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Electronic structure of yttrium aluminum garnet „Y3Al5O12…

Yong-Nian Xu and W. Y. Ching
Department of Physics, University of Missouri-Kansas City, Kansas City, Missouri 64110

~Received 9 November 1998!

The electronic structure of yttrium aluminum garnet (Y3Al5O12) is studied by means of first-principles
local-density calculations. Results on band structure, density of states, partial density of states, effective
charges, bond order, charge-density distributions, equilibrium lattice constant, bulk modulus, and pressure
coefficient as well as the pressure dependence of the band gap are presented. The calculated results are in good
agreement with experimental data. The differences in chemical bonding for Al ions at the octahedral and
tetrahedral sites are clearly delineated and their implications discussed.@S0163-1829~99!03316-0#
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I. INTRODUCTION

Yttrium aluminum garnet (Y3Al5O12), or YAG, is the
most important solid-state laser host material. Nd:YAG
ser has been widely used in commercial, medical, milita
and industrial applications since its discovery in 1964.1 Apart
from the ideal spectroscopic properties of the rare-earth
in YAG crystal, its low-thermal expansion, high-optic
transparency, low-acoustic loss, high threshold for opt
damage, hardness, and general stability against chemica
mechanical changes all contribute to its success as the
widely used laser material.2 It is also known that YAG is
one of the most creep resistant oxide and therefore,
important applications in high-temperature ceram
composites.3,4 YAG is frequently seen as the precipitate
phase at the internal grain boundaries of alumina oxides o
the surface or interfaces of Al-containing metals. It is the
fore surprising that there have been no fundamental stu
on the electronic structure of the YAG crystal. The ba
structure and the chemical bonding in YAG is therefore u
known although optical and vibrational properties of YA
crystal have been extensively studied experimentally.5–9 The
refractive index and the elastic properties of YAG have a
been investigated by a variety of experimen
techniques.10–13 The lack of reliable band-structure informa
tion on YAG made the interpretation of the optical data qu
difficult. The main reason for the lack of theoretical inves
gations on YAG crystal is its enormously complicated cry
tal structure~to be discussed below! which renders detailed
ab initio quantum-mechanical calculation computationa
too demanding. With the rapid advance of computing te
nology and methodology in the last two decades, it is n
possible to study the electronic structures for complex cr
tals such as YAG.

In this paper, we present the results of a detailed calc
tion of the ground-state electronic properties of the YA
crystal. We used theab initio orthogonalized linear combi
nations of atomic orbitals~OLCAO! method14 within the
local-density approximation~LDA ! of the density-functional
theory.15 The OLCAO-LDA method is noted for its effi
ciency and accuracy especially for systems with comp
structures, and has been applied to other related crystals
asa-Al2O3 ~Refs. 16 and 17! and Y2O3.

18 The O vacancy19

and the Y-substitutional impurity ina-Al2O3 ~Ref. 20! were
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also investigated using this method and a supercell appro
The method has been well described before and will not
repeated. In the present calculation, a full ba
expansion consisting of atomic orbitals of Y~core
orbitals 15s,6s,4p,5p,6p,4d,5d!, Al ~core orbitals
13s,4s,3p,4p,3d!, and O ~1s core 12s,3s,2p,3p! were
used. The semicore Y-4p state was treated as a valence st
since its orbital energy is only slightly lower than the O-2s
state. The crystal potential and charge density were re
sented by a sum of atom-centered functions consisting
gaussians. Wigner interpolation formula was used for co
lation correction and four specialk points in the irreducible
portion of the Brillouin zone~BZ! were used for self-
consistent iterations. The potential converges in about 20
erations. The total energy of the crystal was calculated
cording to the usual LDA formalism.14 The density of states
~DOS! and its decomposition into atom- and orbital-resolv
partial DOS~PDOS! were calculated based on the Mullike
scheme21 using the wave functions obtained at the 14ab
initio k points within the BZ. The effective charges and t
bond order~also called overlap population! were obtained by
a separate minimal basis calculation.

In the next section, we discuss the crystal structure
YAG in some detail. In Sec. III, the results of the bulk pro
erties are presented and discussed. This is followed by
discussion on the electronic structures in Sec. IV. The
section is for a brief conclusion and some thoughts on fut
work.

II. CRYSTAL STRUCTURE

The cubic unit cell of a general garnet compou
A3B28B39O12 contains eight formula units, whereA,B8,B9 are
metal ions occupying different symmetry sites.22 The crystal
structure of YAG is sketched in Fig. 1. It has a bcc structu
~space group Ia3d or Oh

10! with 160 ~80! atoms in the cubic
~primitive! cell. The Y ions~A atom! occupy the 24(c) sites
and each are dodecahedroally coordinated to eight O. Th
atoms occupy the 96(h) sites whose exact locations depe
on three structural parametersx, y, andz and are different for
different garnet oxides. There are two different sites for
Aloct ~B8 atom! occupy the 16(a) site with an octahedra
point symmetry (C3i) and Altet (B9) atoms occupy the 24(d)
sites with a tetrahedral point symmetry (S4). The garnet
10 530 ©1999 The American Physical Society
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PRB 59 10 531ELECTRONIC STRUCTURE OF YTTRIUM ALUMINUM . . .
structure can be viewed as interconnected octahedraons
rahedrons, and dodecahedrons with shared O atoms a
corners.22 ~Each oxygen is a member of two dodecahed
one octahedron, and one tetrahedron.!

There have been several structural measurements on Y
with results quite close to each other.23–27We have used the
structure determined by Euler and Bruce25 in the present cal-
culation. The lattice constant is 12.000 Å. Cations are
fixed positions while the O sublattice is slightly distorte
depending on the internal parameters. For the YAG crys
the O parameters arex520.0306, y50.0512, and z
50.1500. It should be noted that the Y-O separations
2.303 and 2.432 Å, larger than in Y2O3 ~2.288 Å!; and the
Al-O separations are 1.937 and 1.761 Å, slightly sma
than 1.969 and 1.857 Å ina-Al2O3. The O-O separations
range from 2.658 to 2.917 Å.

III. BULK PROPERTIES

The total energy~TE! of the YAG crystal was calculated
as a function of crystal volume with the internal paramet
fixed. The results are shown in Fig. 2. Our calculation p
dicts an equilibrium lattice constant of 11.904 Å, which d
fers from the measured one by less than 1.0%. The TE c
in Fig. 2 was fitted to three different equations of sta
~EOS!: a fourth order polynomial, the Murnaghan EOS~Ref.
28! and the Birch-Murnaghan EOS.29 The results are quite
close forB with a larger variation for the pressure coefficie
B8. The fit using Mirnaghan EOS gives a bulk modulus
B5220.7 Gpa and a pressure coefficient ofB854.12 ~Table
I!. This is in excellent agreement with the value ofB

FIG. 1. Crystal structure of YAG viewed along the@001# direc-
tion. The large balls are O, the intermediate balls are Y, the sm
balls are Al. Octahedrally bonded Aloct and tetrahedrally bonded
Al tet are as indicated. The dotted lines represent the cubic
boundary. Aloct are at the corner, the edge center, the face cen
and the quarter face center positions.
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5220.0 Gpa of Hofmeister and Campbell11 obtained from an
empirical formula and the measured infrared vibrational f
quencies of YAG. On the other hand, Stoddartet al.obtained
a room-temperature value ofB5189 Gpa based on the room
temperature elastic constants using a combination of B
louin scattering and refractive index measurements.12 An
earlier measurement by Alton and Barow13 gaveB value of
185.2 Gpa.

Figure 2 also shows the volume dependence of the di
band gapEg ~to be discussed in the next section!. From the
slope of theE vs V/V0 curve, the pressure at each volum
can be obtained and hence the pressure dependence o
gap. The dependence ofEg on P near the calculated equilib
rium volume is approximately linear with an initial slope o
0.025 eV/Gpa. This is to be compared with the value
0.012 eV/Gpa in a similar calculation for Y2O3.

18 In Y2O3,
theEg vs V/V0 curve is almost linear down to 10% reductio
in volume. In YAG, the same curve shows a much le
change inEg as the volume is decreased, which results in
larger pressure dependence of the gap than in Y2O3. We are
not aware of any experimental measurements related to
change of gap under pressure.

IV. ELECTRONIC STRUCTURE

Figure 3 shows the calculated band structure of YAG
the experimental lattice constant. The band gap of 4.71 e
direct atG. This is 28% smaller than the experimental val

ll

ll
r,

FIG. 2. Calculated total energy~left scale! and band gapEg

~right scale! vs V/V0 in YAG. V0 is the experimental equilibrium
volume taken to be 864.000 Å3 here.

TABLE I. Calculated bulk modulus and pressure coefficient
YAG using different EOS’s.

B ~Gpa! B8

Fourth order polynomial 228.6 4.60
Murnaghan 220.7 4.12
Birch-Murnaghan 221.1 4.00
Experimental value 220.0a

185.2b

189.0c

aReference 11.
bReference 12.
cReference 13.
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10 532 PRB 59YONG-NIAN XU AND W. Y. CHING
of 6.5 eV deduced from optical measurements.6–9 Such an
underestimation of the gap value is typical of the LDA c
culations. The top of valence band~VB! is very flat, similar
to all other Y- or Al-related oxides. It is interesting to no
that the conduction-band~CB! edge atG in YAG consists of
two rather well-separated bands while ina-Al2O3 ~Ref. 17!
and Y2O3,

18 there is only a single CB dipping down atG.
This could be due to the presence of two nonequivalent
ions in YAG and the specific symmetry of the crystal.

Figure 4 shows the total and atom-resolved partial den
of states~DOS! in YAG. The sharp peaks near220 eV are
the semicore levels of Y-4p, which were treated as valenc
states in the present calculation. The O-2s levels are be-
tween215 and217.5 eV and the O-2p levels constitute the
upper VB with a total width of about 6.5 eV. The same O-2p
band has a width of 7.37 eV ina-Al2O3 and 3.41 eV in
Y2O3. The PDOS of Y has a sharp peak at 6.5 eV in the
and also show slight mixing with O-2p and O-2s in the VB
region. At the bottom of the CB, Y has the largest comp
nent so the band gap in YAG is essentially determined by
Y-O interaction rather than the Al-O interaction. The calc
lated gap of YAG is smaller than that ofa-Al2O3, which is
consistent with the notion thata-Al2O3 is more ionic than
Y2O3. This point is further supported by the effective char
calculations to be discussed below. The difference in
PDOS between Aloct and Altet are quite obvious, especially i
the 0 to 22.5 eV range in the VB and in the shape a
locations of the peaks in the CB. As expected, the PDOS
oxygen are mostly in the VB with less prominent features
the CB.

The orbital resolved PDOS in the CB are shown in Fig
~broadened by 1.0 eV!. The (s1d) component is for the
even parity and thep component is for the odd parity of th
angular momentum quantum number. Within the dipole
proximation, orbital-resolved PDOS can be used to interp
the electron-loss near-edge spectroscopy~ELNES! which has
become a very popular tool to investigate local chemical
structural environment of a particular ion.30 So the (s1d)
and thep components of the Al-PDOS should mimic Al-L2,3
edge and the Al-K edge, respectively, and the Y-(s1d)
PDOS should reproduce the Y-L2,3 and Y-M2,3 edges, while
the O-p PDOS can be used to compare with the O-K edge.
Such comparisons have been carried out recently with

FIG. 3. Calculated band structures of YAG along the symme
lines of the cubic BZ.
t-

ty

-
e

-

e

of

-
et

d

e

measured ELNES data in YAG with satisfacto
agreements.31 It turns out that the differences between t
Aloct and Altet sites are essential for a proper interpretation
the experimental spectra. Below 11 eV, Altet has a much
higher amplitude than Aloct. This is particularly true for thep
component of the Al PDOS, which mimic the Al-K edge.

Based on theab initio wave functions obtained through
out the BZ and the Mulliken population scheme, the effe
tive charges on each atom and the bond order between
pair of atoms in YAG were calculated as previous
described.18 A separate minimal basis calculation were ca
ried out for this purpose since the Mulliken analysis sche
is more accurate with a minimal basis than with an exten
basis. The results are listed in Table II together with t
results from similar calculations fora-Al2O3 and Y2O3. The
effective charge calculation indicates that among the th
crystals,a-Al2O3 is the most ionic and Y2O3 the least ion-
ic. Y ion has less charge transfer to O than Al, and
traditional viewpoint of treating both Al and Y as 31 ions
may be problematic. The bond order, also called the ove

y

FIG. 4. Calculated total DOS and atom-resolved PDOS of YA
~a! Total; ~b! Y; ~c! Aloct, ~d! Al tet; and ~e! O.
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PRB 59 10 533ELECTRONIC STRUCTURE OF YTTRIUM ALUMINUM . . .
population, is a simple qualitative measure of the strength
the bond between a pair of atomsa andb. The bond order
between the second nearest-neighbor O-O and cation-c
pairs are also listed together with their interatomic sepa
tions. However, the bond order for Y-Y pairs are not i
cluded because they are negligibly small. It should be no
that the bond orders for ionic systems such asa-Al2O3,
Y2O3, and YAG are much smaller than those in the mo
covalently bonded compounds such as Si3N4 or Si-Al-O-N.32

Although the bond order scales roughly with the distance
separation, the bond order for Altet-O in YAG is relatively
large compared to all other pairs. Given the fact that 60%
the Al sites are the Altet tetrahedral site, this large bond ord

FIG. 5. Orbital resolved PDOS of the empty CB:~a! Y, solid
line ~dashed line! for the s1d(p) component.~b! (s1d) compo-
nent of Al. Solid line for total, dotted line for Aloct, and dashed line
for Al tet. ~c! p component of Al. Solid line for total, dotted line fo
Aloct, and dashed line for Altet. ~d! O-p component.

TABLE II. Calculated effective chargeQa* in a-Al2O3, Y2O3,
and YAG crystals

a-Al2O3 Y2O3 YAG

Al 1.890 1.843
2.036

Y ~excluding 4p! 2.078 2.033
2.097

O 6.740 6.606 6.676
of

ion
-

d

e

f

f

provides the evidence that the overall good mechanical p
erties of the YAG crystal is due to the presence of the te
hedral Al sites. It is also noted that the bond order betwee
and Altet in YAG at a separation of 3.0 Å is 0.041, large
than that between Al-Al and O-O pairs ina-Al2O3 with
smaller separations. This could mean that Altet at the tetrahe-
dral site may actually interact with a nearby Y atom in sp
of the fact that there are both cations~Table III!.

Figures 6~b! and 7~b! display the valence charge-densi
distribution in YAG crystal on two~001! planes with z
50.0 and 0.6, respectively. The first plane contains all
cations and the second one contains only the O anions.
ures 6~a! and 7~a! show the positions of various ions in thes
planes or slightly off these planes. Figures 6~c! and 7~c!
show the difference of the crystal charge and that of a su
position of neutral atomic charges on the same plane. Sev
observations can be made from these distributions.~1! The
charge distributions around the ions including O are n
spherical, indicating a considerable amount of charge re
tribution. ~2! The distribution of charges at Aloct and Altet are
quite different reflecting the inference of the local symmet
~3! The Y atom has a concentric ring of near zero charge
to the coincidence of the nodes of the Y-5s and Y-4d
atomic orbitals in the basis function.18 The Y-4d wave func-
tion is actually quite extended, which facilitates its bondi
with other ions.~4! From the contour lines of Fig. 6, there
some evidence of interaction between Y and Altet in spite of
the distance of separation of 3 Å.~5! The majority of the
charge transfer occur at the outer ring of the Y ion as
evident in Figs. 6~c! and 7~c!.

V. CONCLUSIONS

The electronic structure and properties of the YAG crys
were calculated. Good agreements with experimental dat
terms of the equilibrium lattice constant and the bulk mod
lus are obtained. The calculated orbital-resolved PDOS a
show good agreement with the recently measured ELN

TABLE III. Calculated bond orderra,b in a-Al2O3, Y3O3, and
YAG crystals. Interatomic distances list in parenthesis~Å!.

a-Al2O3 Y2O3 YAG

Al-O 0.105 ~1.857! Aloct-O 0.096~1.937!
0.083~1.969! Al tet-O 0.133~1.761!

Y-O 0.098~2.261! 0.075~2.432!
0.104~2.249! 0.081~2.303!
0.092~2.278!
0.087~2.336!

O-O 0.022~2.524! 0.015~2.659! 0.005~2.865!
0.019~2.619! 0.014~2.696! 0.004~2.927!
0.012~2.725! 0.010~2.818! 0.002~3.168!
0.008~2.869! 0.007~2.837!

0.006~2.917!
0.007~2.961!

Al-Al 0.026 ~2.649!
0.024~2.792!

Y-Al oct 0.017~3.354!
Y-Al tet 0.041~3.000!
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10 534 PRB 59YONG-NIAN XU AND W. Y. CHING
spectra. The calculation shows different PDOS for Aloct and
Al tet because of the different local symmetry. It is point
out that Altet form stronger bonds and may interact with t
Y atoms thus contribute to the unique properties of the YA
crystal.

With the electronic structure of YAG crystal well unde

FIG. 6. ~a! Atomic configuration in the~001! plane with z
50.0 containing all cations. The O ions are slightly above or be
the plane.~b! Valence charge-density contours in the same pla
The contour lines range from 0.00 to 0.25 electrons/~a.u.!3 in inter-
vals of 0.005.~c! Difference between crystal valence charge dens
and a superposition of atomic valence charges. Solid~dashed! lines
for the positive ~negative! contours. Contour lines range from
20.25 to 0.25 electrons/~a.u.!3 in intervals of 0.005.
stood, it is natural that future investigations should inclu
the calculations of optical properties of the YAG as well
impurity states such as Cr31, Cr41, and Nd31 in YAG. It is
also desirable that the other two remaining Y-Al-O com
pounds, YAlO3 ~YAP! and Y4Al2O9 ~YAM !, with different
crystal structures and local bonding be studied in the sa
fashion. Such work are currently in progress and will
reported at a later time.
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FIG. 7. Same as Fig. 6 for a~001! plane withz50.60 containing
O ions with the Y ions slightly off the plane.
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