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Dynamics of the Peierls-active phonon modes in CuGeO3

Claudius Gros and Ralph Werner
Institut für Physik, Universita¨t Dortmund, D-44221 Dortmund, Germany

~Received 12 August 1998!

We reconsider the Cross and Fischer approach to spin-Peierls transitions. We show that a soft phonon occurs
only if V0,2.2TSP. For CuGeO3 this condition is not fulfilled and the calculated temperature dependence of
the Peierls-active phonon modes is in excellent agreement with experiment. A central peak of a width
;0.2 meV is predicted atTSP. Good agreement is found between theory and experiment for the pretransi-
tional Peierls fluctuations. Finally, we consider the problem of quantum criticality in CuGeO3.
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Structural phase transitions come essentially in two v
eties, those with a soft phonon mode and those without p
non softening and a central peak.1 Typically one associate
them to displacive and to order-disorder transitions, resp
tively, even though there is no strict formal distinction b
tween displacive and order-disorder transitions. It came t
as a surprise that the spin-Peierls transition in CuGeO3,

2

which had been shown to be displacive,3 shows no phonon
softening.3,4 Even worse, the Peierls-active phonon mod
harden by about 5–6 % with decreasing temperature.5 It has
been generally assumed, up to now, that this behavio
inconsistent with the random-phase approximation~RPA!
approach by Cross and Fischer~CF! to the spin-Peierls
transition.6 Here we show that the CF theory is actually ful
consistent with the experimental results for CuGeO3. We
show that soft phonons occur within RPA only if the ba
phonon frequencyV0 satisfiesV0,2.2TSP. For larger pho-
non frequencies the phonon does not soften and a ce
peak develops at the spin-Peierls transition temperatureTSP.
We then test the applicability of RPA to CuGeO3 by calcu-
lating the pretransitional Peierls fluctuations. We find go
agreement with experiment. Finally, we note that a key
gredient of the CF approach, quantum criticality, can
tested for in CuGeO3.

RPA approach.The retarded phonon Green’s functio
Dq(v) is given by7

Dq~v!5
2V0~q!

v22V0
2~q!22V0~q!Pq~v!

, ~1!

whereV0(q) is the frequency of the bare phonon with m
mentumq. In RPA one approximates the phonon self-ene
Pq(v) by gq

2xq(v), wherexq(v) is the dynamical energy
energy correlation function and wheregq is the electron-
phonon coupling constant, given by

ugqu25
l2\

MV0~q!
„12cos~qc!…, ~2!

where we have used

(
n

l~un112un!Sn•Sn11 , ~3!
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for the spin-phonon coupling within a linear-chain mod
HereSn are the spin operators at siten, un the displacement
operators for the normal coordinates of the Peierls-ac
phonon mode,5,8 and M is the effective mass of the norma
mode.

At the spin-Peierls transition a spontaneous dimerizat
occurs belowTSP, at q5p/c. In the following we set the
lattice constantc to unity in the theory formulas. Cross an
Fischer observed that the correct functional form forxq(v)
~in the limit v→0! can be obtained from bosonization,6

Txq~v!522dI1S v2D

2pT D I 1S v1D

2pT D , ~4!

whered'0.37 is a constant depending weakly on the m
mentum cutoff,D5vsuq2pu is the lower edge of the two
spinon continuum (vs is the renormalized spin-wave veloc
ity!, and

I 1~k!5
1

2p E
0

`

dx eikx
„sinh~x!…21/2.

Txq5p(v) is scale invariant and a function ofv/(2pT)
only ~independent of the spin-spin couplingJ!. This behav-
ior is characteristic of quantum critical systems.9 For any
temperatureT.0 we can expandTxp(v) in v/(2pT) as

Txp~v!52x02 ix1S v

2pTD1x2S v

2pTD 2

1•••, ~5!

with x0'0.26, x1'0.81, andx2'2.2. The position of the
polesvp of Dp(v) are then determined by the roots of

v22V0
2

2V0gp
2 5Re xp~v!'2

x0

T
1

x2

T S v

2pTD 2

, ~6!

whereV0[V0(p). Typical plots of the left- and right-hand
side ~rhs! of Eq. ~6! are presented in Fig. 1.

A spontaneous lattice dimerization, i.e., a macrosco
occupation of the Peierls-active phonon mode, occurs atTSP
when Eq.~6! has a solution forv50. This determines the
transition temperature as6

TSP5
2gp

2

V0
x0 . ~7!
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Remarkably, Eq.~7! is independent ofJ, due to the scale
invariance ofTxp(v). We compare the prefactor of th
terms;v2 of the rhs and lhs of Eq.~6! and find that for

1/~2gp
2 V0!.x2 /~4p2TSP

3 !, ~8!

Eq. ~6! has a single solution forT5TSP and inspection of the
temperature dependence of this solution forT.TSP @com-
pare Fig.~1!# shows that this root continuously connects
theT5` solution, limT→`vp5V0(p). In the parameter re
gime defined by Eq.~8! the phonon softens completely. W
can use Eq.~7! to eliminategp from Eq. ~8!. We obtain

TSP.
V0

2p
Ax2

x0
'0.46V0 , V0,2.2TSP, ~9!

for the soft-phonon regime. ForV0.2.2TSP the Peierls-
active phonon does not soften completely and may even
come harder with decreasing temperature, as illustrate
Fig. 2. NearT5TSP an additional central peak shows u
leading to the phase transition. For CuGeO3 there are two
Peierls-active phonon modes with energies5 v15151 K and
v25317 K, respectively. Since~see below! Vg'vg (g
51,2) and TSP514.1 K we find that CuGeO3 is in the
central-peak regime.

Application to CuGeO3. In order to compare more in de
tail with the experimental results for CuGeO3 we have gen-
eralized Eq.~1! for the case of two phonon frequencies. D
noting byD1/2(v) the retarded Green’s functions of the fir
and second phonon with bare frequenciesV1 and V2 , re-
spectively, and byg1 andg2 the respective spin-phonon cou
pling constants, we obtain

D1~v!5D1
~0!~v!1

„D1
~0!~v!…2g1

2xp~v!

12„g1
2D1

~0!~v!1g2
2D2

~0!~v!…xp~v!

FIG. 1. Plots of Rexp(v) ~solid lines! for T5TSP and T
52TSP, as a function ofv/TSP. The temperature independent lef
hand side~lhs! of Eq. ~6!, (v22V0

2)/(2V0gp
2 ), is plotted for

V0 /TSP51.3,2.6,4~dashed lines!, with gp given by Eq.~7!. The
filled circles denote the position of the phonon frequenciesvp . The
arrows indicate the shift ofvp with decreasing temperature. Inse
Im xp(v).
e-
in

-

and an equivalent equation forD2(v). Here D1/2
(0)(v)

52V1/2/(v22V1/2
2 ).7 An analysis similar to the one-phono

case can be performed forD1(v)1D2(v). One finds

TSP5S 2g1
2

V1
1

2g2
2

V2
Dx0 ~10!

for the transition temperature and

TSP.Ax2

x0

V1V2

2p
Ag1

2V21g2
2V1

g1
2V2

31g2
2V1

3 ~11!

for the soft-phonon regime.
In order to determineg1 andg2 for CuGeO3 we note that

the lower/upper phonon mode contributes to the structu
distortion below TSP with weighting factors 2 and 3
respectively.5 This leads to

g1/AV1
3

g2/AV2
3

5
2

3
,

g1

g2
5

2AV1
3

3AV2
3
'

2Av1
3

3Av2
3
'

1

4
. ~12!

Equations~12! and ~10! determine the spin-phonon cou
plings g1 ,g2 . For TSP514.1 K we findV153.13 THz and
V256.65 THz for the bare phonon frequencies andg1
50.45 THz (g254g1) for the spin-phonon coupling.

In Fig. 3 we have plotted the results for the dynamic
structure factor,

S~p,v!52
1

p

Im@D1~v1 id!1D2~v1 id!#

12exp~2bv!
, ~13!

where we have used the experimental resolution func
@THz# d'0.02310.028v/(2p).10 The intensity of the ex-
perimental spectra,5 also shown in Fig. 3, has been scale
the ~constant! background has been adjusted.11 The overall
agreement between experiment and theory is satisfactory
though the hardening of the lower phonon mode is somew
more pronounced in the experiment~6% vs 1%!. No experi-
mental data for the upper mode were available forT
516 K. In the inset a blowup of the central peak is given
should be possible to resolve the predicted central peak
low ;20 K. It has a width of'0.05 THz50.2 meV.

FIG. 2. The temperature dependence of the phonon frequen
vp for various values ofV0 /TSP. V0 is the bare phonon fre-
quency. The arrows indicate the respective minimal phonon
quency.
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The theory presented here is based on the RPA appr
mation. Cross and Fischer6 have shown that corrections t
RPA are small whenever the Peierls-active phonon mo
are already soft far aboveTSP. Here ‘‘soft’’ means soft rela-
tive to the other~non-Peierls active! phonon modes.17 This
condition is not fulfilled for CuGeO3 and one might question
the applicability of RPA in the central-peak regime. In vie
of the fact that standard phenomenological theories for
central peak occurring in structural phase transitions h
RPA form,1 one might reasonably expect that corrections
RPA do not change the results presented here qualitativ
In order to estimate the~quantitative! magnitude of the cor-
rections to RPA for CuGeO3 we have compared the RP
prediction for inverse lattice correlation length 1/j with the
experimental pretransitional Peierls fluctuations.

The lattice correlation length is determined by the lon
distance falloff,

lim
z→`

E dq

2p
eiqzRe Dq~0!;eipz/ce2z/j, ~14!

where c52.94 Å is thec axis lattice constant of CuGeO3
and Dq(v)5(gDq,g(v). We have calculated 1/j from Eq.
~14!, using vs5(p/2)J(121.12a) ~Ref. 12! @which enters
Eq. ~4!#, J5156 K for the exchange integral, anda50.24
for the frustration parameter.13–15The results for 1/j are pre-
sented in Fig. 4, together with results for CuGeO3 obtained
by diffusive x-ray scattering,16 which are consistent with
neutron-scattering data and the absence of a soft phono3

Both experiment and theory show mean-field behav
1/j;AT2TSP. The RPA result agrees well with exper
ments. AboveT519 K the lattice fluctuations have one
dimensional character16 and the residual difference betwee
theory and experiment may be due to corrections to RPA

It is interesting to note that Eq.~4! for xq(v) is ~for
spin-rotational invariant Heisenberg chains! identical with

FIG. 3. Theoretical~thick solid lines! and experimental~solid
circles, Ref. 5! results for the dynamical structure factor. TheT2

1

phonons are Peierls active and included in the theory, (XOX)1 and
(XOX)2 are other nearby phonons. The data forT5296 K have
been shifted. Inset: Blowup of the central peak atT5TSP

514.1 K andT516 K ~not broadened!.
xi-
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the bosonization result for the magnetic dynamical struct
factor, S(AF)(q,v).18 Quantum criticality implies
TS(AF)(p,v) to be a universal function ofv/(2pT), at least
for small v. In the inset of Fig. 4 we have plotted th
bosonization result forTS(AF)(p,v), together with the res-
caled neutron-scattering results.3 We observe that the exper
mental data approximately obey the scaling, though ther
substantial scattering of the data for smallv/(2pT), possi-
bly influenced by noncritical contributions from the Peie
fluctuations or by a crossover of the character of the m
netic excitations from one to two dimensions near the Pei
transition.14 It is also interesting to note that the predictio
for TS(AF)(p,v) is independent ofJ and that the data for
other one-dimensional Heisenberg antiferromagnets w
very different values of the couplingJ, like KCuF3,

19 should
fall onto the same universal curve presented in the inse
Fig. 4. An experimental verification of quantum criticalit
for S(AF)(p,v) would imply also scale invariance fo
xp(v), since both coincide within bosonization.6,18

Generalization.Until now we assumed spin-rotational in
variance. Next we will show that a central-peak regime o
curs also in spin-Peierls transitions lacking spin-rotatio
invariance. An example is the spin-Peierls transition in
system of phonons coupled to an array of chains with Is
spins. This model was solved exactly by Pytte.20 It contains a
parameter regime, where the transition is displacive a
phonons do not become soft. In the oppositive limit, wh
the spin chains arexy-like, the transition corresponds via th
Jordan-Wigner transformation to the standard Peie
transition.21 Again one can show22 that soft phonons occur in
RPA, e.g., for TSP5J/10, only for V0,0.8J. For V0
.0.8J the Peierls-active phonon does not become soft an
central peak arises atTSP.

Discussion.In this paper we have shown that the RP
approach to the spin-Peierls transition includes both a s
phonon and a central-peak regime. This result is at first s

FIG. 4. RPA and experimental results~Ref. 16! for the inverse
lattice correlation length 1/j. The theory does not contain any fre
parameter. Inset:TS(AF)(p,v), as a function ofv/(2pT), as pre-
dicted by bosonization@solid line, Eq. ~4!#, and the neutron-
scattering results,3 for T514.5 K ~filled squares!, T520 K
~crosses!, andT550 K ~diamonds!.
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counterintuitive, as continuous lattice distortions belowTSP

are generally associated with a softening of the lattice ab
TSP.

The eigenstates of the spin-phonon system evolve a
batically as a function of the spin-phonon coupling stren
in the soft-phonon regime. In the central-peak regime a n
magnetophonon appears at low frequencies and condens
TSP, leading to the structural transition and the formation
spin singlets. This new collective excitation is a superpo
tion of a phonon with two magnons in a~valence-bond! sin-
glet state. Condensation of this magnetophonon atTSP leads
to the simultaneous formation of the valence-bond sing
and the dimerization of the lattice. The magnetophon
couples to the phonon propagator and therefore shows u
a low-energy resonance inDq(v), the central peak. The
other resonance inDq(v), at vp , has the limit limgp→0vp

5V0(p). Therefore one usually regardsvp to be the
‘‘true’’ phonon frequency. In terms of the eigenstates of t
coupled spin-phonon system such a distinction does
make sense. In the central-peak regime the spectral weig
ev

l
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h
w
s at
f
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ts
n
as

ot
of

Dq(v) is divided in between the ‘‘phonon-resonance’’ atvp
and the soft magnetophonon.

Conclusions.The absence of a soft Peierls-active phon
mode in CuGeO3 has been considered as a challenge
theory. It has been argued23 that the Cross and Fischer theo
is essentially incomplete, i.e., not applicable to CuGeO3.
Here we point out that the absence of soft phonons d
actually find a natural explanation within the CF approa
The calculated temperature dependence of the phonon m
and that of the pretransitional Peierls fluctuations are in
cellent agreement with experiment. A central peak of wid
0.2 meV is predicted to appear atTSP. Finally, we have
pointed out, that a key ingredient of the theory, the quant
criticality of xp(v), can be tested, albeit indirectly, wit
neutron scattering through a test of the scale invariance
the magnetic dynamical structure factorS(AF)(p,v).
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