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Superexchange interaction in cuprates
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Recent experiments have shown that the superexchange interactionJ in one-dimensional~1D! cuprates is
larger than that in two-dimensional~2D! ones. We investigate a microscopic origin of the difference ofJ in the
1D and 2D cuprates. The hopping matrix elements between Cu3d and O2p orbitals and between O2p orbitals
are considerably influenced by the Madelung potential, which is a function of crystal structure, and these
values in the 1D cuprates are enhanced as compared with those for the 2D ones, resulting in larger values of
J. The same mechanism is applied to hopping matrix elements in the ladder cuprates. The elements between
O2p orbitals are found to be responsible for the anisotropicJ’s along leg and rung of the ladder; i.e.,Jleg

.Jrung. We find a unique dependence of the electronic structure of cuprates on the dimensionality.
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Superexchange interactionJ in insulating cuprates con
tains much information on the electronic states of the ma
rials. Recent magnetic measurements on insulating cupr
demonstrate remarkable dependence of the interaction o
dimensionality of Cu-O network.1–9 This provides us a good
opportunity to establish proper understanding of the e
tronic states of the cuprates.

Since the discovery of high-Tc superconductivity,J in
two-dimensional~2D! cuprates has been extensively stud
by using several experimental tools, and is now known to
not strongly dependent on materials with the magnitude
0.1 eV;0.16 eV.1–3 On the contrary, the value ofJ in one-
dimensional~1D! corner-sharing Cu-O chains has been
ported to be 0.17 eV;0.23 eV from susceptibility
measurements4,5 and 0.23 eV;0.26 eV from optical absorp
tion measurements.6 These numbers are apparently larg
than those in the 2D cuprates. This indicates the differenc
the electronic states between the 1D and 2D cuprates. M
interestingly, the value ofJ in two-leg ladder compound
shows large anisotropy: the exchange coupling along
~rung! of the laddersJleg (Jrung) is 0.17~0.09! eV in SrCu2O3
~Ref. 7!, 0.13 ~0.072! eV ~Ref. 8!, and 0.16~0.08! eV ~Ref.
9! in Sr14Cu24O41.

In this paper, we report a possible microscopic origin
the variation ofJ in the cuprates. Examining the Madelun
potentials around Cu and O ions, we find that hopping ma
elements between Cu3d and O2p orbitals,tpd , and between
O2p orbitals, tpp , are significantly influenced by the poten
tials. In the 1D cuprates, these magnitudes are enhance
compared with that in 2D, resulting in largeJ which is con-
sistent with the experimental results. In the ladder co
pounds containing a coupled two-leg ladder structure, h
ping matrix elements between O2p orbitals along the leg of
the ladder are enhanced by the presence of adjacent tw
ladders. This makesJ along the leg larger than that along th
rung. Thus, we find a unique dependence of the electro
structure of cuprates on the dimensionality.

Figure 1 shows the underlying structure of Cu-O netwo
For the 1D cuprates, there are two types of structure
simple corner-sharing Cu-O chain seen in Sr2CuO3 and
Ca2CuO3 @Fig. 1~a!# and a double chain seen in SrCuO2 @Fig.
PRB 580163-1829/98/58~22!/14713~4!/$15.00
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1~b!#.10 In Fig. 1~b!, two chains are combined by the edg
sharing structure, where the bond angle of Cu-O-Cu is n
90 degrees. The two-leg ladder structure is shown in F
1~c!. Such isolated ladders are seen in LaCuO2.5.11 Other
ladder compounds such as SrCu2O3 ~Ref. 12! and
~Sr, Ca!14Cu24O41 ~Ref. 13! have the coupled two-leg ladde
structure, where two ladders are combined by the ed
sharing structure as for the double chains in Fig. 1~b!. The
2D corner-sharing CuO2 plane@Fig. 1~d!# is seen in the high-
Tc cuprates.

In the perturbation theory for cuprates,J is expressed by
an equation14 containing hopping energies,tpd and tpp ,
energy-level separation between Cu3d and O2p orbitals,D,
and on-site Coulomb energies on Cu3d and O2p, Ud and
Up . The hopping energies appear in numerator of the

FIG. 1. Various types of network made by Cu and O atoms.~a!
1D corner-sharing CuO3 chain,~b! double chain,~c! Cu2O5 two-leg
ladder, and~d! 2D CuO2 plane. Solid and open symbols denote C
and O atoms, respectively. O~chain! and O~apex! denote the oxy-
gens combining with Cu atoms in the parallel and perpendicu
directions to the chain, respectively. In the ladder cuprates~c!, three
spatially nonequivalent oxygens are denoted by O~leg!, O~rung!,
and O~inter!. The hatched circles represent Cu ions in adjacent l
ders of a coupled ladder structure. There are two kinds of the O
bond in ~b! and ~c! that are denoted by the thin and bold lines.
R14 713 ©1998 The American Physical Society
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pression, while the others in its denominator. Therefore,
increase intpd andtpp ~D and the Coulomb energies! leads to
the enhancement~reduction! of J. Since the Coulomb ener
gies are supposed to be independent of material, the varia
of J should come from the hopping matrix elements~tpd and
tpp! and/or D. The charge-transfer gap experimentally o
served in the 1D cuprates is generally larger than tha
2D,15 implying larger D for 1D.16 This indicates thatD is
never the origin of the variation ofJ, but tpd and tpp should
be. Hereafter, we regardtpd and tpp as hopping matrix ele-
ments for ahole.

By using a Cu3d Wannier orbital,fd , at rCu and an ad-
jacent O2p Wannier orbital,fp , at rO, tpd is defined as

tpd5E fp* ~r2rO!Hfd~r2rCu!dr , ~1!

whereH52 (\2/2m) ¹21U(r ). U(r ) is the periodic poten-
tial in the crystal and may be expressed asU(r )5Uatom(r )
1UM(r ). Uatom(r ) is the contribution from atomic poten
tials, and UM(r ) is the Madelung potential defined b
UM(r )5( iVi(r2r i) with Vi(r2r i)5Zie

2/«`ur2r i u ~Zi is
the valence of an ion at sitei and«` the dielectric constan
due to core polarization!. Using these expressions, we obta

tpd5tpd
0 1tpd

M , ~2!

tpd
0 5E fp* S 2

\2

2m
¹21UatomDfddr , ~3!

tpd
M 5E fp* VMfddr , ~4!

whereVM[( i8Vi with the summation excluding two sites
on which the two orbitals,fp andfd , are sitting.17 For the
right-hand side of Eq.~3!, we use the two-center approxima
tion as usual.18 Therefore,tpd

0 term depends only on the dis
tancedCu-O[urCu2rOu. On the contrary,tpd

M is dependent no
only ondCu-O but also on the crystal structure viaVM . tpp is
obtained by replacingfd in Eqs.~1!, ~3!, and~4! with fp . In
the evaluation ofVM , three sites, on which twofp’s and
their neighboring fd are sitting, are excluded in th
summation.17

We take the phase of the orbitals so as to make bothtpd
0

and tpp
0 negative. Thus the smallertpd(pp)

M is, the larger the
absolute values oftpd(pp) is @see Eq.~2!#. We evaluatetpd(pp)

M

numerically. The Wannier orbitals,fd andfp , can be con-
structed by atomic wave functions.19 We use the hydrogen
like atomic orbitals for the atomic wave functions.tpd(pp)

M is
evaluated up to the order ofO(S 1), whereS is the overlap
integral between O2px and its neighboring Cu3dx22y2 or
O2py atomic orbitals. The value ofS between Cu3dx22y2

and O2px is assumed to be 0.03 atdCu-O51.91 Å referring to
those for other transition-metal oxides.20 The special exten
of the O2p orbital is approximately fitted to the Hartree-Foc
wave function for O22.21 The value ofS between O2px and
O2py is then estimated to be 0.24 atdO-O52.69 Å.

The calculated values oftpd
M and tpp

M for various materials
are shown in Fig. 2. These values depend not only on m
rial but also on the dimensionality of Cu-O network. The
variations are caused by the difference of the spatial dis
e

on

-
in

e-

i-

bution of the Madelung potentialsVM around Cu and O,
which is mainly determined by the local environment:~i! the
number of negative O ions coordinated around Cu ions
~ii ! the valence and number of positive ions such as Sr21,
Y31 and other Cu21 located around Cu and O ions.

The values oftpd
M and tpp

M in 1D cuprates~middle panel!
are smaller than those in 2D ones~left panel!. This behavior
mainly comes from the difference of the stacking patterns
the Cu-O network: in 2D the CuO2 planes stack along thec
axis with block layers inserted between the planes, wher
in 1D the Cu-O chains stack along theb axis without any
layers between the chains. Such structural difference g
rise to the variation of the spatial distribution of the Mad
lung potentials around the Cu-O and O-O bonds. In parti
lar, the magnitude of the Madelung potential around Cu a
O ions in the 1D cuprates is enhanced by the presence o
Cu21 ions in the adjacent Cu-O chains. This leads to
small values oftpd

M and tpp
M for the 1D cuprates. In the 2D

cuprates,tpp
M has a large difference among the materials.tpp

M

for La2CuO4 is larger than those for Nd2CuO4 and Pr2CuO4.
This is caused by the difference of the coordination numb
six O ions in La2CuO4, whereas four O ions in Nd2CuO4. tpp

M

for YBa2Cu3O61x with pyramidal coordination is located be
tween La2CuO4 and Nd2CuO4 (Pr2CuO4).

From the above arguments, we can say that, when p
tive charges are close to Cu and O ions,tpd(pp)

M becomes
small, and as a consequencetpd(pp) is enhanced. This mecha

FIG. 2. The values oftpd
M and tpp

M calculated for the various
cuprates. Each symbol in the 1D and ladder cuprates representpd

M

and tpp
M for the bond related to each oxygen shown in Fig. 1. T

labels attached to the data represent the compounds: ‘‘La’’
La2CuO4, ‘‘YBCO’’ for YBa 2Cu3O61x , ‘‘Pr’’ for Pr 2CuO4, ‘‘Nd’’
for Nd2CuO4, ‘‘Sr213’’ for Sr2CuO3, ‘‘Ca213’’ for Ca2CuO3,
‘‘Sr112’’ for SrCuO2, ‘‘Sr123’’ for SrCu2O3, ‘‘LCO2.5’’ for
LaCuO2.5, and ‘‘Sr14’’ for Sr14Cu24O41. The smallertpd(pp)

M is, the
larger the absolute values oftpd(pp) is.
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TABLE I. The parameters used in the cluster calculation for the typical cuprates. Listed are the ho
matrix elements between Cu3d and O2p orbitals,tpd , and between neighboring O2p orbitals,tpp , and the
energy-level separation between Cu3d and O2p orbitals,D.

Material 2tpd ~eV! 2tpp ~eV! D ~eV!

2D cuprates La2CuO4 1.24 0.38 3.3
YBa2CuO61x 1.13 0.40 2.8

Nd2CuO4 1.05 0.39 2.4

1D cuprates Sr2CuO3 1.16,a 1.09b 0.49 3.1,a 2.5b

Ca2CuO3 1.24,a 1.10b 0.41 3.5,a 2.7b

SrCuO2 1.15,a 1.22,b 1.25c 0.53, 0.63c 3.5,a 3.0b

Ladder cuprates SrCu2O3 1.08,d 1.15,e 1.29f 0.42, 0.53f 2.6,d 2.6e

LaCuO2.5 1.15,d 1.07,e 1.40f 0.33, 0.46f 2.77,d 2.86e

aParallel to the chain.
bPerpendicular to the chain.
cInterchain direction.
dLeg direction.
eRung direction.
fInterladder direction.
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nism also makes a difference in two hopping matrix eleme
between O2p orbitals in the ladder cupartes. From Fig. 1, w
find two types of O-O bond:~i! two Cu ions are located on
both sides of the bond~bold lines in Fig. 1!, and~ii ! there is
only one Cu ion on one side of the bond. The former is s
in the double chain compound SrCuO2 and in the coupled
ladder ones SrCu2O3 and Sr14Cu24O41. The former bond
shows the smallertpp

M as compared with the latter one.~See
open circle and triangles in the lower panel in Fig. 2.! The
resultingutppu in the former bond becomes larger~see Table
I!. This difference gives the anisotropicJ in the coupled
ladder compounds as will be discussed below.

In the following, we evaluate the value ofJ by using a
Cu2O7 cluster with two holes.1 The value ofJ is determined
by the difference of the energy between the ground state
the total spin ofStot50 and the excited state withStot51. The
exact diagonalization method is used for the calculation
the energies. The parameters are obtained in the same w
the previous studies.22–24 The Hamiltonian is given by Eq
~1! of Ref. 23. The parameterD is determined by the differ-
ence in the Madelung potential between Cu and O, and
dielectric constant.16 By using the obtainedD, the calculated
gaps are in good agreement with the experimental val
For tpd

0 and tpp
0 , we take the bond length dependences w

d24 and d23, respectively. The values oftpd
0 and tpp

0 for
La2CuO4 are assumed to be 1.15 eV and 0.80 eV, resp
tively. The resulting parameter values for typical cuprates
listed in Table I. The on-site Coulomb energies are set to
Ud58.5 eV andUp54.1 eV. The Hund’s coupling on O ion
is assumed to beKp50.6 eV, and the direct exchange inte
action between Cu3d and O2p is taken to beKpd50.05 eV
as for the previous study.23

The calculatedJ’s are presented in Fig. 3. The resu
show the characteristics seen in the experiments:~i! the val-
ues ofJ in the 1D cuprates are larger than those in 2D on
and ~ii ! Jleg.Jrung in the ladder cuprates. The variations
tpd
M andtpp

M on the dimensionality are their origin. In particu
ts

n
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lar, the significant enhancements oftpd and tpp are crucial
for obtaining large values ofJ in the 1D cuprates. If there
were no such enhancements,J would be smaller than that in
the 2D cuprates because of large values ofD. The enhance-
ment of tpp between O~leg! and O~inter! in SrCu2O3 and
Sr14Cu24O41 is also important for the relation ofJleg.Jrung.
The largetpp induces the increase inJleg, resulting inJleg
.Jrung overcoming the effect oftpd on J that makesJrung
larger thanJleg via a bond length relation,dleg.drung.12,13 In
contrast, the relation ofJleg.Jrung in LaCuO2.5 comes from
the fact thatdleg,drung.11 Recently, the band structure ca
culations have been done for ladder cuprates Sr14Cu24O41
and SrCu2O3.

25,26 The tight binding fitting to the band struc
tures shows that the effective hopping between nea
neighbor Cu sites along the legs of the ladder is larger

FIG. 3. The calculated value of the superexchange interactioJ.
The parameter values used in the calculation are listed in Tab
The labels represent the compounds; see the caption of Fig. 2. I
ladder cuprates, solid and open triangles representJleg and Jrung,
respectively. The data qualitatively reproduce the tendencies se
the experiments.
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about 35% than that along the rungs. We believe that pa
this difference comes from the enhancement oftpp between
O~leg! and O~inter!, because the enhancedtpp contributes
only to the effective hopping along the legs as is easily
derstood from Fig. 1.

The calculated results ofJ in Fig. 3 reproduce the tenden
cies seen in the experiments very well. A detailed quant
tive comparison is, however, difficult at present, because~i!
in our evaluation oftpd and tpp , we neglect some possibl
effects such as the dependence of the spatial extent of at
orbitals on the electron density,~ii ! the experimental data o
J are strongly dependent on the experimental tools, for
stance, 0.18;0.26 eV for Sr2CuO3 ~Refs. 4–6! and 0.13
;0.16 eV,1–3 ~iii ! the next-nearest-neighbor exchange int
actionJ8 ~Ref. 27! and the four-spin interactionJ4 ~Ref. 28!
which are involved in 2D and ladder cuprates prevent
direct comparison between the experimental and theore
J’s.29 It is, therefore, necessary to make efforts from bo
y

.

of

-

-

ic

-

-

e
al

experimental and theoretical sides to draw a quantitat
comparison.

In summary, we have investigated the superexchange
teraction in the various types of cuprates. The interact
strongly depends on the local environments through
modification of hopping matrix elements due to the Mad
lung potentials. The enhancedJ in the 1D cuprates and the
anisotropy ofJleg andJrung in the ladder compounds show
unique dependence of the electronic structure on dimens
ality.
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