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Ab initio molecular dynamics of expanded liquid sodium
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The properties of liquid sodium have been studied usingab initio molecular dynamics over a wide range of
temperatures and pressures. When expanded along the liquid-vapor coexistence curve, the dc conductivity and
average number of nearest neighbors decrease, as has been observed for other alkali metals. There is a sharp
drop in the dc conductivity when the density decreases from 0.31 to 0.16 g/cm3. For densities at or below the
latter value, the sodium vapor was observed to partially condense into a small fraction of the supercell
simulation volume. This condensation was accompanied by aggregation of sodium atoms, but the lifetimes of
these clusters are less than the vibrational period of the sodium dimer, indicating that they are short-lived
transient associates, not molecular clusters in the traditional sense.@S0163-1829~98!50242-1#
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The properties of liquid alkali metals along the liqui
vapor coexistence curve have received considerable atte
in recent years. At high densities, near the triple point, th
materials may be regarded as monatomic conducting fl
with each atom contributing one electron to a conduct
band.1 As the alkali is expanded along the coexistence cur
the dc conductivity and average number of nearest neigh
both decrease, while the average nearest neighbor separ
remains relatively constant.2 Near the critical point, there is a
sharp drop in the dc conductivity as the fluid undergoe
metal-non-metal~MNM ! transition.3 The critical point may
also be approached from below by condensing the vapo
this case a transition from a nonconducting mixture of ato
and molecules to a conducting atomic liquid should occu

Most of the experimental and theoretical studies of
panded alkali metals have been restricted to rubidium
cesium due to the accessibility of the critical conditions,Tc

51924 K andPc59.25 MPa for Cs andTc52017 K and
Pc512.45 MPa for Rb.3 These have generally conclude
that the origin of the MNM transition is correlated with th
formation of molecular clusters. For example, an exami
tion of equation-of-state data of cesium near the critical po
concluded that there is a substantial number of dimers
tetramers,4 while another calculation suggests that the sta
structure resulting from the expansion of a bcc cesium lat
is a simple cubic lattice of cesium dimers.5 The appearance
of low frequency harmonic oscillations in the structure fac
of expanded cesium6 and rubidium7 also gives evidence fo
an atomic to molecular transition in the fluid. The propert
of liquid sodium in this region are not as well document
due to the difficulty in reaching the critical point,Tc
52485 K andPc524.8 MPa.3
PRB 580163-1829/98/58~18!/11813~4!/$15.00
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There have been several studies of these systems u
classical molecular dynamics~MD! simulations, but these
are of little use in predicting properties near the critical po
since the variations in the electronic and ionic degrees
freedom cannot be accurately modeled with an empirical
tential. For this reason, an increasing number of first pr
ciples,ab initio or quantum MD simulations have been us
to investigate the properties of liquid alkali metals. Many
these are still restricted to temperatures and densities
below the critical point.8–12 Among the more general studie
are calculations of the radial distribution and optical cond
tivity in expanded rubidium at 350 and 1400 K using t
local density approximation~LDA ! in combination with a
MD simulation.13,14 A similar technique was used by Silves
trelli, Alavi, and Parrinello to calculate the pair correlatio
and optical conductivity in liquid sodium at temperatures
to 1000 K.15 Self-diffusion constants in liquid sodium at tem
peratures ranging from 400 to 1400 K were also calculate
ab initio simulations based on the Car-Parrine
formalism.16 Simulations based on first principles have al
been used to calculate the radial distribution function, dif
sivity and other properties of cesium and rubidium, but t
lowest densities in this study were approximately four tim
the critical values.17

In this Rapid Communication, we present the results ofab
initio MD simulations of liquid sodium at fixed densities o
0.08, 0.16, 0.31, 0.47, 0.74, and 1.28 g/cm3 and temperatures
ranging from 800 to 3000 K. Our simulations cover a mu
wider range of densities and temperatures than has pr
ously been explored either experimentally or theoretica
We use MD to generate ionic trajectories and compute
forces acting on the classical ions
R11 813 ©1998 The American Physical Society
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MIRẄ I52¹RW I
EDFT ~1!

from first principles using Hohenberg-Kohn-Sham dens
functional theory18 ~DFT! in the local density approximation
~LDA !. Note that 1.28 g/cm3 is the LDA equilibrium density,
while 0.93 g/cm3 is the experimentally observed equilibriu
density. The LDA has a well-known tendency to overbi
weakly interacting atoms.

To compute theab initio trajectories we use the Ca
Parrinello method, for which numerous reviews a
available.19 The fictitious massesm i for the electronic wave
functions,c i , werem5300 a.u. and the time step sizes we
Dt57 a.u.. We use a simple cubic unit cell with period
boundary conditions containing 64 (r50.08 g/cm3) and 128
atoms~all other densities!. The plane wave cut-off energy i
the expansion of thec i was 6 Ry at the Gamma point (k
50) in the Brillouin zone of the supercell. The electron-io
interaction is represented by a Martins-Troullier type lo
pseudopotential.20 The MD trajectories comprise 750–500
~microcanonical! time steps after careful equilibration.

We have performed many careful checks on the quality
the interaction and simulations. For the heavily-studied
gion around melt~r;0.93 g/cm3; T5500– 1000 K!, our
pair-correlation functions, diffusion coefficients, and elec
cal conductivities compared very well with experimen
values21 and otherab initio MD simulations.15,16 In addition,
analysis of the post-equilibration trajectories indicates t
quantities such as the autocorrelation functions, for exam
have reached stable forms yielding statistically meaning
properties.

The radial distribution function,g(r ), was calculated by
averaging over the atomic positions during each trajectory
is plotted in Fig. 1 for four points near the liquid-vapor c
existence curve, as mapped out in Ref. 21. Note that th
densities are above the critical value of 0.30 g/cm3. The tem-

FIG. 1. Radial distribution function for four points near th
liquid-vapor coexistence curve. The temperatures, peak positi
and number of nearest neighbors for each density are given in T
I.
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perature dependence ofg(r ) is similar to that found for other
liquid alkali metals in experiments2 and density functional
MD simulations.17 At low temperatures, there is a stron
primary peak that becomes broader and less intense
increasing temperature. The position of this peak,R1 , re-
mains nearly constant. However, the average numbe
nearest neighbors, defined byN152r*0

R1g(r )4pr 2dr,
wherer is the density, decreases with decreasing density
shown in Table I. The usual interpretation of this behavior
that the density decreases by reducing the average numb
neighbors, not by increasing the average interatom
separation.2 A second peak is also evident at higher densiti
but this gradually becomes washed out due to a reductio
the average number of second nearest neighbors in
atomic fluid.

The dc conductivity was also calculated for selected t
jectories usingG point sampling in the Kubo-Greenwoo
formulation,22,23 with the usual delta function resolved b
averaging over a finite frequency interval,Dv, giving24,25

s~v!5
2p

VDv (
i j

F@e i ,e j #uDi j u2

e j2e i
~2!

where V is the atomic volume. F@e i ,e j #5@ f 0(e i)
2 f 0(e j )#/v, which is the difference between the Ferm
Dirac distributions f 0 at temperature T and frequencyv.
uDi j u25 1

3 (au^c i u¹auc j&u2, which represents the velocity di
pole matrix element. The quantitiese i andc i are the energy
and wave functions for thei th orbital found from the diago-
nalization of the Kohn-Sham equations. The summationi
runs over all occupied states while that inj covers only
unoccupied states. The dc conductivity is then obtained
averagings~v! over several time steps and using a polyn
mial fit to extrapolate to zero frequency. We note that S
vastrelli, Alavi, and Parrinello calculated the electrical co
ductivity of liquid sodium for temperatures up to 1000
using bothG point and 8-k vector sampling.15 There was
good agreement between the two sampling methods at
peratures above 850 K, so theG-point sampling in our cal-
culations should yield sufficient accuracy.

Table I gives the value of the dc conductivity for fou
points on the coexistence curve, indicating that it decrea
monotonically with decreasing density. A similar analysis
more difficult at lower densities due to the large superc
size and concomitant computational effort; however a cal
lation at 0.16 g/cm3 yields a dc conductivity on the order o
100 V21 cm21, which is approximately the size of the erro
bars in the extrapolation ofs~v!. This value is an order of
magnitude smaller than the calculated dc conductivity a
density of 0.31 g/cm3 and a temperature of 2500 K, whic

s,
le

TABLE I. Liquid sodium properties near the coexistence cur
See text for definitions ofR1 andN1 .

r (g/cm3) T ~K! R1 ~bohr! N1 s0 (103 V21 cm21)

0.93 800 6.64 6.4 38
0.74 1200 6.69 5.4 8.3
0.47 2100 6.62 3.3 2.7
0.31 2500 6.65 2.7 1.4
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indicates that the critical point in our simulations is belo
0.31 g/cm3 and is consistent with the critical density o
0.30 g/cm3 reported for sodium.3

The temperature and density dependence ofg(r ) and the
average number of nearest neighbors provide a rather co
grained description of the physical characteristics of the s
tem. To determine how the atoms interact, it is more instr
tive to examine movies of the simulations. Snapshots ta
from such a movie are shown in Figs. 2 and 3 for a density
0.16 g/cm3 ~128 atoms! and temperatures of 1000 and 25
K, respectively. The atomic positions are plotted with so
circles, while the box represents the size of the periodic
percell. At the higher temperature, the atoms are fairly w
distributed in the simulation volume, although there are so
sizable regions with a lower instantaneous density. This
ture is more pronounced in the snapshot at 1000 K, with
of the atoms occupying a volume that is approximately 2
of the supercell size. This corresponds to a density of
proximately 0.64 g/cm3, which is very close to the density o
the liquid at this temperature.21

FIG. 2. A snapshot of atomic positions at 1000 K and a den
of 0.16 g/cm3. The supercell size is defined by the box.

FIG. 3. A snapshot of atomic positions at 2500 K and a den
of 0.16 g/cm3. The supercell size is defined by the box.
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This striking condensation was also observed at the lo
est density studied, 0.08 g/cm3 ~64 atoms! at a temperature
of 2100 K, but not at 2300 K. These values bracket
experimental equation-of-state curve for sodium vap
There appears to be a tendency for the system to liquef
densities below the critical density, but inside the coex
ence curve. No condensation occurred in the trajectorie
densities greater than 0.30 g/cm3 at any temperature. The
movies show that the atoms are, on the average, unifor
distributed throughout the supercell for the duration of t
simulation. The phase separation behavior that we observ
our fixed-volume simulations is expected for the tw
component region~vapor/liquid! and reasonable. Howeve
we cannot expect the simulated phase separation to occu
the coexistence line. Surface effects in such small drop
will be unrealistically large, and the finite duration of th
simulations will prevent the thermodynamically most stab
phases to be reached. What we instead see is very like
kinetic instability. More simulations with larger samples an
longer trajectories need to be performed at the lower de
ties to understand the conditions that lead to condensatio
the atomic vapor.

We note that a visual analysis of the simulation is n
required to detect the onset of condensation. In a cubic
percell, evaluation of the radial distribution function is lim
ited to a sphere with a radius equal to half of the super
diameter. Therefore, only a fraction, 4p(L/2)3/3L350.52,
of the atoms are included in the averaging for a unifo
spatial distribution. The integrated g(r ), I
5(1/V)*0

R2g(r )4pr 2dr, should then be equal to 0.52, whe
V is the volume (5L3), and R25L/2. In the simulations
reported here,I<0.58 for all cases except those at densit
below the critical density, but inside the coexistence cur
as noted above. In the trajectories corresponding to Fig
and 3,I 50.84 and 0.63, respectively, whileI 50.73 for the
0.08 g/cm3, T52100 K simulation mentioned above. Ther
fore, an integratedg(r ) significantly larger than the value fo
a uniform distribution of atoms can indicate the degree
condensation.

An important physical change that has been observe
liquid alkali metals near the critical point is the formation
diatomic molecules.6,7 The formation of these dimers an
more complex molecules is analyzed in our simulations
identifying the atoms within a distance,r c , of each atom and
monitoring the evolution of each cluster. We found that t
most physical results are obtained by settingr c5R1 , the
center of the first peak ing(r ). Although this may seem a
little conservative, larger radii generally produce a flat dis
bution of cluster sizes and a significant number of clusters
sizeN/4 or larger. Smaller radii result in a very high percen
age of single atoms.

The lifetimes of these clusters are calculated by comp
ing the clusters in successive time steps to determine
long they remain intact. For each trajectory, the dimer
found to have the longest average lifetime, ranging fro
0.94tNa at 0.08 g/cm3 and 2300 K to 0.37tNa at 1.28 g/cm3

and 800 K, wheretNa5210 fs is the vibrational period of the
diatomic sodium molecule. The trimer lifetimes are reduc
by approximately 30% from these values, and the lifetim
decreases rapidly with further increases in the cluster s
The fact that these lifetimes are less than the vibrational
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riod of a Na2 molecule indicates that although a significa
number of atoms are close enough to strongly interact
given time, these clusters do not retain their identities lo
enough to be considered molecules.

Similar transient aggregation was observed in liquid hig
density hydrogen.24–26Such behavior is in contrast to a stud
of expanded cesium in which the structure factor was m
eled using reverse Monte Carlo techniques.27 This method
produces a snapshot of the average atomic configuration
the dynamical properties need to be taken into accoun
ensure that the lifetimes are significant with respect to
molecular vibrations.

In conclusion, we have used Car-Parrinello simulations
study the properties of expanded liquid sodium for a w
range of densities and temperatures. The decrease in th
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conductivity and number of nearest neighbors with decre
ing density along the liquid-vapor coexistence curve is
good agreement with the experimental results found for ot
liquid alkali metals.2 A cluster analysis shows that a signifi
cant number of dimers and other molecules exist at a gi
time step, but the lifetimes are much less than the vibratio
period of Na2. An interesting condensation was observed
several simulations at densities below the critical value,
inside the coexistence curve. To the best of our knowled
this behavior has not been found in other simulations of
panded alkali metals.

This work was performed under the auspices of the U
Department of Energy through the Theoretical Division
the Los Alamos National Laboratory. We acknowledge va
able discussions with Dr. L. Pratt of Los Alamos.
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