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Electromagnetic response and approximate SO„5… symmetry in high-Tc superconductors
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It has been proposed that the effective Hamiltonian describing highTc superconductivity in cuprate mate-
rials has an approximate SO~5! symmetry relating the superconducting~SC! and antiferromagnetic~AF! phases
of these systems. We show that robust consequences of this proposal are potentially large optical conductivities
and Raman scattering rates in the AF phase, due to the electromagnetic response of the doubly charged pseudo
Goldstone bosons which must exist there. This provides potentially strong constraints on the properties of the
bosons, such as their mass gap and velocity, at any given value of the doping.@S0163-1829~98!52046-2#
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It has recently been proposed1 that the antiferromagnetic
~AF! and superconducting~SC! phases of the high-Tc cu-
prates are related by an SO~5! symmetry, a suggestion whic
has both stimulated considerable interest2–5 and drawn sharp
criticism.6,7 Both the interest and the criticism are inspired
the central role played by the symmetry relating the t
phases.

The SO~5! picture has much to recommend it. It gives
simple and concrete qualitative understanding of many
tures of the cuprates, as well as predicting brand new p
nomena, such as superconducting vortices having antife
magnetic cores3 and persistent superconducting pha
correlations within the AF phase.4 On the negative side
Anderson and Baskaran have argued that such a fin
dimensional symmetry description of the cuprates is inc
sistent with the electron localization properties of the t
phases.7

In this work we exploit another strength of the SO~5!
theory—namely, its predictive power—to bring further ev
dence to the discussion. A model-independent consequ
of the SO~5! picture is the existence in the AF phase of
electrically charged pseudo-Goldstone boson~pGB! quasi-
particle, whose dispersion relation and low-energy coupli
are tightly constrained by the SO~5! symmetry.1,5 We use
these to compute the contribution of these quasiparticle
the electromagnetic response of the cuprate materials in
AF phase. In particular we find the Raman scattering rate
the real part of the far-infrared conductivity, which turn o
to be potentially comparable to or larger than what is exp
mentally observed, depending on how badly SO~5! becomes
broken as one moves away from optimal doping into
underdoped region. We emphasize that our calculation re
almost exclusively on the assumed SO~5! symmetry, and de-
pends only minimally on the microscopic details of the
systems.

The key tool in the analysis is the effective Lagrangi
density which describes the electromagnetic couplings of
SO~5! pGB’s. This can be written as
PRB 580163-1829/98/58~22!/14749~4!/$15.00
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i

Uv i
fS ¹ i2

2ie

c
Ai DfU2

1~] tnW !22(
i

~v i
n¹ inW !22V~f,nW !. ~1!

Here m is the chemical potential which describes the s
tem’s doping,Ai is the electromagnetic gauge potential, a
v i

f andv i
n are the pGB velocities, which can differ along th

three principal directions of the medium. In the limit of exa
SO~5! symmetry, we would havev i

n5v i
f[v i , and the scalar

potentialV(f,nW ) satisfyingV5V(ufu21nW 2).
There are two important, but conceptually very differe

regimes to which this Lagrangian may apply.
~1! Deep within the AF or SC phases, where fluctuatio

in the modulusufu21nW 2 are negligible,V becomes a con
stant in the SO~5! symmetry limit, andf andnW describe the
dynamics of the Goldstone and pseudo-Goldstone quas
ticles. For instance, for the AF phase there are four s
modes: two gapless magnons with dispersion rela
En

2(p)5( i(v i
npi)

2, and two pGB’s with charge62e and
dispersion @Ef(p)72em#25«g

21( i(v i
fpi)

2. Approximate
SO~5! invariance amounts to the statement thatuv i

f2v i
nu is

small compared tov i , and the gap,«g , is much smaller than
the typical microscopic scale of the system,J;0.1 eV.
‘‘Much smaller’’ here means of comparable size to the e
perimentally measured 41 meV gap,8 which is interpreted
within the SO~5! context as a pGB of the SC phase.9 Here
the two-dimensional nature of the cuprates dictates the
on i runs only over the two spatial derivatives (x and y)
which label the copper-oxygen planes.

~2! Near the critical boundaries between the vario
phases,L plays the role of a Ginzburg-Landau~GL!
free energy, and~in mean field theory! V may be expanded
to quartic order: V52mf

2 ufu22 1
2 mn

2unW u21lfufu4

12lfnufu2unW u21lnunW u2. In this case the model can be tw
or three dimensional~but anisotropic,vzÞvx5vy) depend-
ing on how close one is to the critical limit. SO~5! invariance
R14 749 ©1998 The American Physical Society
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implies in this casemf
2 5mn

2 andlf5ln5lnf , and so ap-
proximate SO~5! invariance is the statement that the dev
tions from these relations are systematically small. Phen
enology requiresmn

2.mf
2 when the doping is sufficiently

small, in order that the ground state of the system be
with f50 andnW Þ0. In this regime the pseudo-Goldston
gap in the AF phase may be computed, giving«g

252mf
2

1(lfn /ln)mn
2 , which clearly vanishes in the SO~5! limit, as

required.
Numerical studies oft-J and Hubbard models which sup

port the SO~5! picture indicate that SO~5! is only expected to
be a good symmetry in the vicinity of the critical dopin
between the AF and SC phases.10 The key question, which
we would like to subject to experimental scrutiny, ishow far
away from the phase boundary does the approximate s
metry hold? In what follows we will show that the chemic
potential must be large near this boundary, in order to s
press the electromagnetic signatures of charged pse
Goldstone bosonic excitations on the AF side. It then
comes difficult to understand why approximate SO~5! should
persist rather far into the SC phase, for larger dopings
proponents of the SO~5! picture envision.

The existence of charged bosons with a small gap
strong observable consequences for the optical conduct
and Raman scattering properties in the AF phase. These
dictions are quite robust. The interaction of the photons w
the bosons, the first two terms of Eq.~1!, is completely fixed
by electromagnetic gauge invariance. The self-interacti
described by the other terms, including possible higher p
ers of ufu not shown, must vanish for Goldstone bosons
the limit of zero energy and exact SO~5! symmetry, and so
may be treated perturbatively for low energies and appro
mate symmetry. These also ensure the small size of the
«g .

Conductivity. We start with the contribution of the
charged pseudo-Goldstone quasiparticle to the real pa
the conductivity,s1 , within the AF phase. This is propor
tional to the imaginary part of the photon self-energy due
a virtual pseudo-Goldstone boson loop, and related to
rate at which the pGB’s are pair produced by incident p
tons. Our result agrees in the appropriate limits with clos
analogous formulas for the electromagnetic response of a
pion gas.11 For pGB’s which can move in three dimension
and whose velocity is much less than that of light, we obt

s1,i5
e2

24p\l S v i
2c

vxvyvz
D S 12

4«g
2

\2v2D 3/2F11NBS v

2 D G ,
~2!

where the absorbed light of wavelengthl is polarized in the
‘‘ i ’’ direction, taken to be one of the crystal axes.~See Fig.
1.! ~Henceforth we drop the superscriptf from the pGB
velocities v i .) NB(v)5n1(v)1n2(v), where n6(v)
51/$exp@(\v6m)/kT#21% is the usual Bose-Einstein stati
tics factor, ande2/\52.434131024 V21. This contribution
to the conductivity vanishes for photons whose energy\v is
below the threshold 2«g for producing two pGB’s. The cor-
responding absorption coefficient is given bys1,i /(e0c),
wheree0c52.65431023 V21.

To take into account that the pGB’s may be confined
move in the superconducting planes, we have also comp
-
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s1 using the lattice dispersion relationE5$v'
2 p'

2

1@2vzsin(apz/2)/a#21«g
2%1/2, integrating pz between

6p/a, wherea is the spacing between the planes. Defini
h512 1

2 (a/v)2(v22«g
2/\2), the phase space integral ca

be done exactly, giving

s1,i5
e2

16p2\a
S v ivz

v'av D 2F11NBS v

2 D GGi~h!, ~3!

where G'(h)5A12h22h cos21h and Gz(h)5 1
2 (cos21h

2hA12h2) ~these become, respectively,2ph andp/2 for
h,21). The continuum approximation on which the 3
equation~2! is based is valid whena→0 ~soh→1). For the
parameters of interest, we find that the 3D formula is pra
cally indistinguishable from Eq.~3!, although the difference
starts to become apparent for frequencies greater
800 cm21.

How large are these results? If the gap is approxima
«g50.04 eV as suggested by the neutron scattering data
interplane spacing isa50.5 nm, and using the magno
speed v i5231024c,12 then for v50.1 eV (frequency
5800 cm21) and T50.025 eV ~300 K!, s152.75V21

cm21. This is more than three times larger than the measu
values of s1,1V21 cm21 for the undoped cuprate
Sr2CuO2Cl2, as reported in Ref. 13; moreover, the frequen
dependence disagrees with the data, which hass1 decreasing
in this frequency range. Although the perturbative treatm
of the pGB’s begins to break down at higher energies, if
can trust our results at somewhat higher energies ov
50.5 eV (54000 cm21), thens1 grows to 100V21 cm21,
in even greater conflict with measured values n
1 V21 cm21 in the materials Gd2CuO4 and YBa2Cu3O6.

13

~Reference 14 has also measured conductivities, but t
maximum frequency of 700 cm21 may be below the thresh
old 2«g needed for production of pGB pairs.!

Although the magnitude and the shape ofs1 suggest a
conflict between SO~5! and experiments, there are seve
caveats. One is thats1 is inversely proportional to the pGB
velocity, v i , which is not precisely known. The other is th
our computation is only valid for energies within the doma
of approximation of the low-energy pGB Lagrangian us

FIG. 1. The optical conductivitys1 as a function of the photon
energyv, in units of V21 cm21, for two different pGB velocities,
~1! v/c5231024, and ~2! v/c51023. The other relevant param
eters are«g50.04 eV,T5300 K, andm50.
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here, i.e., for v!J;0.1 eV. Above these energies th
pGB’s need not contribute as a weakly coupled and co
paratively narrow state. The experimental constraints hap
to be strongest just in the region where our long-wavelen
approximation starts to break down. Thus we turn to anot
possible signal of the pGB electric response.

Raman Scattering.We now consider the contribution t
the Raman scattering rate, coming from Compton-like p
ton scattering from the pseudo-Goldstone quasiparticle
the sample. The Feynman graphs for this process are tho
Fig. 2.

We work in a gauge for which the expression for t
scattering amplitude,M, is particularly simple. That is, if
pi , f

m and ki , f
m denote the initial and final pGB and photo

four-momenta, respectively, and we choose the photon
larizations, ẽ i , f

m , to satisfy ẽ i•(2p̃i1 k̃i)5 ẽ f•(2p̃i2 k̃f)50,
then diagrams~a! and ~b! of the Fig. 2 vanish, leaving an
amplitude of the formMab54e2«̃ i

(a)
• «̃ f

(b) . We use here the
convenient notation for any four-vector, in which a tilde i
dicates the multiplication of the spatial components by
corresponding velocity,v i . That is,p̃05p0 , and p̃i5v i pi .

Let us assume that the initial photon is moving in thez
direction, perpendicular to the superconducting planes,
the final one is scattered by 180°, as is the case in the
periments to which we compare. Assuming thex-y plane to
be isotropic,vx5vy5v' , and averaging over initial and
summing over final polarizations leads to the following e
pression~temporarily setting\5c51):

S[
1

2 (
a,b

uM abu258e4v'
4 @11~12A!2#, ~4!

whereA5(11vz
2)v'

2 p'
2 /(DiD f), with

Di5Ei2vz
2pi ,z1

1

2
v i~12vz

2!, ~5!

D f5Ei1vz
2pi ,z2

1

2
v f~12vz

2!. ~6!

Conservation of four-momentum constrains the initial a
final boson energies and momenta according to

Ei5
Dv

2
1v0vzf ~p'!; pi ,z52v02

Dv

2vz
f ~p'!

Ef52
Dv

2
1v0vzf ~p'!; pf ,z5v02

Dv

2vz
f ~p'!, ~7!

whereDv5v f2v i , v05(v i1v f)/2, and

FIG. 2. The Feynman graphs which describe photon-pGB s
tering.
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«g

21v'
2 p'

2

uvz
2v0

22Dv2/4u D
1/2

. ~8!

Care must be taken with these expressions, however, bec
the quantityA can diverge for some value ofp' . In a gen-
eral gauge this comes about when the virtual boson in F
2~b! goes on its mass shell.@Equivalently, the gauge trans
formation which we used to remove Fig. 2~b! becomes sin-
gular for these momenta.# We handle this situation, when i
arises, by including the width of the pGB itself. This may
done by adding a small imaginary part,iG/2, to the boson
energies in the definition ofA, giving a finite scattering rate
We find our results to be insensitive to reasonable val
such thatG<«g , for relevant temperatures and energies.

The observable of interest is the differential scattering r
per unit sample thickness,l , per unit incident laser power,I :
R5(1/I )(dG/dl). This is the quantity which does not de
pend on the details of the target or of the incident pho
flux. We compute the differential rate of such scattering in
a solid angledV ~centered about 180°!, and into a final
energy intervaldv f ,R5dR/dv fdV. We then do the ther-
mal average over the initial and final pGB’s, sum over t
final photon polarizations, and average over the initial on
This assumption that the incident photons are unpolariz
and scattered-photon polarizations are not detected, sim
fies our expressions, but is not crucial for the result. We fi

R[
v f

~4p!4v'
2 v i

2uDvu
(
6

E dpzn6~Ei !@11n6~Ef !#S,

where n6 is the Bose-Einstein distribution function wit
chemical potential6m. The limits of integration are found
by varyingp'

2 between 0 and̀ in Eq. ~7! for pi ,z , andp'
2 in

the integrand is determined in term ofpi ,z by inverting the
same equation. As a function of the final photon energy,
rate is peaked nearv f5v i , with an approximate maximum
value of

Rmax>S av'

pvzv
D 2

Te2b~«g2umu!, ~9!

using the Boltzmann approximation for the distribution fun
tions. Kinematics constrains the scattered photon energ
lie in the narrow range (12vz)/(11vz),v f /v i,(1
1vz)/(12vz). For visible light ~500 nm! and v51023c,
this gives a half-width of 40 cm21 in the frequencyn. In Fig.
3 we showR for representative input valuesv i52 eV,T
593 K, «g50.04 eV,m50, and 0.01 eV,G50.1«g , and
optimistically large velocitiesvz5v'51023c. For these
numbers we find rates of order R;(150
2300) cps/mW/Å/steradian/eV, with a smooth, featurele
line shape. For optical photons the penetration depth of ty
cal samples is of order 100 Å,15 leading to a prediction of
104 events/mW/Å/sr/eV in the backward direction. Expe
mentally, the observed rate for the compound Bi2212 is o
15 cps/mW/Å/sr/eV. However this must be corrected16 for
detector efficiency~0.1! and surface losses (0.120.01),
which in the worst case would bring the predicted value in
agreement with the experiments.

We point out that the predicted rate is exponentially d
pendent on the ratio of the pGB gap or chemical potentia
the temperature because of the Boltzmann factor in Eq.~9!.

t-
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If ( «g2umu)<kT, there is a further gain by a factor of 150
the rate, which would cause a serious discrepancy betw
the predicted and observed values. On the other hand
width depends linearly on the pGB velocity. Ifv,2
31024c, this width becomes less than the experimen
resolution of Ref. 15, which only measures Raman sh
greater than;10/cm.

FIG. 3. The differential Raman scattering rateR as a function of
the photon frequency shiftn i2n f , in units of cm21. The curves
correspond to~1! the parameters given in the text, and~2! same as
~1! except with nonzero chemical potential,m50.01 eV.
e

.

s

.

.

en
he

l
s

Similarly to the conductivity, the Raman scattering ra
near zero shift depends only weakly on whether the pG
are allowed to move in three dimensions or confined to
2D planes, for the parameters of interest. By repeating
above calculation using the lattice dispersion relation for
pGB’s, one finds that the continuum version is a good
proximation whenva!c, rather than the conditionva!v
which applied for the conductivity. Although we are inte
ested in larger frequencies in Raman scattering than for
conductivity, the latter condition is still satisfied, and th
differences between the 2D and 3D Raman intensities
small.

In conclusion, we have used SO~5! symmetry to compute
the low-energy contribution of the electrically charge
pseudo-Goldstone bosons to the electromagnetic respon
cuprates doped to be antiferromagnets. We find measur
large conductivities and Raman scattering rates, due to
presence of electrically charged states with a comparativ
small gap. At present the dispersion relation of the putat
bosons is not sufficiently well known to rule out SO~5! for
the cuprates based on the data. It is encouraging, howe
that the conductivity and Raman intensities have a com
mentary dependence on the pGB velocity, so that one or
other should show evidence for the pGB’s, especially if t
experiments are improved, e.g., Raman scattering at
quency shifts less than 10/cm.

We thank R. Hackl and T. Timusk for information abo
the experiments, and C. Gale and A. Berlinksy for use
discussions.
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