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Electromagnetic response and approximate S(®) symmetry in high-T. superconductors
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It has been proposed that the effective Hamiltonian describing Rigsuperconductivity in cuprate mate-
rials has an approximate $& symmetry relating the superconducti(®C) and antiferromagneti@AF) phases
of these systems. We show that robust consequences of this proposal are potentially large optical conductivities
and Raman scattering rates in the AF phase, due to the electromagnetic response of the doubly charged pseudo
Goldstone bosons which must exist there. This provides potentially strong constraints on the properties of the
bosons, such as their mass gap and velocity, at any given value of the d&GMi$3-18208)52046-2

It has recently been proposethat the antiferromagnetic 2

(AF) and superconductingSC) phases of the high cu- L=|[0—2ie(n+Ag) 12—
prates are related by an 88) symmetry, a suggestion which '
has both stimulated considerable intefesand drawn sharp s o < )
criticism 87 Both the interest and the criticism are inspired by + (o) _Z (ViViM)*=V(¢,n). @
the central role played by the symmetry relating the two

phases. _ . . : .
Here u is the chemical potential which describes the sys-

The S@5) picture has much to recommend it. It gives a < dobi is the el ) ial. and
simple and concrete qualitative understanding of many feat—ed,m S onplngAi Is the e ectrg_magnet_lc gauge_potentla, an
7 andv; are the pGB velocities, which can differ along the

tures of the cuprates, as well as predicting brand new phé’—h incinal directi  th gi n the limit of
nomena, such as superconducting vortices having antiferr&s— ree principal directions l‘z”t] € TE 'ﬁT' nt edlnglt 0 elxact
magnetic cores and persistent superconducting phase Q(5) symmetry, we would have;'=v"=v;, and the scalar

) ~ L = L

correlations within the AF phadeOn the negative side, potentialV(#,n) sgtlsfylngV—V(Idal ). :

Anderson and Baskaran have argued that such a finite- There are ;wck)]w;:portant, but conceptuallly very different,
: : . L regimes to which this Lagrangian may apply.

dimensional symmetry description of the cuprates is incon (1) Deep within the AF or SC phases, where fluctuations

er?;esr;tgwnh the electron localization properties of the tvvoin the modulus| 4|2+ 2 are negligibleV becomes a con-

. . stant in the SC5) symmetry limit, and¢$ andnf describe the
In this work we exploit another strength of the G dynamics of the Goldstone and pseudo-Goldstone quasipar-

theory—namely, its predictive power—to bring further evi- icja5 For instance, for the AF phase there are four such
dence to the discussion. A model-independent consequenggyges: two gapless magnons with dispersion relation

of the S@5) picture is the existence in the AF phase of anEﬁ(p)=Ei(vi“pi)2, and two pGB's with charge-2e and
elec'trlcally charg.ed psgudo—Ggldstone bogpGB) quasi- dispersion[Ed)(p)IZeM]2=s§+Ei(vi¢pi)2. Approximate
parthle, whose d|sper3|on relation and Iow-enesrgy coupllng%O@ invariance amounts to the statement thlﬁ—vﬂ is
are tightly constrained by t_he .$5) symmetry’ We US€  small compared to;, and the gaps, is much smaller than
these to compute _the contribution of these qua3|pz_art|cl_es e typical microscopic scale of the systedr-0.1 eV.
the electromagnetic response of the cuprate materials in th§,,ch smaller” here means of comparable size to the ex-
AF phase. In particular we find the Raman scattering rate a”ﬁerimentally measured 41 meV glyhich is interpreted
the real part of the far-infrared conductivity, which turn out ithin the SQ5) context as a pGB of the SC phabelere
to be potentially comparable to or larger than what is experithe two-dimensional nature of the cuprates dictates the sum
mentally observed, depending on how badly(Sbecomes  on i runs only over the two spatial derivatives énd y)
broken as one moves away from optimal doping into thewhich label the copper-oxygen planes.
underdoped region. We emphasize that our calculation relies (2) Near the critical boundaries between the various
almost exclusively on the assumed (§0Dsymmetry, and de- phases,£ plays the role of a Ginzburg-Landa(GL)
pends only minimally on the microscopic details of thesefree energy, andin mean field theoryV may be expanded
systems. to  quartic order: V=—mj|e|2—3mali|?+ N B
The key tool in the analysis is the effective Lagrangian+ 2\ ,,| #|?|fi|2+\,|fi|%. In this case the model can be two
density which describes the electromagnetic couplings of ther three dimensionalbut anisotropicpy ,#v,=v,) depend-
SQ(5) pGB’s. This can be written as ing on how close one is to the critical limit. $8) invariance

o?

¢
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implies in this casenj=m5 and\ ;=\,=\,4, and so ap- 30
proximate S@b) invariance is the statement that the devia-
tions from these relations are systematically small. Phenom-
enology requiresn;>m? when the doping is sufficiently
small, in order that the ground state of the system be AF,
with ¢=0 andi#0. In this regime the pseudo-Goldstone
gap in the AF phase may be computed, giviefy= —m3
+ ()\¢n/)\n)mﬁ, which clearly vanishes in the $8) limit, as
required.

Numerical studies of-J and Hubbard models which sup- @
port the S@5) picture indicate that SG) is only expected to
be a good symmetry in the vicinity of the critical doping, 0.0 : X
between the AF and SC phasésThe key question, which 650.0 700.0 750.0 800.0

. . . . . frequency (1/cm)

we would like to subject to experimental scrutinyhisw far
away from the phase boundary does the approximate sym- FIG. 1. The optical conductivity-; as a function of the photon
metry hold? In what follows we will show that the chemical energyw, in units of Q= cm™%, for two different pGB velocities,
potential must be large near this boundary, in order to sup¢l) v/c=2x10"4, and(2) v/c=10"3. The other relevant param-
press the electromagnetic signatures of charged pseudeters aresq=0.04 eV, T=300 K, andu=0.
Goldstone bosonic excitations on the AF side. It then be-
comes difficult to qnderstand why approximate(Sﬁsho_uId o, using the lattice dispersion relatiorEz{vf pf
persist rather far into the SC phase, for larger dopings, asr[Zstin(apZIZ)/a]2+83}1’2, integrating p, between

proponents of the S@) picture envision. +m/a, wherea is the spacing between the planes. Defining
The existence of charged bosons with a small gap has:l—%(a/v)z(wz—szlﬁz) the phase space integral can
g 1

strong observable consequences for the optical conductivit -
and Raman scattering properties in the AF phase. These pre-e done exactly, giving
dictions are quite robust. The interaction of the photons with
the bosons, the first two terms of H@), is completely fixed o=
by electromagnetic gauge invariance. The self-interactions " 167%ha

described by the other terms, including possible higher pow- B B
ers of |#| not shown, must vanish for Goldstone bosons inWhereé G, (»)=1—#,"—» cos 'n and G,(n)=73(cos 'z

the limit of zero energy and exact §) symmetry, and so —7v1—7°) (these become, respectively,m7 and /2 for

may be treated perturbatively for low energies and approxi#7<—1). The continuum approximation on which the 3D

mate symmetry. These also ensure the small size of the gagduation(2) is based is valid whea—0 (so »—1). For the

£g- parameters of interest, we find that the 3D formula is practi-
Conductivity. We start with the contribution of the cally indistinguishable from Eq(3), although the difference

charged pseudo-Goldstone quasiparticle to the real part farts to become apparent for frequencies greater than

the conductivity,o;, within the AF phase. This is propor- 800 cmi ™. _ .

tional to the imaginary part of the photon self-energy due to HOw large are these results? If the gap is approximately

a virtual pseudo-Goldstone boson loop, and related to thég=0.04 eV as suggested by the neutron scattering data, the

rate at which the pGB's are pair produced by incident phointerplane spacing iss=0.5 nm, and using the magnon

tons. Our result agrees in the appropriate limits with closelyspeed v;=2x10"“c,*? then for w=0.1eV (frequency

analogous formulas for the electromagnetic response of a hat800 cn*) and T=0.025 eV (300 K), 0;=2.75Q07"

pion gas:! For pGB’s which can move in three dimensions, cm L. This is more than three times larger than the measured

and whose velocity is much less than that of light, we obtairvalues of ¢;<1Q~*cm™ for the undoped cuprate
SrL,CuOCl,, as reported in Ref. 13; moreover, the frequency

3 ® dependence disagrees with the data, whichdhadecreasing
2{1+ Ng E” in this frequency range. Although the perturbative treatment
of the pGB’s begins to break down at higher energies, if we
can trust our results at somewhat higher energieswof
where the absorbed light of wavelengths polarized in the =0.5 eV (=4000 cmi'l), theno; grows to 1002~ ! ecm™,
“i” direction, taken to be one of the crystal ax¢See Fig. in even greater conflict with measured values near
1) (Henceforth we drop the superscrigt from the pGB 10! cm™! in the materials GgCuO, and YB3Cu;Og. 13
velocities v;.) Ng(w)=n, (w)+n_(w), where n.(w) (Reference 14 has also measured conductivities, but their
=1fexd (hw* u)/kT]—1} is the usual Bose-Einstein statis- maximum frequency of 700 ciit may be below the thresh-
tics factor, ande?/% =2.4341x10"* O~ 1. This contribution  old 2&4 needed for production of pGB paifs.
to the conductivity vanishes for photons whose endi@yis Although the magnitude and the shapef suggest a
below the threshold &, for producing two pGB’s. The cor- conflict between S() and experiments, there are several
responding absorption coefficient is given by ;/(eqC), caveats. One is that, is inversely proportional to the pGB
wheree,c=2.654x10 3 Q1. velocity, v; , which is not precisely known. The other is that

To take into account that the pGB’s may be confined toour computation is only valid for energies within the domain
move in the superconducting planes, we have also computesf approximation of the low-energy pGB Lagrangian used

20 |

o (1/Q cm)

m

1.0

2 2

e ViU, w

5”&(77), ®

1+ Ng

UJ_aw

i vic . 3
LT 240k N UxUyUy hlw?
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Care must be taken with these expressions, however, because
the quantityA can diverge for some value @f . In a gen-
(a) (b) (C) eral gauge this comes about when the virtual boson in Fig.
) . 2(b) goes on its mass she[lEquivalently, the gauge trans-
_FIG. 2. The Feynman graphs which describe photon-pGB scatigrmation which we used to remove Fig(b becomes sin-
tering. gular for these momentaWe handle this situation, when it
arises, by including the width of the pGB itself. This may be
here, i.e., foro<J~0.1 eV. Above these energies the done by adding a small imaginary paif;/2, to the boson
pPGB’s need not contribute as a weakly coupled and comenergies in the definition &, giving a finite scattering rate.
paratively narrow state. The experimental constraints happewe find our results to be insensitive to reasonable values
to be strongest just in the region where our long-wavelengtiuch thatl'<e, for relevant temperatures and energies.
approximation starts to break down. Thus we turn to another The observable of interest is the differential scattering rate
possible signal of the pGB electric response. per unit sample thicknesk, per unit incident laser powet;
Raman ScatteringWe now consider the contribution to R=(1/1)(dI'/dl). This is the quantity which does not de-
the Raman scattering rate, coming from Compton-like phopend on the details of the target or of the incident photon
ton scattering from the pseudo-Goldstone quasiparticles iflux. We compute the differential rate of such scattering into
the sample. The Feynman graphs for this process are those gfsolid angledQ) (centered about 180°and into a final
Fig. 2. energy intervadw; ,R=dR/dw;dQ. We then do the ther-
We work in a gauge for which the expression for themal average over the initial and final pGB’s, sum over the
scattering amplitudeM, is particularly simple. That is, if final photon polarizations, and average over the initial ones.
pfs and k; denote the initial and final pGB and photon This assumption that the incident photons are unpolarized,
four-momenta, respectively, and we choose the photon paand scattered-photon polarizations are not detected, simpli-
larizations,&/;, to satisfys- (2T>i+~ki):~€f'(2T3i_~kf)ZOa fies our expressions, but is not crucial for the result. We find
then diagramga) and (b) of the Fig. 2 vanish, leaving an
amphtuple of the form/\/lab=4ezsi(a)'s$b) . _We use here th_e R= y “Z’f . 2 f dp,n.(E)[1+n.(E)]S,
convenient notation for any four-vector, in which a tilde in- (4m)* v of|Aw| =

dicates the.multlpllcgtlon of thg s~pat|al compgnents by thewhere n. is the Bose-Einstein distribution function with
corresponding velocityy; . That is,po=pg, andp;=v;p;. n

Let us assume that the initial photon is moving in the chemical potentiat- . The limits of integration are found

direction, perpendicular to the superconducting planes, an y varyingp? between 0 ane: in Eq. (7) for p; ;, andp in

the final one is scattered by 180°, as is the case in the exne integran_d Is determine_d in term F_’f,z by inverting the
periments to which we compare. Assuming thg plane to same equation. As a function of the final photon energy, the

be isotropic,vx=vy=v,, and averaging over initial and rate is peaked neas;=w;, With an approximate maximum

summing over final polarizations leads to the following ex_value of
pression(temporarily settingi =c=1): av, |2
R ) Te Alrg-lu, )
1 TV ,0
S=3 Eb | Mapl?=8e*I[1+(1-A)?], (49 using the Boltzmann approximation for the distribution func-
* tions. Kinematics constrains the scattered photon energy to
WhereA=(1+v§)vfpf/(Din), with lie in the narrow range (fv,)/(1+v,)<wilwi<(1l

+v,)/(1—v,). For visible light(500 nm andv=10 3c,
1 this gives a half-width of 40 cit in the frequency. In Fig.
Di=Ei—v§pi,Z+ Ewi(l—vﬁ), (5 3 we showR for representative input values;=2eV,T
=93 K,£4,=0.04 eV,u=0, and 0.01 eVI'=0.1e4, and
1 optimistically large velocitiesv,=v, =10 3c. For these
D¢=E+v2pi .~ 5 0(1-v). () ~numbers we find rates of order R~(150
2 —300) cps/mW/A/steradian/eV, with a smooth, featureless
Conservation of four-momentum constrains the initial andIIne shape. For optical photons the penetration depth of typi-

final boson enerai nd moment rding t cal samples is of order 100 & leading to a prediction of
al boson energies a omenta according fo 10* events/mW/A/sr/eV in the backward direction. Experi-

Aw Aw mentally, the observed rate for the compound Bi2212 is only
Ei=—+wow,f(p); Pi,=—wo— — F(p,) 15 cps/mW/A/sr/eV. However this must be correcfefbr
2 ’ 2v, detector efficiency(0.1) and surface losses (0-1.01),
which in the worst case would bring the predicted value into
] Aw agreement with the experiments.
Er=— = +ow f(p)  Prz=wo— z_vzf(pi)’ (7) We point out that the predicted rate is exponentially de-
pendent on the ratio of the pGB gap or chemical potential to
whereA w= w;— w;, wg=(w;+ w¢)/2, and the temperature because of the Boltzmann factor in(gq.
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FIG. 3. The differential Raman scattering r&eas a function of
the photon frequency shift;— v¢, in units of cmm®. The curves
correspond tdq1) the parameters given in the text, af®l same as
(1) except with nonzero chemical potentigl=0.01 eV.

Similarly to the conductivity, the Raman scattering rate
near zero shift depends only weakly on whether the pGB’s
are allowed to move in three dimensions or confined to the
2D planes, for the parameters of interest. By repeating the
above calculation using the lattice dispersion relation for the
pGB'’s, one finds that the continuum version is a good ap-
proximation whenwa<c, rather than the conditioma<uv
which applied for the conductivity. Although we are inter-
ested in larger frequencies in Raman scattering than for the
conductivity, the latter condition is still satisfied, and the
differences between the 2D and 3D Raman intensities are
small.

In conclusion, we have used ) symmetry to compute
the low-energy contribution of the electrically charged
pseudo-Goldstone bosons to the electromagnetic response of
cuprates doped to be antiferromagnets. We find measurably
large conductivities and Raman scattering rates, due to the
presence of electrically charged states with a comparatively
small gap. At present the dispersion relation of the putative
bosons is not sufficiently well known to rule out &) for
the cuprates based on the data. It is encouraging, however,
that the conductivity and Raman intensities have a comple-

If (84— | w|) <KT, there is a further gain by a factor of 150 in mentary dependence on the pGB velocity, so that one or the

the rate, which would cause a serious discrepancy betwe
the predicted and observed values. On the other hand, t

width depends linearly on the pGB velocity. <2

&her should show evidence for the pGB's, especially if the
txperiments are improved, e.g., Raman scattering at fre-

quency shifts less than 10/cm.

X 10 “%c, this width becomes less than the experimental We thank R. Hackl and T. Timusk for information about
resolution of Ref. 15, which only measures Raman shiftgshe experiments, and C. Gale and A. Berlinksy for useful

greater tham~210/cm.

discussions.
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