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Correlation amplitude for the S=3% XXZ spin chain in the critical region:
Numerical renormalization-group study of an open chain
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The density-matrix renormalization-group technique is used to calculate the spin-correlation functions
(S'Sy)y and(S'S;) of the one-dimensiona= 3 XXZ model in the gapless regime. The numerical results for
open chains of 200 spins are analyzed by comparing them with correlation functions calculated from a
low-energy field theory. This gives precise estimates of the amplitudes of the correlation functions in the
thermodynamic limit. The exact amplitude recently conjectured by Lukyanov and Zamolodchikov and the
logarithmic correction in the Heisenberg model are confirmed numeri¢&8l3163-18208)51326-4

The quantum spin chains have been a subject of veryhe correlation amplitudes, until recently Lukyanov and
active research over the many years. Among others, the on&amolodchiko§ (LZ) conjectured the exact form &, :
dimensionalS= 3 XXZ model,

L-1 F(ff) K
, s
H=3, (S8 1+5/9,1+ASS,y), W gz (19 2
=1 X
27 T ¢

is a simplest nontrivial model and has served as a test ground 2
of various theoretical techniques. These include the exact = dt sinh( 7t)
calculation via the Bethe ansdtzmumerical computations Xexp{ J _( _ YU _UeZI)J'
such as the exact diagonalization studiesid the conformal o t \sinf(t)cosh(1—»)t]

field theory (CFT).2 Although each approach alone is often (4)

not powerful enough to provide sufficient information we

need, employing these techniques together has proven to Rghere ¢= /(1 — #). This result was then used in Refs. 7
very successful to study, e.g,, finite-size energy spectra anghq 8 to obtain the correlation amplitude for the antiferro-
spin-correlation functions. It is well known that the equal- magnetic Heisenberg modelAE1) with the logarithmic
time correlation functions of th¥X Z chain show the power-  correction predicted earlier from the renormalization-group
law decay in the critical regime{1<A<1) at zero tem-  argumenf =2 The aim of this paper is to numerically deter-

perature.'ln the thermodynamic limit. &) they have the mine the correlation amplitudeg\(, A,, andA,) for broad
asymptotic form ranges of the anisotropy in the critical regime. To this end
~ we apply the density-matrix renormalization-grolMRG)
() =(~1)i Ax A 2a) method®!* to compute the spin-correlation functions for
! [i—k|7 [j—k[7tY spin chains ofL =200, and fit the numerical data to func-
tional forms expected from the effective-field thedAbe-
_ , 1 lian bosonization Indeed, the idea of fitting the correlation
(S[So=(— 1)’7k| KT anp(] k)2 (2b)  functions of finite periodic systems to the CFT form has been
: ! applied successfully to the Heisenberg case-(1) to exam-
where only the leading oscillating and nonoscillating termsine the logarithmic correctiott™" In the present study we

are written. The exact expression of the parametappear-  USe open spin chains instead of periodic ones, not only be-
ing in the exponents, cause of the better performance of the DMRG method for

open chains, but because the boundary effects provide useful
1 information. We numerically verify the LZ formul&d) and
n=1- P cos A, (3)  give numerical data for the yet analytically unknown ampli-
tudesA, andA, .
was obtained by comparing the result of the effective-field- We consider a finiteXXZ chain of L spins with open
theory descriptiorfAbelian bosonizationwith the Bethe an- boundaries, Eq(l). We assume. to be an even integer so
satz solutiorf. On the other hand, little had been knowen  that the ground state is singlet. According to the standard

1+
2
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Abelian bosonization methotf® the low-energy dynamics 107
of the XXZ model is described by the Gaussian model
~\ 2
1 (L+1 d¢\? [do
o=y |, o (&) *(& ’ © L0

whereg(x) and¢(x) are bosonic fields. We identify the site
indexj with the continuous variabbe, and impose boundary

conditions ¢(0)= ¢(L+1)=const to respect the fact that 107 ¢
there is no spin aj=0, L+ 1. The fields have the mode
expansions ‘ ‘ ‘
0 50 100 150 200
-
S0 =R+ Qx P sm(an)(anJraD, (6a) FIG. 1. (-1)I"X(S'S}) versusr=|j—k| for A=—0.5, 0, and
L+1 a=1 \/% 0.5 (from above. The open symbols are the DMRG data and the

small dots connected by lines are the fits, Bp).

~ = COOnX) ; (—1)7*a%  [fy(j+k) fy,(i—k)
X)=otiY>, ———(ap—a), 6b SPSE) = : A =
D e B vy ovw 1o o R R
1 1 1
where q,=mn/(L+1), R=(n/2m)", [¢,,Q]=i, and 4%y fz(j—k)+f2(j+k)
[am,arﬁ]:&m,n. This leads to the commutation relation (—1)
2 _ a B
[#(x).b(y)]=—(i/2)[1+sgnk-y)]. The ground stat¢0) —2—+W[g(j—k)+g(j+k)]
is the singlet vacuum state of the bosoag0)=Q|0)=0. 77 | Fu25(2])
The spin operators in the original Hamiltoniah) can be (—1)%
expressed in terms of the phase fields as — o [9(—K) —g(j +Kk)] (8b)
f1/2,(2K)
1 déx) $(x) win
z__— —1) sin—=
S=27r ax ‘al-VisinTgm. (7 o |2y ol | .
a(x)_ 2(L+1) ’ ( a)
_ . . #(X) ; X
S =e 2mRIM| p sin T~ +c(— 1), (7b) __ T m
) R 900=51 1) 2/ (9b)

In deriving Egs.(8a) and (8b) we used the following regu-
larization: =, _,[1—cos@X)]/n=In[f(x)]. Note that Egs.
(8a) and (8b) reduce to Eqs(2a) and (2b) with A,=a?/2,
b(x) A,=c?/2, andA,=b?4 in the limit L—o with |j—L/2|
R <L and|k—L/2|<L. It is also important to observe that
(70 Eqgs.(8a) and(8b) have exactly the sameandk dependence
at the Heisenberg point{= 1) in accordance with the SP)
; ; o spin symmetry. In fact, under the given boundary conditions,
Note ‘[‘"’“ th(i sgcond term in EG0) is Herr’mUan beca‘?_se it is essential to use the boson representatr@n and(7¢) to
[¢(x),(x)]=—i/2. These formulas are slightly modified . e this SER) property. Equation8b) has another nice

from those in Refs. 18—20 for reasons which will becomes, 1 re that whem=1/2 anda=1/m, it coincides with the
clear below. It is then straightforward to evaluate the corre- ’ '

i i o= exact correlation functioS?S?) of the XY model. We use
lation functions for the ground stai®), yielding Egs.(8a) and (8b) to anal?/zJ(aS:%e numerical data.

We calculated the spin-spin correlation functidig§ Sy)

wherea, b, andc are real constants. It follows that

S=c(—1)! co§2mRG(x)]—ib sin 2wRG(x)]sin

ceon Fa(2))F,,2(2K) j*kCZ (a=x,2) for the ground state of =200 spin c_hainls4 using
(S/S0=7 (G-Kf. (1K ) the DMRG method with the improved algorithth!* We
K K employed the finite system method, and the maximum num-
b2 f1,( +K) N f1,(i—K) ber of kept statesm is 80. From the difference between the
- 4% 115,(2)) F 112 (2K) [ Ty (G —K) Ty (j+K) data atm=80 andm=60, we estimate the numerical error

, due to the truncation of the Hilbert space to be of order’10
_be sari—K) (-1} (=D 83 for (SS;) and 10°° for (S[S}). Figures 1 and 2 show some
2 gr(J f12,(2K)  f12,(2))])" of our numerical data of the correlations betw&randS;,
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FIG. 2. |(S{Sp)| versusr =|j —k| for A=0.5(above and—0.5.

The open symbols are the DMRG data and the small dots connected F!G- 3. Effective correlation amplitude,(r) as a function of
by lines are the fits, Eq8b). for A=1 and 0.5. The solid line represents tifie r correction[Eq.

(10)] predicted from a field-theory calculatiofA,(r) is almost con-

wherej=(L—r+1)/2 andk=(L+r+1)/2 for oddr andj ~ S@nt0-1) ata=0.5.

=(L—r)/2 andk=(L+r)/2 for evenr. The DMRG results _ .
are shown by open symbols, whose size is, however, mad%Z at A.__O _aQrees W'th, the ~exact value, &2 For A=
larger than the numerical error for illustration. Takiagb, ~ — 0.7, itis difficult to estimateA, andA, because the expo-
andc as free parameters and using the exact exponent EfENt 1/ for these terms becomes so large that they give only
(3), we fit the dat& using Eq.(8a) and(8b). The small dots @ Negligible contribution to the correlation functions. As seen

connected by lines in Figs. 1 and 2 are the results of thé" Figs. 1 and 2, for-1<A=<0.6 Eqs.(82) and(8b) can fit
fitting. From the reIationAx=02/2, z\x=b2/4, and A, the numerical data extremely well including the oscillations

=a?/2, we obtain the correlation amplitudes, and the resuItsOf period 4, which are characteristic of open chaln_s.
As A becomes closer to 1, however, the quality of the

are summarized in Table |. The excellent agreement betweefﬂting becomes poor. This is due to the irrelevant operator

the LZ’s conjectureAs* and the value obtained from the . . . :
o o cos(26/R) ignored in Eq.(5). Roughly speaking, this opera-
fitting clearly demonstrates that E@}) is indeed exact, and tor gives rise to corrections of order @71 o the ampli-

that there is little finite-size correction left ia, b, andc tudes, and atA=1 this turns into the logarithmic

because EqsBa) and(8b) correctly account for most of the orrection’® Since this type of correction is not taken into

finite-size effect. We also note that the numerical estimate Ogccount in Eqs(8a) and (8b), they cannot describe the cor-

. . i " relation functions completely for the parameter regime where

TABLE I. Correkitz'qn amp“tuqes eSt'matEd. from the fitting of the effect of the leading irrelevant operator becomes impor-
the numerical dataA,“ is the conjectured amplitude, E@). The To elucid hi lot in Fia. 3 the effecti l

figures in parentheses indicate the error bar on the last quoted digittf.int' oe U(.:I ate this, we plot in Fig. 3 the e _eCtlve_amp -

PudeAZ(r) given byA,(r)=a?(r)/2, wherea(r) is obtained

by solving Eq.(8b) for eachr =|j —k|. We see thaf,(r) is

A A A A A, ach Ve SeE .

X constant forA =0.5, which is another indication that the fit-

—-0.9 0.15567 0.1550) bl ok ting works well. At A=1, on the other handA,(r) is

-0.8 0.15904 0.1589) ek ik roughly an increasing function of This result is compared

-0.7 0.15968  0.1598) ek 0.0081) with the recent analytical result valid in the limit—,3

-0.6 0.15912 0.1589) 0.004814) 0.01331) 1 3 156:(3)— 73

-0.5 0.15786 0.1578) 0.00769) 0.01844) A (r)= 1— _gz+ gg (10

-04 0.15617 0.1558) 0.00997) 0.02352) 8773g 16 384

-0.3 0.15417 0.1538) 0.01224) 0.029213)

02 015196 0.1518)  0.01442)  0.035563) whereg is determined from

-0.1 0.14958 0.1498) 0.01642) 0.04252) 1 1
0.0 014709 0.1468)  0.01822)  0.05015) §+ 5 g=In(2y2m e’ r) (12)
0.1 0.14451 0.144@) 0.0199%7) 0.05883)
0.2 0.14187 0.1418) 0.021545)  0.06836) with y=0.5772. . . . Equation(10) is shown as a solid line
0.3 0.13921  0.1388) 0.022964)  0.07918) in Fig. 3, which goes on top of the numerical data for
0.4 0.13656  0.1363) 0.024204)  0.09189) =<50. Thus, our numerical result is consistent with the recent
0.5 0.13400 0.1332)  0.0252%6)  0.10639) analytic calculatior;® (S*Sg)=[In(2y2m e**r)/8m>]Y4r
0.6 0.13164 0.1320) 0.02612) 0.12385) for r>1. The discrepancy at largerin Fig. 3 would be due
0.7 0.12973  0.1308) 0.02673) 0.14%1) to the finite-size effect or the boundary effect. The numerical
0.8 0.12896  0.132) 0.02717) 0.1715) estimates of the amplitudes fa&r=0.8 and 0.9 also suffer
0.9 0.13214 0.138) 0.0272) 0.201) from the correction coming from the irrelevant operator and

have larger error bars than far<0.6.
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In summary, we have demonstrated that the spinjecture. We hope that our numerical estimatesfpandA,
correlation functions of opeXXZ chains in the critical re-  wjll be confirmed in turn by analytic calculations in the fu-
gime can be fitted very well with the correlation functions tyre.

calculated from the effective low-energy theorree

bosong, if the effect of the irrelevant operator is not severe.

From the fitting, we obtained the correlation amplitudes for The numerical computation was carried out at the
broad ranges of the parametarwith high precision and Yukawa Institute Computer Facility, Kyoto University. A.F.
numerically verified the Lukyanov and Zamolodchikovs con-was supported by a Monbusho Grant for overseas research.
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