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Magnetic properties of „VO…2P2O7 from frustrated interchain coupling
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Neutron-scattering experiments on~VO!2P2O7 reveal both a gapped magnon dispersion and an unexpected,
low-lying second mode. The proximity and intensity of these modes suggest a frustrated coupling between the
alternating spin chains. We deduce the minimal model containing such a frustration, and show that it gives an
excellent account of the magnon dispersion, static susceptibility, and electron-spin resonance absorption. We
consider two-magnon states which bind due to frustration, and demonstrate that these may provide a consistent
explanation for the second mode.@S0163-1829~98!50646-7#
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Vanadyl pyrophosphate @~VO!2P2O7, abbreviated
VOPO#1 is a low-dimensional quantum magnetic syste
composed ofS5 1

2 V41 ions. These have Heisenberg antife
romagnetic~AF! interactions, and a singlet ground stat1

with spin gap D53.1 MeV. Based on susceptibility an
neutron-scattering experiments on powders, VOPO has b
compared in detail to spin-ladder and alternating-ch
models,2 both of which were found to be consistent with th
data. Rising interest in spin ladders, along with the assu
tion that the strongest exchange paths would be those
tween V41 ions with the smallest separations, led to
preference1,2 for the ladder conformation, and for sever
years VOPO was quoted as the first known spin ladder
tem.

This picture was conclusively debunked by Garrett a
co-workers, who performed the first neutron-scattering m
surements on aligned single crystals of VOPO.3 These dem-
onstrated unequivocally that the strongest exchange pa
the system (J1) was a double V-O-P-O-V link through phos
phate groups in the crystallographicb direction, while the
next (J2) was a double V-O-V link between edge-shari
VO5 square pyramids, also alongb̂. The V-O-V bond along
â through the apex of the pyramid, believed to be the stro
ladder leg, was found to be very weak. The strength of
V-O-P-O-V bond was verified independently4 in the related
compound VODPO4 •

1
2 D2O, where it appears in isolation

These results are not unexpected, because the single ele
on V41 in a square pyramidal environment occupies thedxy
orbital in the basal (bc) plane of the unit. They lead to th
interpretation of VOPO as a set of dimerized chains, w
coupling ratiol5J2 /J1.0.8.5

The same experiment obtained the most detailed meas
ments to date for a second mode with gap 5.7 MeV. This w
identified from a previous study6 as a candidate two-magno
bound state. In addition, the interchain coupling was dedu
to be weakly ferromagnetic~FM!, a result unexpected for
conventional, long superexchange path. We begin from
observation6,7 that frustration can act to promote bound sta
between excitations, and the hypothesis that the FM in
chain coupling in fact results from a competition betwe
PRB 580163-1829/98/58~22!/14705~4!/$15.00
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two AF couplings. We will deduce and justify the nature
such a frustrated, two-dimensional (2d) model for VOPO,
and show that it provides the basis for a complete accoun
the magnetic properties of this material.

The structure of VOPO was determined in detail
Nguyen, Hoffman, and Sleight8 Theb-axis alternating chains
are coupled alongâ by either the V-O-V path through apica
O, or by V-O-P-O-P-O-V pathways through two PO4 groups,
while c-axis coupling~see also Ref. 1! proceeds through a
single phosphate unit. Quantitative superexchange calc
tions, particularly for extended pathways, remain beyond
scope of current understanding and computer power,4 par-
ticularly for the V ion. We adopt here a qualitative approa
of identifying paths coupling strongly to the Vdxy orbital,
and using consistency with experiment to construct the m
mal set of necessary interactions.

We discard the possibility that the V-O-V bond alongâ is
significant, because its direction is orthogonal to thedxy or-
bital. We argue instead in favor of the V-O-P-O-P-O-V pa
due to the demonstrated importance of phosphate gro
and because bond angles throughout its length can rem
close to 180°. Such paths connecting V ions separated
along â (Ja), and those separated both alongâ and by one
ionic spacing along the chains (Jb), are in principle rather
similar, which presents the possibility of frustration. How
ever, there are two types of V-O-P-O-P-O-V path, those c
necting into the phosphate groups mediatingJ1 and those
connecting to the O atom concerned inJ2. If the latter were
significant, one could expect in addition a strongc-axis cou-
pling, which is not observed.3 We assume therefore tha
pathways of the second type are strongly suppressed by
angles and orbital configurations in the V-O-P overlap, a
concentrate on the resulting 2d model in Fig. 1.

Here J15J is set to 1, l is defined above, andma
5Ja /J andmb5Jb /J parameterize the competing V-O-P-O
P-O-V superexchange interactions. We exclude a seco
neighbor intrachain coupling, due to both the lack of a su
able exchange pathway and the minimacy criterion, as i
found not to be important to any of the quantities we w
compute. Thatma,b may be significant is shown by a high
temperature expansion9 of the static susceptibilityx(T).
R14 705 ©1998 The American Physical Society
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This gives the Curie temperatureuC as the sum of the inter
actions of a structural unit according touC52 1

4 J@11l
12ma12mb#. Comparison with the measureduC5284 K
~Ref. 1! suggests that the chain couplings3 alone satisfy at
most 75% of the sum.

We analyze this model using the method of Ref. 9. Tak
the strongest (J1) bonds as the sites of dimers, whose sing
ground states may be excited to triplets, the interactions
mit delocalization, or hopping, of the triplets. The hoppi
gives a kinetic energy which lowers the bond singlet-trip
gap to the physical one, and a description of a dispers
triply-degenerate one-magnon excitation in 2D recipro
space. While this technique is best suited to strongly dim
ized systems, perturbation-theoretic calculations9 show rapid
suppression of higher-order contributions even for rat
weak dimerization, and thus internal consistency.

We have calculated the coefficients for hopping of a tr
let excitation by perturbative expansion to fifth order in t
parameters of Fig. 1. Contributions beyond third order
deed remain small (;3%!, and we illustrate the method t
this order. Lett i j be the coefficient for the excited triplet t
hop by i dimer bonds along the chain, and acrossj chains,
andm6 denotema6mb , then

t00512l2/1613l3/6413m2
2 /413m2

2 m1 /8, ~1!

t1052l/42l2/81l3/641lm2
2 /16,

t015m2 /22m2
3 /825l2m2 /32,

t2052l2/162l3/64, t3052l3/128,

t0252m2
2 /82m2

2 m1 /8, t035m2
3 /16,

t115lm2
2 /82l2m2 /321lm2m1 /16,

t2153l2m2 /64, t12523lm2
2 /32.

The mode dispersion is given most straightforwardly by

v~q!5J(
i j

2~22d i02d j 0!t i j cos~ iqy!cos~ jqx!, ~2!

although in fact to this order one obtains a better fit by
panding the~smoother! quantityv2(q).

The measured dispersion data for the lowest-lying m
in Ref. 3, combined with the condition onuC , allow one to
fit the optimal model parameters as the set (J,l,ma ,mb)
5(10.7 MeV,0.793,0.203,0.255), which correspond to
superexchange interactions

FIG. 1. Schematic representation of the VOPO system, show
frustrated coupling between dimerized chains.
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~J1 ,J2 ,Ja ,Jb!5~10.7,8.49,2.17,2.73! MeV. ~3!

The various fits offer minor differences in the exact shape
the dispersion curve, with the higher-order calculations
turning a very good description of the overall form. For cla
ity we show only the fifth-order fits in Figs. 2~a! and 2~b! for
the reciprocal-space cuts where data is available. The re
~3! may be used to predict the form of the one-magnon d
persion where it has not yet been measured, and thi
shown in Figs. 2~c! and 2~d!. We expect the upper band edg
to be observed at 15.9 meV.

The primary features of the optimal parameter set are
follows. The alternating chains have the rather weak dim
ization l.0.8, ord5(12l)/(11l).0.11. The interchain
couplings are significant, with a magnitude 20–25% of t
primary chain energy scale. The cross couplingJb is slightly
larger than the purea-axis couplingJa , which is required for
a net FM interchain dispersion, and fully plausible fro
above. Figure 3 shows the density of states determined f
the dispersion. The dominant feature is the logarithmic s
gularity at the saddle point (p,0), with energy 4.55 MeV.
This energy, and not simply the minimum gapD53.1 MeV
at ~0,0!, will play a significant role in determining thermo
dynamic quantities.

We next consider two further magnetic properties
which independent measurements are available, to determ
the consistency of the model and parameters. The static,
form susceptibility x(T) was first measured for powde
samples,1 and more recently for single crystals.10 The sus-
ceptibility to applied fieldH measures available excitation
with DS 5 1, so is primarily a probe of the one-magno
branch. It is given in general byx52]2F/]H2, whereF

g

FIG. 2. Magnon dispersion~solid lines!, continuum edge
~dashed lines!, and boundS51 states~dotted lines! for ~a! ~0,2p
2q), ~b! (q,2p), ~c! (p,2p2q), and ~d! (2p2q,p). Symbols
are data taken from Ref. 3.
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52b21lnZ is the free energy andb215kBT. In the dimer
model, an excited triplet is effectively a hard-core bos
because only one such state is physically possible on e
bond. Thus thermodynamic calculations require a correc
from Bose statistics to exclusion statistics appropriate
triply degenerate excitations. The free energy per dimer11

f 52b21ln$11@112cosh~bh!#z~b!%, ~4!

whereh denotesgmBH andz(b) is the partition function for
a single mode. The susceptibility per site is then

x05bz~b!/@113z~b!#, ~5!

in which the denominator suppresses the Bose result at
T by excluding multiple mode occupation.

While the statistical factor corrects for state availability,
does not take account of magnon interaction effects. Th
we may include within the following mean-field scheme. A
proximating any interaction term with a spin on a neighb
ing dimer by Ji ,i 1dSi–Si 1d→Jd^Si

z&Si 1d
z [JdmSd

z , the in-
stantaneous magnetization per sitem contributes to an
effective internal magnetic field

hint52mJl22mJ~ma1mb![2mC. ~6!

The susceptibility is defined bym5xhext, while the magne-
tizationm5x0htot , wherehtot5hext1hint is the total field at
each site. Simple rearrangement yields

x5x0 /~11Cx0!, C5J~l12m1!, ~7!

as the mean-field, interaction-corrected susceptibility.
In Fig. 4~a! is shown the quantityx(T) @Eq. ~7!#. The

agreement with both powder and single-crystal data is go
Qualitatively, both the exclusion statistics factor and@Fig.
4~b!# the mean-field correction are required to deducex(T)
within this framework. Quantitatively, the temperatureTmax
of the peak in the model is 58 K, rather lower than both d
sets, whilexmax is fractionally smaller. This latter result cor
roborates the presence of frustrating interactions, wh
mean-field correction gives a suppression. From Fig. 4~b!,
the modeluC is in excellent accord with the data.

The discrepancies between calculation and experim
may be analyzed by applying the triplet hopping theory w
mean-field correction to the dimerized chain. For a ch
with l50.8, the resultingx(T) is directly comparable with
essentially exact numerical simulations.12,2 This comparison
~with Figs. 2 of Refs. 12 and 2! reveals thatTmax

m /Tmax
n

FIG. 3. Density of states for computed magnon dispersion.
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.0.75, while xmax
m /xmax

n .1.2, where superscriptsm and n
denote model and numerical results, respectively. The
ratio is very similar to the discrepancy between model a
experiment above. The second suggests further that in 1d the
mean-field correction is not sufficient to reprodu
interaction-induced suppression ofx, whereas improved
agreement is achieved in 2d. We conclude that deviation
from the data arise primarily because the calculatio
scheme cannot fully account for magnon interactions, a
not due to any intrinsic shortcomings of the model.

Electron-spin resonance~ESR! experiments have also
been performed on powder and crystalline VOPO samp
and we focus on the latter.10 For linearly polarized~micro-
wave! radiation, which excites transitions ofDSz561, the
power absorption is given13 by the imaginary part of the
susceptibility

x9~v!5pd~\v2h!sinh~b\v!E d2k

~2p!2
e2bv~k!. ~8!

Including the hard-core boson constraint as above, the in
sity at the resonance frequency\v5h is

I ~b!}
sinh~bh!z~b!

11@112cosh~bh!#z~b!
. ~9!

This quantity contains in principle the mean-field correcti
in the form h5hext2Cm. However, for the strongest reso
nance at 134 GHz;7 K, the sinh function is linear at tem
peratures on the order ofD, and alterations ofh affect only
the prefactor.

FIG. 4. ~a! x(T) from model parameter set. Deviations fro
measured data~Ref. 10! are discussed in text.~b! x21(T) with
~solid line! and without~dashed! mean-field correction.
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The calculated ESR absorption at 134 GHz is shown
Fig. 5 with the data of Ref. 10. The excellent agreem
indicates the importance of the 2D density of states, in p
ticular the energy of the logarithmic singularity~Fig. 3!.
While the ESR absorption is often considered to measu
q50 property akin tox(T), we note here a significant dif
ference between the two in experiment. Theoretically,
triplet hopping approach yields a single energy scale for b
quantities, which is in more satisfactory agreement with
ESR absorption, indicating that this is rather less sensi
thanx(T) to magnon interactions.

We conclude with a brief analysis of possible bou
states of two magnons with the computed dispersion, to s
an explanation for the observed second mode. The in
perturbative problem, represented generally asH5H0
1aH8, may be brought by a continuous, unita
transformation14 to a new HamiltonianHeff which conserves
triplet number (@Heff ,H0#50). This procedure is conducte
perturbatively ina to generate a series forHeff . The action
of Heff on the sector with one triplet gives the one-magn
dispersion, while on the two-triplet sector with total spinS
51 it yields the two-magnon continuum and contains in a
dition magnon interactions. At fixed momentum one obta
a two-body problem soluble by La´nczos tridiagonalization
in particular for the energy of~triplet! bound states. The
number of interaction coefficients rises very rapidly with o

FIG. 5. ESR absorption from model parameter set, showing
cellent consistency with observation~Ref. 10!.
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dern in a. We have completed calculations forn53 and 4,
finding only small alterations ('2% of the continuum edge
energy!, but caution that these remain potentially significa

The predicted dispersion curves for the two-magn
bound state, computed at fourth order, are shown as the
ted lines in Fig. 2. We find that with the parameters fixed
above, the bound state does appear as an excitation m
below the continuum over a large part of the Brillouin zon
However, this is not the case close to the band minimu
where it is lost in the continuum. While we thus do n
always find a second mode below 2D in a consistent treat-
ment, the discrepancy between the computed bound state
the observed resonance is not large: it is reasonable to
tulate that forthcoming refinement of this calculation, a
possible extension of the model to include further inter
tions, will indeed yield a quantitative explanation of the se
ond mode.

In summary, we have presented a model for frustrated,
coupling in ~VO!2P2O7. The model gives an excellent an
fully consistent account of the available data concerning
ementary excitations, namely the one-magnon dispers
static susceptibility, and ESR absorption. We use it to pre
the dispersion in the entire Brillouin zone, and to indicate
origin of the observed, low-lying second excitation mode
a triplet two-magnon bound state.

During completion of this work, we became aware of t
contribution of Weisse, Bouzerar, and Fehske15 These au-
thors investigated the same model, albeit without the ph
cal justification presented here, by diagonalization on sm
~up to 438! clusters. Their results are qualitatively in goo
agreement with our expectation that frustration should p
mote bound states. Quantitatively, the parameters chosen
fer considerably, and we would not expect to see good ag
ment with susceptibility and ESR data.
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