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Crystal Hartree-Fock calculations for La2NiO4 and La2CuO4
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Ground-state properties of La2NiO4 and the isostructural compound La2CuO4, the parent material of some
high-Tc superconductors, have been calculated using the Hartree-Fock approximation~HFA!. To our knowl-
edge, this is the first report in the literature in which calculations for these two materials are done for an infinite
crystal using the HFA. The results show that both the nickelate and cuprate are antiferromagnetic~AFM!
insulators, in agreement with experiments. The character of the highest occupied band in the cuprate is found
to be in-plane O 2px,y strongly mixed with Cu 3dx2-y2, agreeing with the hypotheses of most Hubbard models
for this problem. The spin densities show rather localized peaks with approximate cubic symmetry at Ni sites
~due to two singly occupiedeg orbitals! or approximate fourfold symmetry at Cu sites~due todx2-y2), and are
small elsewhere. The corresponding form factor agrees rather closely with our earlier cluster calculations for
the nickelate, while differing appreciably in the cuprate. We speculate on the reason for this. The results for the
cuprate are consistent with magnetic neutron-scattering experiments: The shape of the form factor is in overall
qualitative agreement with that measured on a sample of questionable stoichiometry; for a sample with pre-
sumably good stoichiometry, on which only one Bragg peak was measured, the absolute intensity is in
remarkably good agreement with our calculated result. The latter includes the well-known correction for
zero-point or quantum spin fluctuations. However, the shape of the form factor for the nickelate is in serious
disagreement with experiment. We also calculated the energy splitting between AFM and ferromagnetic states,
and, for both materials, found the corresponding Heisenberg exchange parameterJ to be of the correct order of
magnitude~about a factor of 3 smaller than the experimental values!. The calculatedJ value for the cuprate is
close to the result of a recent cluster Hartree-Fock calculation. We discuss the determination ofJ in density-
functional theories, as well as in the HFA, in the Appendix.@S0163-1829~99!02115-3#
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I. INTRODUCTION AND METHODS

La2NiO4 and La2CuO4, which have essentially the sam
crystal structure, have attracted considerable theoretical
experimental research efforts, especially since the latter
found to become a high-Tc superconductor when properl
doped with Sr or Ba.1 Above their respective structural tran
sition temperaturesTS , both materials are in a tetragon
structure@space groupD4h

17(I4/mmm); see Fig. 1#. Below
TS , they are slightly distorted to an orthorhombic structu
Each of them is an antiferromagnetic~AFM! insulator below
a Néel temperatureTN(,TS), and is a paramagnetic~PM!
insulator aboveTN .

The past theoretical studies of these two materials can
broadly classified into two categories. The first one
density-functional calculations executed on the crystals. T
sort of approach only achieved partial success, and faile
predict certain properties of the materials. For instan
local-spin-density-approximation~LSDA! calculations incor-
rectly predicted La2CuO4 to be a PM metal1 and La2NiO4 to
be an AFM metal.2 After 1990, several modifications wer
made to the LSDA to produce AFM insulating solutions, li
self-interaction-corrected LSDA and LSDA1U.3,4 However,
since the modifications are somewhatad hoc, whether the
modified LSDA approaches still fall into theab initio regime
or not is arguable.
PRB 590163-1829/99/59~16!/10521~9!/$15.00
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The second category is cluster calculations. This categ
itself can be further divided into two subsets: sing
magnetic-ion cluster ~SMIC! calculations and multi-
magnetic-ion cluster~MMIC ! calculations. The SMIC calcu
lations were aimed at obtaining the neutron-scattering fo
factors of the crystals5 and hyperfine properties.6 A more
detailed description of this approach will be given in Sec.
when we come to the comparison of results of the SM
calculations with the results of our present work. Note th
since the cluster in the SMIC calculations contains only o
magnetic ion, the AFM ground state of the crystals must
assumeda priori, and quantities such as the Heisenberg
change parameterJ cannot be extracted from the calcul
tions. On the other hand, MMIC calculations7–10 have given
information aboutJ.

The present calculations were done using the prog
CRYSTAL95,11 which is designed to do Hartree-Fock~HF!
calculations on infinite crystalline materials, using linea
combination-of-atomic-orbital basis sets. Clearly, the crys
Hartree-Fock approximation~HFA! falls outside the two cat-
egories mentioned above, and thus may provide us
supplementary information. The crystal HFA has recen
been applied to a number of AFM Mott insulators includin
MnO, NiO,12 KNiF3,

13 KCuF3,
14 and CaCuO2.

15 These were
successful in that they gave the materials to be insulators~vs
metals!, to be antiferromagnets~vs ferro- or paramagnets!;
10 521 ©1999 The American Physical Society



a
en
i
ri
tie

u
a.

,
ll

s
t
e
re
in

r
ui
re

av
as
CP
u
La

n

le
in

the
and

.4
o
rved
y
n

M
gy.
nd

g
-
est-

-

u-
e
nal

FM-
g
n

-

r

ion
e
y.
ata,

10 522 PRB 59SU, KAPLAN, MAHANTI, AND HARRISON
they also gave energy differences between the various m
netic states in semiquantitative agreement with experim
In this paper, in addition to these considerations, we w
compare the spin density with neutron-diffraction expe
ments. Our major emphasis is on the ground-state proper
although some discussion of band structure~one-electron en-
ergies, and the nature of one-electron states! is presented.

In this work, we use the centered tetragonal crystal str
tures with lattice constants taken from experimental dat16

a53.855 andc512.652 for La2NiO4, and a53.7793 and
c513.226 for La2CuO4 ~in units of Å!. The basis sets of O
Ni, and Cu are taken from Ref. 17, which are especia
designed for crystal calculations.~Note that the usual basi
sets used in molecular and cluster calculations are often
diffuse for crystal calculations; they may cause nonconv
gence or a very slow convergence rate with not much inc
ment in the accuracy to the result one might obtain us
tighter basis sets.11! Since La is a heavy atom~atomic num-
ber 57!, relativistic effects are not negligible for the inne
shell electrons. In addition, an atomic basis set for La s
able for crystal calculation is not available in the literatu
We thus used the effective core potential~ECP! calculated
by Hay and Wadt18 for the La13-ion core,19 where the rela-
tivistic effect of the inner-shell electrons is supposed to h
been taken into account. In Hay and Wadt’s papers, b
sets for valence electrons designed for use with the E
were also given. However, they are so diffuse that they ca
a numerical problem in the crystal HF calculation. Thus
was treated in the present work as a bare La13 ion, and
represented by the Hay and Wadt large core ECP, no vale
orbitals~therefore no valence electrons! being attached to it.
We did test the significance of the bare La13 core approxi-
mation to some extent by adding ad shell ~consisting of a
single, optimized, Gaussian exponent! to the La13 and seeing
how it affected the results. It turned out that about 0.45 e
tron per La gathered into the added shell. Accompany

FIG. 1. The centered-tetragonal structure of La2NiO4 and
La2CuO4.
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that, the total energy per formula unit~including one Ni or
Cu! changed by about 4.5 eV. However, the shape of
occupied bands and the spin density changed negligibly,
the energy difference between ferromagnetic~FM! and AFM
solutions, which is around 36 meV, varied by only about 1
meV. The insensitivity of the FM-AFM energy difference t
variation of the outer shells of basis sets was also obse
for other materials.13 The properties that are only slightl
affected by the bare La13 core approximation are the mai
focus in this paper.

II. RESULTS

A. Heisenberg exchange parameterJ

Our results show that both La2NiO4 and La2CuO4 are
AFM insulators, in agreement with experiments. The F
solutions also exist for both materials, with higher ener
The energy difference per formula unit between FM a
AFM states is 36.9 meV for La2NiO4 and 36.1 meV for
La2CuO4. It is a common and long-standin
practice20,21,12–14,7to map energies of FM and AFM elec
tronic states to the mean-field approximation for the near
neighbor Heisenberg HamiltonianHHeis. This is done for
materials such as these, whereHHeis is known to accurately
describe the low-lying excitations,20,22 and leads to an esti
mate of the Heisenberg exchange parameterJ. In the Appen-
dix, we give a rationale for doing the mapping in HF calc
lations, while pointing out a potential inconsistency if th
same procedure is used in approximate density-functio
theories.

To proceed then with the determination ofJ, the Heisen-
berg Hamiltonian is

HHeis5J(
^ i , j &

sW i•sW j , ~1!

the summation going over each nearest neighbor pair^i,j& of
magnetic ions, taken once. We equate the calculated
AFM energy difference in the HFA to the correspondin
FM-AFM energy difference in the mean-field approximatio
of Eq. ~1!, and thus define the HeisenbergJ in the HFA,JHF,
as follows:

DEHF5~2JHFs
2!S NZ

2 D . ~2!

DEHF is the FM-AFM energy difference for the whole crys
tal in the HFA,N is the number of magnetic ions,s is the
spin of each site~1 for Ni and 1

2 for Cu!, andZ is the coor-
dination number. Equation~2! ~with J instead ofJHF) ap-
pears elsewhere7–10 for dimers whereN52 and Z51, but
the claim in some of the references that this gives thecorrect
or exact J is not warranted in general~see the Appendix!.
Since the interactions within a CuO2 plane are much stronge
than the interplanar ones, we takeZ54. It turns out thatJ is
9.2 meV for La2NiO4 and 36.1 meV for La2CuO4. The
La2CuO4 result agrees with an embedded-cluster calculat
using the HFA,7 which gives 37.8 meV, strengthening th
suggestion7–10 that J appears to be a rather local propert
These values are to be compared with the experimental d
which give 30 meV for La2NiO4,

23,24 and 134~neutron! or
128~Raman! meV for La2CuO4.

25,26Although our results are
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PRB 59 10 523CRYSTAL HARTREE-FOCK CALCULATIONS FOR . . .
about a factor of 3 too small, it actually is remarkable to
so close, since we are picking up the small difference
tween the FM and AFM energies with each on the order
4000 Hartrees.~So it is at an accuracy of about one out of
million.! Similar underestimates forJ using the HFA were
found for other materials.12–14

B. Spin density and spin form factor

Spin-density maps on the perovskite magnetic ion-oxy
layer@~001! plane# are given in Fig. 2 for both materials. Th
x-y plane of the graphs matches the NiO2 ~CuO2! plane, and
includes 333 magnetic ion sites. The large peaks on t
graphs coincide with the locations of the magnetic ions. T
sign of the spin density alternates from one site to anothe
manifestation of the AFM character of the systems. T
magnitudes of spin density around oxygens, which are h
way between each nearest-neighbor pair of magnetic i
are extremely small, as expected. Every peak in the gra
has an approximate fourfold symmetric shape, a result of
singly occupied dx2-y2 orbital. Although Figs. 2~a! ~for
La2NiO4) and 2~b! ~for La2CuO4) resemble each other ver
much, a characteristic difference between the spin dens

FIG. 2. The spin density in the magnetic ion-oxygen pla
@~001! plane#: ~a! La2NiO4, AFM; ~b! La2CuO4, AFM. The range of
the basal plane in the graphics is 2a ~a is the lattice constant! in
each direction, and is centered at one magnetic ion. The ver
axis is in atomic units~same as Fig. 3 in the following!.
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of these two materials does exist, and can be seen in a to
graph of other directions. For instance, Fig. 3 shows the s
density tomographs of these two materials in the~100! plane
passing through a magnetic ion. For this plane, the pea
the graph of La2NiO4 still has four lobes, while the peak in
the graph of La2CuO4 has only two lobes aligned in they
direction. This is expected because each copper in La2CuO4
has only a singly occupieddx2-y2, while each nickel in
La2NiO4 has a singly occupieddx2-y2 and a singly occupied
d3z2-r 2, which together give a spin distribution with cub
symmetry~small distortions from cubic symmetry are caus
by the surroundings!. Later on we will see that this differ-
ence in spin densities leads to characteristically different s
form factors for these two materials.

Spin density is connected to elastic neutron scattering
periments, where the scattering amplitude is proportiona
the Fourier transform of the spin density. It has been sho5

that, for the single-band Hubbard model, assuming sm
hoppingt compared to the repulsionU, the Fourier transform
of the spin density is

s~kW !5^sz&HeisF~kW ! f ~kW !@11O„~ t/U !2
…#. ~3!

al

FIG. 3. The spin density in the~100! plane:~a! La2NiO4, AFM;
~b! La2CuO4, AFM. The range of the basal plane in the graphics
a in each direction, and is centered on one magnetic ion. The la
of the two axes of the basal plane refer to they andz directions in
the conventional tetragonal lattice coordinates.
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10 524 PRB 59SU, KAPLAN, MAHANTI, AND HARRISON
Here^sz&Heis is the expectation value of the spin at a site~an
up site! in the ~spontaneously! symmetry-broken ground
state of the corresponding Heisenberg model.f (kW ), the form
factor, is the Fourier transform of 1/s times the HF spin
density over a nonmagnetic unit cell centered at a magn
ion, wheres is the spin quantum number for the free ion~1
for Ni12 and 1

2 for Cu12). This implies f (0)51. F(kW ) is
given as

F~kW !5
1

N (
RW

e2 i ~kW2kWA!•RW , ~4!

whereRW runs over all the Bravais lattice vectors,N is the
total number of sites, andkWA is an antiferromagnetic wav
vector @e.g., for the square lattice with lattice constanta, kWA
is (p/a,p/a)#. The correction termO@(t/U)2# is negligible
for the cuprate5 and, we expect, for the nickelate.27 Although
the derivation of Eq.~3! is somewhat lengthy, the result
physically understandable.^sz&Heis accounts for the quantum
spin fluctuations~QSF’s! in the Heisenberg-model groun
state, and is just an overall scale factor.F(kW ) accounts for
the occurrence of the Bragg peaks.f (kW ) gives the relative
sizes of the Bragg peaks, and conveys detailed informa
about the spin densitys(rW) in the unit cell. Equation~3! is
discussed further in Sec. III.

In an earlier work5 of our group, SMIC calculations on
several AFM insulating compounds including La2NiO4 and
La2CuO4 were carried out, and the obtained spin densit
were compared with experiments based on Eq.~3!. The re-
sults agreed extremely well for KNiF3 and NiO; for La2CuO4

they gave rough overall agreement for the shape off (kW ) ~for
a sample well off stoichiometry!. Only in the case of
La2NiO4 did the results show a serious qualitative disagr
ment with experiment.28 This disagreement provided a stron
part of our motivation for the present study.

Thus the Fourier transform of the spin density from t
crystal HF calculations was performed. The resulting fo
factors at thek values for the magnetic Bragg peaks a
shown in Fig. 4.

Note that if the spin density is spherically symmetric,
the data will fall on a smooth curve. In Fig. 4~b!, the form
factor of La2CuO4, the data separate into several branch
indicating that the form factor varies dramatically in diffe
ent directions ofkW . This is understood as due to the asph
ricity of the Cudx2-y2 orbital of the unpaired electron, as fir
pointed out by Shamotoet al.29 On the other hand, in the N
compound botheg states are singly occupied, giving a nea
cubic spin density, and thuss(rW) is closer to spherical. In-
deed, the corresponding form factor@Fig. 4~a!# reveals no
obvious branches.

Our present results are compared to the previous clu
calculations and to experiments in Fig. 5. Note that Fig. 5~a!
for the nickelate shows the Bragg scattering amplitude~in
units of mB), and Fig. 5~b! for the cuprate shows the form
factor. In Fig. 5~a!, the Bragg scattering amplitud
g^sz&Heisf (kW ) is calculated usingg52.29 ~Ref. 30! and
^sz&Heis50.8 from the spin-wave theory.31 The two theoreti-
cal results agree with each other very well; however, b
disagree qualitatively with experiment. In view of the ve
tic
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good agreement between theory and experimental result
several other compounds like KNiF3 and NiO,5 it seems odd
that the theory would be so far off from experiments for t
case of La2NiO4. The agreement between the cluster and
crystal calculations ensures that the theoretical results
calculation-error free, excluding one possible source of
discrepancy between theory and experiment. Then, logica
more independent experiments are called for to cross-ch
with the single existing experimental work on a presuma
stoichiometric sample.28,32 We should note that the plot in
Fig. 5~a! is on an absolute scale; thus the agreement betw
theory and experiment at largek might be significant.33

For the cuprate@Fig. 5~b!#, the experimental form facto
data34 have been scaled to give the least-square fit to
crystal HF result. It has been argued35,5 that the moment~and

FIG. 4. The spin form factor:~a! La2NiO4, AFM; ~b! La2CuO4;

AFM. The horizontal axis is the magnitude ofkW , in units of inverse

Å. The black stars are for the family of (1
2 ,2 1

2 ,l ) Bragg peaks,

diamonds for (12 , 1
2 ,l ), circles for (12 , 3

2 ,l ), empty stars for (12 ,

2
3
2 ,l ), triangles for (32 ,2 3

2 ,l ), and squares for (32 , 3
2 ,l ), where the

three components of the triple numbers are in units of 2p/a, 2p/a,
and 2p/c, respectively. With our choice of coordinate system, f
the Bragg peaks the sum of the three components of each t
number must be an even integer.
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Néel temperature! should be maximum at the stoichiometr
compound; the main experimental question here is the o
gen content.36,37 Since the experimental ‘‘moment’’ in Ref
34 is appreciably smaller than that of other samples,36 we
expect the one used to measure the form factor shown is
from being stoichiometric. Therefore, only comparison of t
‘‘shape’’ of the form factor might be sensible. It is seen th
the overall shape is in rough agreement with theory.

For a test of the absolute value of our calculated s
density, we consider the sample with the highest ‘‘momen
0.660.05 Bohr magnetons~with a Néel temperature of 298
K!.36 As discussed in Ref. 5, the ‘‘moment’’~calledmoment
in that reference! defined by the experimentalists is the am

FIG. 5. Comparison of the crystal and cluster calculations w
experiments:~a! Bragg scattering amplitude for La2NiO4. ~b! Spin
form factor for La2CuO4. The diamonds are for the crystal, stars f
the cluster, and circles with error bars for the experimental d
Note that in~b! the experimental data have been scaled to make
least-square fit to the crystal results.
y-

ar

t

n
’’

plitude g^s(kW )& at the Bragg peak with the smallestk, di-
vided by 0.835~the form factor of K2CuF4, interpolated for
the k value appropriate for the cuprate being measured36!; g
is the usualg factor, >2.2 for the cuprate. Multiplying the
above ‘‘moment’’ by 0.835 yieldsg^s(kW )&exp50.5060.04.
Using our calculated HF value off (kW )50.763, ^sz&Heis
50.3 for the square lattice~appropriate to a CuO2 plane!,31

and g52.2, Eq. ~3! gives g^s(kW )& theor50.504. This exact
agreement is surely fortuitous. In fact a sample with
slightly higher TN ~325 K! has been reported38 as being
highly stoichiometric. Unfortunately an absolute magne
Bragg intensity measurement~which would yield, e.g., a
value of the ‘‘moment’’! was not reported on this sample
Judging from the increase in ‘‘moment’’ withTN shown in
Ref. 36, the experimental amplitude will be larger than t
0.5 quoted above. Nevertheless, this agreement betw
theory and experiment suggests that the HF approach,
rected for quantum spin fluctuations, gives a very good
count of the ground-state spin density. It is clearly importa
to have the absolute intensities at several Bragg peaks m
sured on an excellent sample like that of Ref. 38, for co
parison with our calculations.

It is noted that an appreciable discrepancy between
crystal and cluster HF results exists. This is interesting
view of the very good agreement between the two theoret
calculations for the nickelate, as shown in Fig. 5~a!. We be-
lieve that the larger covalence in the cuprate is the caus
this discrepancy. Indeed, we performed the integration of
HF spin density over a Wigner-Seitz cell on the magnetic
sublattice, as a measure of the ordered spin per magnetic
~without QSF’s!, on both materials. We found 0.926 for th
nickelate and 0.421 for the cuprate. In comparison with
free magnetic ion spin~1 for Ni12 and 1

2 for Cu12), we see a
7.36% reduction for the nickelate and 15.8% reduction
the cuprate.39 This reduction is evidence of the covalen
between Ni~Cu! and oxygen.40,41 The finding here of appre
ciably less covalence in the nickelate strongly suggests
the original explanation28 of the extreme flattening of the
form factor at smallk as being due to strong covalence m
not be correct.42

As one further check on the accuracy of our crystal c
culations, we considered another Ni compound, KNiF3,
where the cluster approach agreed excellently w
experiment.5,30 Taking ^sz&Heis50.92 from the spin-wave
theory,31 we summarize the results for the amplitude^s(kW )&
at the three Bragg peaks measured in Table I. It is appa
that both the crystal and cluster results are slightly lar
than the experimental data. However, if we took^sz&Heis

h

a.
e

TABLE I. Comparison of the crystal HF approximation, th
cluster HF approximation, and the experiment results of the s
form factor of KNiF3. The first row shows the indices of the thre
Bragg peaks measured in experiment. The components of the
dexing are in units of 2p/a, a5 lattice constant.

~1
2

1
2

1
2! ~3

2
1
2

1
2! ~3

2
3
2

1
2!

Crystal HF 0.813 0.679 0.554
Cluster HF 0.807 0.683 0.564
Experiment 0.78360.018 0.67260.015 0.55360.013
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FIG. 6. The band structure:~a! La2NiO4; AFM; ~b! La2CuO4; AFM. The band structures of the spin-up and -down states are the s
~because of the antiferromagnetism!, so the figure shown here is for either one. The~vertical! « axis is in units of Hartrees. The~horizontal!

k axis goes through two contiguous paths: (1
2

1
2 0)→(000)→( 1

4
1
4 0̄)→( 3

4
1
4 0)→(000)→(001) and (14

1
4

1
2 )→(000)→( 1

2 0 1
2 ). For the con-

vention of the triple numbers, see the caption of Fig. 4. The horizontal line inside each graph indicates the Fermi energy.
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50.9, both of them predict the experimental data to with
the error bars. It should be remembered that the spin-w
theory of Ref. 31 is an approximation of the ground state
the Heisenberg model.43

C. Band structure

The band structures of the AFM solutions are given
Fig. 6. The results show a wide gap~;17 eV! for both ma-
terials; we also see a similar large gap for the FM solutio
The experimental~optical! gap for La2CuO4 is about 2.0
eV.44 That the gap is much larger than the experimental
has been found much more generally in the HFA; see R
12–14 for examples, and Ref. 12 for discussion. The res
suggest that the insulating character of both materials is
strongly correlated with their magnetic ordering, in agre
ment with experiment,45 and in contradiction to a band
theory scheme proposed in Refs. 15 and 46. In the La2NiO4
AFM solution, theG point of the highest occupied band co
sists mainly of the Ni 3dx2-y2 and O~1! 2px,y , and theG
point of the lowest unoccupied band consists mainly of
O~1! 3s and O~2! 3s, plus a bit of Ni 4s and O~2! 3pz . In
the La2CuO4 AFM solution, theG point of the highest occu
pied band consists mainly of the Cu 3dx2-y2 and O~1! 2px,y ,
and the G point of the lowest unoccupied band consis
mainly of the O~1! 3s and O~2! 3s, plus a bit of Cu 4s. For
ve
f

s.

p
s.
lts
ot
-

e

both materials, theG point is the minimum in the lowes
unoccupied band but not the maximum in the highest oc
pied band, showing an indirect band gap. The width of
highest occupied band is about 1.6 eV for La2NiO4 and 0.6
eV for La2CuO4. The projected densities of occupied stat
~not shown! have many features in common with those p
viously reported HF results for other Mott insulators.12–14

Two of these features are that it is mainly anionp states that
exist near the Fermi energy, and that the bulk of the m
netic ion eg states is lower in energy than thet2g states.
These results are presently under analysis, and will be
cussed further in a future publication.

III. SUMMARY AND DISCUSSION

We have calculated the electronic structure of La2NiO4
and La2CuO4 using the crystal HF approach. The major em
phasis has been on ground-state properties, although s
discussion of band structure has been given. The results
vide supplementary information to that obtained from crys
LSDA and embedded-cluster calculations in interpreting
experimental data. For both materials, our crystal HF res
correctly predict an AFM insulating ground state. The calc
lated Heisenberg exchange parameterJ is about a factor of 3
too small compared with experiments. This is consistent w
the interpretation of Martin and Illas,7 and Towleret al.12
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that the HFA overestimates the on-site Coulomb interact
The spin form factorf (kW ) basically agrees with earlier clus
ter calculations. However, there is an appreciable disc
ancy between the two theoretical calculations in the cup
case, which we believe is due to the larger covalence in
cuprate. We found rough overall agreement with experim
for the shape off (kW ) vs ukW u for a poor sample of the cuprate
and excellent agreement for the absolute intensity of the
Bragg reflection measured on a good cuprate sample. H
ever in the case of La2NiO4 the shape of the form factors i
both the crystal and cluster calculations disagree serio
with experiment. The fact that we found the nickelate to
~appreciably! less covalent than the cuprate deepens the p
zling nature of this disagreement with the nickelate toget
with agreement for the cuprate. For a further check, we a
calculated the form factor for KNiF3, and found excellent
agreement with experimental absolute intensities. These
sults should create strong motivation for performing mo
experiments on a stoichiometric sample of the nickelate;
also important to measure the absolute Bragg intensitie
more than one Bragg peak for a stoichiometric sample
La2CuO4 for a more stringent test of our theory.

We conclude with a discussion of the procedure used
calculate the spin density. We used our earlier result ca
lated within the single-band Hubbard model as a guide. T
is, following that result, we took the spin density to be that
the HFA reduced by the ratiôsz&Heis/s, the reduction from 1
being due to the quantum spin fluctuations in the Heisenb
AFM ground state. In fact, we have shown47 that this proce-
dure is not exact for a model more general than the sin
band Hubbard model. Thus we need to understand, e.g.,
our present and previous5 results are in excellent agreeme
with experiment for a number of cases using the HFA. Su
studies are in progress. In any case, we want to empha
that the QSF’s~which give large effects! cannot be ignored
as they were in Ref. 10, where a large moment reduction
attributed entirely to covalence. We note also that, in Ref
a large QSF correction was made, showing the confusion
this issue in the literature. The single-band Hubbard mo
result @Eq. ~3!# is a good starting point for clarification, an
the generalization is clearly important.
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APPENDIX: ON THE DETERMINATION OF THE
HEISENBERG J FROM ELECTRONIC STRUCTURE

CALCULATIONS

In this appendix, we discuss the theoretical justificat
behind the commonly used mapping scheme mentione
Sec. II A in estimating the Heisenberg exchange parametJ
from ab initio electronic calculations. We assume that t
problems under consideration have their low-lying sta
governed by a Heisenberg Hamiltonian. Of course, if a pr
lem is simple enough, one can calculateJ exactly ~using
standard quantum-chemistry techniques such as config
tion interaction!. For example, if one were actually dealin
with two magnetic electrons, with a limited number of no
n.
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magnetic electrons, one could in practice calculate the e
gies of the true lowest-energy eigenstates, singlet and trip
Equating their energy difference to the difference in eige
values of the Heisenberg Hamiltonian, would then yieldJ.
This approach has been used.48–50,8–10

However, for more complicated systems, we are forced
make approximations. The mapping scheme to estimateJ in
Sec. II A has been used for years, in both HF and dens
functional calculations. We have shown47 that for some spe-
cial cases, e.g., a single-band Hubbard model,JHF defined by
Eq. ~2! equalsJ to the leading order in perturbation wit
small hopping; however, this does not hold in general~al-
though one may obtain a contrary impression from so
papers10!. Still JHF serves as a reasonable and well-defin
estimation ofJ.

We now discuss the determination ofJ within density-
functional theory approaches, which invoke the followin
procedure.21,51,52One obtains a symmetry-broken~SB! solu-
tion for the Kohn-Sham determinantDKS for the ‘‘antiferro-
magnetic’’ state and a triplet state~for simplicity, we discuss
the case of one magnetic electron per magnetic site i
two-magnetic-site cluster!. The triplet energy minus the SB
AFM state energy is equated to the triplet energy minus
~average! energy of the SB spin statea~1!b~2! for the
Heisenberg model, thereby obtaining a number forJ.53 Al-
though making the correspondence ‘‘SB electron
state↔SB spin state’’ sounds reasonable, one must rea
that there is not a unique SB spin state, even in this simp
of cases. The following spin state is SB for all values ofm
Þ0 or `:

Vm5
1

A2~11m2!
$a~1!b~2!2b~1!a~2!

1m@a~1!b~2!1b~1!a~2!#%. ~A1!

The expectation value of the Heisenberg energy is

J^SW 1•SW 2&52
J

4

32m2

11m2 . ~A2!

If one used theexact density functional~DF!, then the
energies of the exact lowest triplet and singlet states wo
be obtained. The difference in these energies would
equated to the corresponding difference in Eq.~A2! with m
50 and`, and this would give the exactJ. However, given
an approximate DF, as in almost all applications, one
faced with the problem of what value ofm to use in Eq.~A2!
for the SB AFM state. Many people21,51,52takem51 without
giving a reason. But there is a potential inconsistency
doing so: as one’s approximate DF grows closer to the ex
DF, continued use ofm51 may lead to serious errors. Thu
the appropriate value ofm to use is unknown.

A possible way out of this dilemma is as follows. Fro
Eq. ~A2! one obtains

m5S ^SW 2&

~22^SW 2&!
D 1/2

, ~A3!

whereSW 5SW 11SW 2 . One could demand that^SW 2& be equal to
the expectation value of the square of the total electro
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spin in DKS, thus determiningm via Eq. ~A3!. One should
remember that there is no guarantee thatDKS is an eigen-
function of SW 2 or that the average valuêSW 2& in DKS is cor-
rect, even for the exactDKS, presenting a possible inconsi
tency in this approach. Also, how to generalize this mapp
idea for determining the SB AFM spin state to more than t
sites~two electrons! is not obvious, and remains to be inve
tigated.
in

h-

J

.

e

l-
lcu

.

on
ge

R.

.

.
hy
g
o

Interestingly, this idea raises a question about the stand
mapping used for the HFA, wherem is taken to be 1 for the
AFM spin state. For this two-site, two-electron, examp
one can show easily that^SW 2&DHF

512d2, whereDHF is the
HF determinant of the AFM state andd is the overlap inte-
gral between the two localized orbitals. Sinced is usually
quite small~,0.1!, it is seen that this probably would mak
little difference.
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