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We investigate the specific heat and magnetization of a ferrimagnet withgS51 andS5
1
2 spins in a finite

magnetic field using the transfer matrix density matrix renormalization group down toT50.025J. Ferromag-
netic gapless and antiferromagnetic gapped excitations forH50 lead to rich thermodynamics forH>0. While
the specific heat is characterized by a generic double peak structure, magnetization reveals two critical fields,
Hc151.76(1)J and Hc253.00(1)J with square-root behavior in theT50 magnetization. Simple analytical
arguments allow us to understand these experimentally accessible findings.@S0163-1829~98!50234-2#
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In recent years, one-dimensional ferrimagnets with al
nating spins gS and S have attracted considerab
attention.1–6 The Lieb-Mattis theorem reveals the charact
istic feature of ferrimagnets: the ground state of a ferrim
net with N elementary cells of two spins is a macroscop
spin of lengthNS(g21). While the interaction is antiferro
magnetic, the ground state resembles that of a ferroma
with Néel-like alignment of large and small spins. Due
quantum fluctuations, the classical Ne´el state is not exact, bu
the macroscopic magnetization of the ground state ma
spin wave theory applicable, even in one dimension.

Spin wave theory2 yields two types of excitations: startin
from magnetizationNS(g21), there are ferromagneti
~FM! gapless excitations to states with magnetizationNS(g
21)21 ~Goldstone modes!, and antiferromagnetic~AFM!
gapped excitations to states with magnetizationNS(g21)
11.

These two excitation types lead to a crossover in the
havior of the specific heatCv and the susceptibilityx.5,6 Cv
shows an AFM mean field peak at intermediate temperat
and a FMCv}AT behavior forT→0. x}T21 for T→`, but
shows a FMT22 divergence atT→0.

At finite field all dispersion relations are shifted and t
ground state degeneracy is lifted, such that experiment
easily observable changes in the thermodynamic quant
should occur. In this paper we discuss the expected obse
tions and provide very precise quantitative results obtai
mainly by the transfer matrix density matrix renormalizati
group ~DMRG!,7,8 hoping to stimulate further experiment
investigation.

We consider the generic (1,1
2 ) ferrimagnet withgS51

and S5 1
2 . For this case, the AFM gap in zero field is n

merically found2 to beDAFM(0)51.759J.
Analytical results.The introduction of a field termH( iSi

z

leaves all eigenstates invariant, while shifting the eigenen
gies byHStot

z , whereStot
z is the total magnetization of th

eigenstate. Linear spin wave analysis based on the clas
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ferrimagnetic ground state gives the following two dispe
sion ‘‘branches’’ ~all energies, temperatures and fields a
measured in units ofJ[1):

v6~q!5~A524 cosq61!/27H. ~1!

Spin wave theory gives eigenstates ofStot
z ; thus the only

effect of an external field on a one-particle excitation car
ing magnetization61 is the Zeeman term introducing a ga
DFM(H)5H to the FM excitationsv2, while the AFM
branchv1 is reduced in gap:DAFM(H)5DAFM(0)2H.

In linear spin wave theory,m-particle excitations carrying
magnetization6m are simply linear superpositions ofm
one-particle excitations. As the field acts only through t
Zeeman term, it is sufficient in this approximation to co
sider a one-particle excitation to study field effects.

At H5DAFM(0), AFM excitations become gapless, a
lowing spin-up flips at no energy cost, such that the sim
result M (T50)50.5 breaks down. Using the numeric
value for the gap,D51.759, rather than the spin wave resu
we conclude that there is a first critical fieldHc15D(H
50)51.759, above whichM (T50).0.5.

Second, for a fieldH5D(H50)/2 ~i.e., Hc1/2) low tem-
perature magnetizationM (T) should be constant withT,
while it is monotonically decreasing withT for H,D/2, and
monotonically increasing withT for H.D/2. This is be-
cause the dispersion relations of the harmonic spin wa
increasing and decreasing magnetization become identic
this field value.

Linear spin wave analysis based on the fully polariz
state yields a dispersion relation

v6~q!5H2
3

2
6

1

2
A514 cosq5H2v1

F6~q!, ~2!

where v1
F6(q) is the two-branchedexact FM one-particle

excitation: both excitation branches reduce magnetizat
Below a second critical fieldHc253, one dispersion branch
R5908 © 1998 The American Physical Society
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acquires negative energy, such that a breakdown of
simple resultM (T50)53/2 is predicted forH,Hc2 .

Let us now consider the specific heat.Cv(T) should ac-
quire a generic double-peak structure for low fields 0,H
,Hc1 , because two gapped excitation modes exist: B
gapped antiferromagnets as well as ferromagnets in exte
fields ~see Fig. 2! show exponential activation ofCv with a
pronounced peak, whose position is related to the gap or
size. Peak positions should thus shift withH to higher~FM
contribution! and lower ~AFM contribution! temperatures
because of the Zeeman term. At the critical fields, where
gapless excitation has the formv}q2, Cv}AT is expected
for T→0.

Another analysis for low fields can be obtained fro
studying the decoupled-dimer limit, useful in theH50
case:3 every second interaction is switched off, yielding a fl
dispersion, but the FM and AFM elementary excitations

FIG. 1. Cv vs T for fields H<0.4.

FIG. 2. Cv at H50.05 for a ferrimagnet~dotted, DMRG! and a
S5

1
2 ferromagnet~solid, DMRG!. To a very good approximation

the difference in specific heat~dashed! can be identified as AFM
contribution.
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still gapless and gapped, respectively. This analysis give
double-peak structure forCv . With increasing field, the
double-peak structure is smeared out and the two pe
merge into one. With further increase of the field, the syst
changes discontinuously into the fully polarized state.

The existence of two critical fieldsHc1 ~up to which the
ground state magnetization persists! and Hc2 ~which marks
the beginning of full polarization! in the ferrimagnet is
analogous to the finite field behavior of theS51 ~Haldane!
chain. In both systems the characteristic property of gap
excitations existing for both 0,H,Hc1 and for H.Hc2

breaks down at the critical fields; in spin wave theory this
indicated by an instability of an arbitrary number of sp
waves~spin wave condensation!. As for theS51 chain~Ref.
9! we expect the occurrence of a critical~Luttinger liquid!
phase in the intermediate regimeHc1,H,Hc2 . This phase
should resemble a~critical! anisotropic Heisenberg chai
with the anisotropy determined by the magnetic field; pow
law correlation functions as well as a linear behavior of t
specific heatCv5gT ~with g related toH) are expected. The
ferrimagnetic chain, however, having two spins per unit c
is richer than theS51 chain and the interplay of two el

FIG. 3. Cv vs T for H close toHc151.76(1).

FIG. 4. Cv vs T for fields H.Hc151.76(1).
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ementary excitations leads to new crossover phenomena
tween high and low field behavior in both specific heat a
magnetization.

The spin wave approach thus results in an interes
qualitative picture, but evidently it suffers from a number
deficiencies. The results for the non-Zeeman part of the
citation energies from the ferrimagnetic ground state is o
approximate, the stiffness of the FM excitations is overe
mated, and the gap energy of the AFM excitations is und
estimated~Ref. 2!, for quantitative estimates the numeric
values should be used. Spin wave theory does not yie
peak for the specific heat as the harmonic approxima
implies dCv /dT.0 for an arbitrary density of states; how
ever, for small fields, it gives an unusually highCv at very
low T, consistent with a second low-T peak.

The predictions of spin wave theory for the critical fiel
as described above, further rest on the assumption that
tiparticle excitations do not become unstable before the

FIG. 5. Magnetization vsT for fields H50.1,0.4,0.8,1.2,1.6
1.75,1.9,2.4,2.8,2.9,3.0,3.1,3.2~from the lowest to the highes
curve!.

FIG. 6. T independence of the low-T magnetization for mag-
netic fields close to half the critical fieldHc151.76(1).
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particle excitation. If this is true, as is plausible and genera
assumed, the valueHc253 for the upper critical field is ex-
act ~since the corresponding one particle excitation energ
exact!; this appears likely although a formal proof is n
available.

Transfer Matrix DMRG Results.To obtain quantitatively
reliable values for the specific heat and the magnetizat
the recently proposed transfer matrix DMRG8 was applied to
the problem. Essentially a decimation procedure applied
quantum transfer matrix, it maintains the advantages of
quantum transfer matrix method such as working in the th
modynamical limit, and allows the evaluation of very larg
Trotter numbers, giving reliable access to thermodynamic
very low temperatures. In the problem under study, m
interesting observations can be made at very low temp
ture; in the critical regionHc1,H,Hc2 the absence of finite
size effects is of advantage.

The ~controlled! approximation of the DMRG rests o
keeping a reduced state space. We find that keepingM580
states yields almost exact results~note that we overestimat
the specific heat by several percent at higher temperatu
due to coarse DMRG sampling at highT: sampling tempera-
tures are spaced byDb50.2), excluding the caseH50,
where the very high FM degeneracy makes it necessar
push the method much further.6

In the specific heat per elementary cell, a two-peak str
ture evolves for small fields, with the high-temperature AF
peak moving to smaller temperatures and the lo
temperature FM peak moving to higher temperatures~Fig.
1!. Using for a first rough estimateCv}x2 cosh22 x, x
5JD/2T, leading toD'2.4Tpeak, one finds for the high-T
peak a zero-field gapDcv'1.70J in reasonable agreemen
with the numerically observed gap (D'1.759J); it shifts
linearly and almost proportionally withH to lower T. As
Fig. 2 shows, the low-T peak is almost identical with that o
a S5 1

2 ferromagnet; the ‘‘remaining’’ specific heat can b
attributed to AFM excitations~this naive comparison is o
course not perfect, but renormalization effects are surp

FIG. 7. Magnetization vsH for T50.025,0.05~DMRG!, T
50.08,0.1,0.15~quantum Monte Carlo, to show consistency
methods!. Curves approach singular behavior forT→0.
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ingly weak!. For H.0.2, the two peaks merge into one;
shoulder forH51.6 indicates the emergence of a seco
peak ~Fig. 3!. For H.Hc1 a two-peak structure emerge
again~Fig. 4!. In the intermediate regimeHc1,H,Hc2 the
expected linear behavior of the low temperature specific h
is clearly observed for fieldsH52.0,2.4. For magnetic field
close to the critical values our results seem to indicat
behaviorCv}AT for T→0.

Considering the magnetization per elementary cell, o
finds forH,Hc1 thatM5 1

2 at T50. How this magnetization
is reached for a fixed fieldH, is due to a competing effect o
magnetizing interactions and thermal fluctuations. For h
temperature, thermal fluctuations will always suppress m
netization. For fields belowH50.88, demagnetizing FM
fluctuations cost less in energy and also suppress magne
tion. For higher fields, magnetizing AFM fluctuations w
increase magnetization. One observes therefore an inte
diate magnetization peak before thermal fluctuations ag
suppress magnetization~Fig. 5!. We observe an almost fla
magnetization curve up toT'0.2 at H'0.88, in excellent
accordance with the prediction~Fig. 6!.

We find the lower critical field ~Fig. 7! at Hc1
51.76(1), the ferrimagnetic magnetization atT50 is bro-
ken up atH5Hc1 , with M (H)2M (Hc1)}AH2Hc1 ~cf.
. B
a-
d

at

a

e

h
g-

za-

e-
in

Ref. 9 for equivalent observations in Haldane magnets!. For
T→0, we find that@M (H)2M (Hc1)#2 becomes linear inH
close toHc1 . As the system is critical at this field, workin
with the transfer matrix DMRG, which is in the thermody
namic limit, is preferable to conventional DMRG, whic
would suffer from finite-size effects and possible metasta
trappings10 due to extensive level crossings atHc1 and im-
mediately above. Numerically, we locate the upper criti
field at Hc253.00(1), in excellent agreement with the ana
lytical result. Again, a square root behavior in the approa
to the maximum magnetization can be observed.

Conclusion.We have shown that the properties of a fe
rimagnet in a weak external field can be understood qua
tively and in some cases even quantitatively in an extrem
simple picture. The specific heat clearly reflects the d
structure of the excitations of the ferrimagnet for all field
The magnetization is dominated by the two critical field
which can be understood as pure Zeeman effects.
Luttinger-like critical phase in between, with square root
vergences in the magnetization, needs consideration
many-body effects for understanding. The presented fin
temperature properties, in particular the low-field behavior
Cv should be accessible to experimental verification.
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