus

2 (2)E

2y 4 o~ (Eg+EM(k=0)/kgT)
ar k3 2 (27T)2meXC|M| )\the 3 B/, (B4)

’ _
UP kg
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