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Bose-Einstein condensation of excitons in two dimensions
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Bose-Einstein condensation~BEC! is shown to exist for a noninteracting system in two dimensions, pro-
vided that the single-particle energy levels have a discrete spectrum below the continuum of extended states.
This BEC, unlike that for three-dimensional Bose gases, possesses off-diagonal order only of finite range, and
is thus not in violation of the Hohenberg theorem. The observation of such a BEC in the transport properties
of excitons moving on the heterointerface of a type-II semiconductor superlattice is suggested, bearing in mind
the fact that the random potential fluctuations would give rise to localized states on such surfaces.
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Recently, Bose-Einstein condensation~BEC! has been ob-
served in some dilute alkali atomic gases.1–5 This discovery
is strongly dependent on the technology of trapping eno
atoms in a very small region by laser cooling and magn
trapping. The transition temperature for these alkali atom
gases is tremendously low (;2 mK). This is due to the
heavy mass of these atoms and their low density. The po
lation in the ground state of the alkali gases in general is v
low, varying from 1000~Ref. 1! to 106 ~Ref. 3! as a conse-
quence of the inevitable loss of atoms during the cooling
trapping processes.

If we turn to condensed matter physics, examples of
effects of BEC abound. The condensation of Cooper p
gives rise to superconductivity. That of liquid helium lea
to superfluidity. As a result of the much lower electron ma
in the former and the much greater density in the latter,
critical temperatures for these cases are much hig
roughly from Tc;4 K for helium to tens of degrees K fo
superconductors. However, the role of interaction in
former and the overlapping of the Cooper pair wave fu
tions in the latter6 render the role played by BEC less clea
cut.

The effect of BEC has also been measured in excito
systems in bulk semiconductors7 such as Cu2O. The singlet
paraexcitons rather than the triplet orthoexcitons are favo
to form a Bose-Einstein condensate since the electron-
interaction causes the former to have a lower ground stat
confined systems, the situation is rather different. The fin
size effect on an ideal Bose liquid was studied by Barber
Fisher.8 Mei and Lee used the pseudopotential method
calculate the energy spectrum, free energy, and other t
modynamic functions of an interacting hard-sphere Bose
in a thin film.9 Most recently, suggestions and efforts we
made to study the effect of BEC on the excitons in a qu
tum well.10,11

In exactly two dimensions~2D! it is well known that no
BEC exists for free bosons. This situation is changed dra
cally, as we shall see, for noninteracting two-dimensio
bosons with localized states.

Let us assume that a boson moving in two dimensi
possesses a discrete spectrum below its continuous spec
of energy levels, much like the case of potential wells. In
N-boson system, the number of particles populating
PRB 580163-1829/98/58~4!/1714~4!/$15.00
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states in the entire continuous spectrum is given by summ
over the corresponding Bose-Einstein distributions

Next. states5(
kW

NkW5(
kW

1

eb~ekW2m!21
, ~1!

whereekW5\2k2/2m even though the wave function may n
be a plane wave over the entire spatial region. Converting
sum in Eq.~1! into an integral involves the density-of-sta
factor r(ekW). Thus we have

Next5
V2D

~2p!2E0

` 2pkdk

eb~ekW2m!21
5E

0

` r~e!de

eb~e2m!21
. ~2!

If the chemical potentialm is allowed to approach zero from
the negative side, the above integral would diverge beca
of the zero denominator at the lower integration limit. This
true as long asr(e) approaches a constant ase→0, thereby
giving rise to the familiar absence of BEC in 2D. Physica
the divergence ofNext asm→0 means the maximum popu
lation in the extended states is infinite. These states in
continuum could then accommodate as many particles
they come.

On the other hand, in the presence of an additional d
crete spectrum consisting, without loss of generality, of
ergy levelse0 and e1, such thate0,e1,0, the chemical
potentialm can no longer be allowed to become zero sin
the physical requirement

N~e0!5
1

eb~e02m!21
>0 ~3!

imposes the condition thate02m>0 or 2m>2e05ue0u,
i.e., (2m)min5ue0u. The population of extended states, a
cording to Eq.~2!, now has to satisfy the inequality

Next5
V2D

~2p!2E0

` 2pkdk

eb~ekW2m!21
<

V2D

~2p!2E0

` 2pkdk

eb~ekW1ue0u!21
.

~4!

The maximum ofnext is
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~next!max5
~Next!max

V2D
52

1

lT
2
ln~12e2bue0u!, ~5!

where the integral in Eq.~4! has been evaluated exactl
HerelT5(2p\2/mkBT)1/2 is the thermal wavelength.

The existence of the upper limit (next)max means that
whenever the actual densityn exceeds this limit, the extra
amountn2(next)max will spill over to the discrete states, i.e

n2~next!max5n~e0!1n~e1!. ~6!

Eq. ~7! determines a critical temperatureTc in terms of the
densityn, the lowest energy levele0, and the boson massm:

n52
1

lc
2 ~12e2bcue0u!, ~7!

where bc5(kBTc)
21, lc5l(Tc). A plot of Tc versus the

densityn for given mass ande0 is shown in Fig. 1.
As T is decreased belowTc , n becomes greater tha

(next)max and the extra particlesn2(next)max will be Bose
condensed into localized states in macroscopic qua
ties. This is much like the familiar BEC for free bosons
3D, except that the latter condensation is into a singleukW
50& state that ranges coherently over the entire volum
Indeed, the single-particle density matrixC(xW12xW2)
[^ĉ†(xW1)ĉ(xW2)& can be obtained by expanding the field o

FIG. 1. The transition temperatureTc versus the density of ex
citons in type-II (GaAs)m /(AlAs) n superlattices. The exciton i
made of an electron with effective massm050.066m0 and a heavy
hole with effective massmh50.50m0 , whereme is the bare elec-
tron mass. The ground energyue0u56.8 meV~Ref. 21!.
ti-

e.

erator ĉ(xW1) into the complete set of eigenstates$f i%
[$fb ;fkW% of the Hamiltonian of our present system. Ther
fore,

C~xW1 ,xW2!5(
i

(
j

f j* ~xW1!f i~xW2!^aj
†ai&T

5
1

V2D
(

kW
(
kW8

e2 ikW8•xW1eikW•xW2^akW8
†

akW&

1(
b8

(
b

fb8
* ~xW1!fb~xW2!^ab8

† ab&

5(
kW

e2 ikW•~xW12xW2!^nkW&T1(
b

fb* ~xW1!fb~xW2!^Nb&T

5Cext1Clocal , ~8!

where the cross terms between the extendedukW & states and
the boundub& states make no contribution since^akW

†
ab&50.

The first term in Eq.~8! arising from the extend states can b
calculated exactly. We find forx5uxW12xW2u@lT ,

Cext~xW1 ,xW2!5
A2p

lT
2

e2x/ l

Ax/ l
, ~9!

where l 5(lT /A4p)e(nmaxlT
2 / 2), and nmax52(1/lT

2)ln(1
2ebue0u). This term, which is present even without BEC, d
cays exponentially on the length scale ofl , the corresponding
coherence length. The second contribution in Eq.~8! from
the macroscopically populated localized or bound states
BEC depends obviously on the range of the individual loc
ized wave functions. ThisClocal(xW1 ,xW2) is nonvanishing
only when bothxW1 and xW2 are within the range of the indi
vidual localized states. Upon transition into the phase
BEC, the off-diagonal order characterized byC(xW1 ,xW2) is
thus seen to have only a finite range, of the order of the ra
of localization. This is in contrast to the BEC in 3D, whic
possesses off-diagonal–long-range order~ODLRO!.12 This
also shows that the BEC in our system does not violate
Hohenberg theorem that no ODLRO can exist in 2D.13

Strictly speaking, the condensation is only into one sin
localized state, namely, the lowest state with energye0. The
population in the higher localized states would be given
the BE distribution function with the chemical potentialm
set equal to the negativee0. However, the actual population
of the localized states may differ, depending on the nature
interaction between bosons. If the interaction upon clo
contact is repulsive or hard spherelike, the BE condensa
of the bosons into thee0 state of finite spatial extent would
eventually saturate and spill over to the next highere1 state,
etc. This would lead to successive saturation of the locali
states one by one as the temperature dips belowTc , popu-
lating them macroscopically as a whole. The relative dis
bution among the localized states in each of which the p
ticles are packed together would thus depend significantly
the interaction and the spatial range of these states. If
densityn should become so large thatn2(next)max exceeded
the total capacity of the localized states, the superfluous
ticles would feed back the extended states that must now
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modified somewhat by the interaction. Yet the conclusion
Eq. ~6! that the total population of the localized states b
comes macroscopically large in the BEC phase should
main generally valid, in spite of the interaction.

One may work out the heat capacity and the various th
modynamic functions.9,14 The most important characterist
of this BEC in 2D, however, is its transport properties. Up
the decrease of temperature acrossTc of Eq. ~7!, a macro-
scopically large number of particles would precipitously f
into the localized states, which renders them much less
bile. A measurement of the outward diffusion current dens
~but not just the diffusivity! from the source region for neu
tral bosons, or of the electrical conductivity and magne
susceptibility for charged bosons, should show telltale si
of the BEC. For instance, in the case wherebcue0u@1, the
BE distribution of the mobile particles becomes Boltzma
like for T,Tc . The electrical conductivitys can then be
approximated by the classical Drude model. Ignoring
particles condensed into localized states, we immediately
tain, by using Eq.~5! and assuming a mildly temperatur
dependent mean free timet, that

s55
e2t

m
n, T.Tc

e2t

2p\2

e2bue0u

b
, T,Tc .

~10!

This attests to the sharp decrease ins asT falls belowTC .
Note the presence even in this Drude model of the quan
mechanical prefactorT/\2, in addition to the Boltzmann ex
ponential factor that usually accompanies potential trapp
This prefactor is a distinguishing vestige from the boso
coherence as expressed in the off-diagonal order of Eq~8!
and (next)max of Eq. ~5! that accompany phase transition in
BEC.

The remaining question is where best to find a tw
dimensional bosonic system with localized states. A go
place to look is the heterointerfaces of type-II superlattices
semiconductor layers. For example, in a superlattice of a
nate GaAs and AlAs layers, excitons are formed by the C
lomb attractive interaction of holes residing at theG point of
the GaAs layers with the electrons residing at theX
conduction-band edges of the AlAs layers.15,16 These type-II
excitons are thus indirect in both real and moment
space.17 Each of these excitons straddles the heterointerf
with the electron on one side and the hole on the other.
ground state pertaining to the internal structure of such
exciton has a binding energy somewhat less than 1/22 Ry*
~Ref. 14! owing to the special boundary condition that fo
. A
n
-
e-

r-

l
o-
y

c
s

e
b-

m

g.
c

-
d
f
r-
-

e
e
n

bids the changing sides of electron and hole. These grou
state excitons are identical bosons that hug the interface
can move bodily on the surface. They constitute a perf
boson system in 2D as long as the exciton size is sm
compared to the spacing between them. This is in contras
the excitons18 moving within a quantum well of finite
thickness,10,11 which is only a quasi-two-dimensional syste
since very often the thickness is comparable to the size of
exciton. Furthermore, the unavoidable disorder or poten
fluctuations19 at the heterointerfaces inevitably give rise
localized states20 that are of crucial importance to our con
siderations. Indeed, in a recent experiment by Gillila
et al.,21 it was determined that the mobile excitonic states
about 6.861.5 meV higher in energy than the distribution
localized states for a certain (GaAs)m /(AlAs) n superlattice,
which means in our considerations thatue0u in Eq. ~7! is
about 6.8 meV. A technique similar to that remarkable op
cal method developed by these workers whereby excito
photoluminescence can be spatially and temporally reso
may provide a suitable means to observe the transport p
erties of the BEC and verify the relation~7! between the
energy ue0u, density n, and Tc in these two-dimensiona
bosonic systems. On the other hand, while a mobile exc
within a type-I quantum well10 may be trapped by the dono
dopants, it is unlikely that the trapped exciton can retain
internal structure intact. It would just become a different sp
cies of composite particles, not relevant to the considera
of BEC.

Generally speaking, if there are localized states in a B
system of 3D, the BEC of the particles would again be in
the localized states rather than theukW50& state, with off-
diagonal order only of finite range. The essential differen
is that there would always be localized states in a tw
dimensional system with macroscopic disorder or poten
fluctuations while the amount of disorder must exceed a c
tain threshold for localized states to appear in 3D.20

In the high-Tc cuprate superconductors, it is widely a
cepted that the Cooper pairs in the copper oxide layers p
a crucial role. If we postulate the existence of such pairs e
before the cuprate becomes superconducting, the random
tential fluctuations in these layers would give rise to loc
ized states for the bosonlike Cooper pairs~of small spatial
extent!. The BEC of these bosons in each layer may th
exert a subtle influence on the behavior in both the norm
and the superconducting states.22,23

We would like to express our deep gratitude to Profes
B.D. McCombe for his invaluable information and helpf
discussions on the feasibility of experimental observation
BEC within a quantum well in the initial stage of this work.10
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