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Magnetic levitation of superconductors in the critical state

Carles Navau and Alvaro Sanchez
Grup d’Electromagnetisme, Departament de Fı´sica, Universitat Auto`noma de Barcelona, 08193 Bellaterra (Barcelona), Catalonia, Sp

~Received 18 September 1997!

The vertical levitation force in a cylindrically symmetric system composed of a permanent magnet and a
type-II superconductor is studied assuming the latter to be in a critical state. In a first step, a constant-field-
gradient approximation along the length of the superconductor is used to see the effects of the dependence of
the critical current density on the internal magnetic field. In a second step, the theory is generalized in order to
study the case when the field gradient is not constant, as is usually found in levitation experiments with bulk
superconducting samples. The model results are discussed in relation to recent experimental data on magnetic
levitation of high-Tc superconductors, explaining the observed behavior and making some predictions for
future experiments.@S0163-1829~98!00426-3#
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I. INTRODUCTION

When a superconductor is in the presence of a chan
applied magnetic field, supercurrents are induced inside
sample producing a diamagnetic response of the mate
The interaction of these supercurrents with an inhomo
neous magnetic field can produce stable levitation.1,2

In type-II superconductors, there is the possibility for t
magnetic induction to be different from zero inside t
sample in the form of quantized flux lines. In real type
superconductors at small current densities~J,Jc for a cer-
tain critical currentJc!, these flux lines can be pinned b
inhomogeneities in the sample. Under these conditions, w
an external applied field is increased or decreased, the m
netic flux moves within the superconductor towards its in
rior or exterior until a critical slope is reached in the flu
profile. In this critical state the current density attains
maximum valueJc .3 Phenomenologically, this behavior ha
been modeled by Bean’s critical-state model4 and its
extensions.5 Brandt6 showed qualitatively how from the pin
ning of flux lines some properties of levitation of type-
superconductors can be explained.

Moon et al.7 measured the vertical forces on a levitati
superconductor showing some of the main properties. Th
measurements were extended by several groups in ord
study the influence of orientation,8 material,9,10 or shape of
superconducting sample,11 comparing, sometimes, thin film
with bulk samples.12,13

On the other hand, few models have been develop
most of them studying the interaction between a superc
ductor and a permanent magnet. Hellmanet al.14 and Yang15

presented models based on total flux exclusion of the sam
that thus describe the behavior of type-I superconductor
type-II samples with very high critical current. Scho¨nhuber
and Moon,16 Chanet al.,17 and Torng and Chen18 have taken
into account the penetration of supercurrents, the latter w
an applied field provided by a pair of oppositely wound co
In Ref. 19, a systematic treatment of vertical levitation for
for type-II superconductors based on flux penetration w
done. Some papers20,21 have considered granular structu
for the superconductors when grains are completely p
etrated.
PRB 580163-1829/98/58~2!/963~8!/$15.00
g
he
al.
-

en
g-
-

se
to

d,
n-

le
or

th
.

s

n-

All the models mentioned above assume a supercond
ing sample small enough to consider the magnetic-fie
gradient constant along it. At the same time, the demagn
zation effect due to the finite dimensions of th
superconductor~SC! has been neglected. Until recently, on
in numerical calculations has this effect been taken into
count. Tsuchimotoet al.,22 using an axisymmetric boundar
element analysis, have calculated the dependence of le
tion force upon different geometrical parameters of a perm
nent magnet-superconductor system. Portabellaet al.23 have
used finite element calculations for the levitation force
order to estimate the value of critical current of a type
superconductor. In a recent work,24 we calculated the depen
dence of maximum vertical force upon the length of sup
conductor, considering both the demagnetization effect
the nonuniformity of the field gradient. In spite of these e
forts, a systematic treatment of vertical levitation force f
which the applied magnetic field cannot be assumed to h
a constant gradient has not been developed yet.

Moreover, most of the developments consider the sup
conductor to be in the critical state and describe it by me
of Bean’s critical-state model considering the critical curre
Jc as constant. Hovewer, it is known that most type-II sup
conductors and in particular high-Tc superconductors presen
a dependence of its critical current upon the internal m
netic field. Some analytical expressions have been propo
and succesfully applied to describe the magnetic proper
of superconductors.25,26 It is therefore necessary to incorpo
rate such a dependence in the study of the levitation
type-II superconductors. Although in numerical calculatio
by Tsuchimotoet al.27 a Kim’s model dependence for th
critical current density was implemented, a general study
the effect of this dependence has not been done yet.

This paper is structured as follows. In Sec. II we w
discuss the general characteristics of the model including
assumptions made, the starting formula for calculating
force, and the chosen values for the model parameters.
tion III will deal with a simplified case assuming a constan
field gradient for the magnetic field along the volume occ
pied by the superconductor. This case will enable one
understand in a simpler way the effect of field dependenc
the critical-current density. In Sec. IV we will consider th
963 © 1998 The American Physical Society
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more general case of a nonconstant-field gradient. We
end this section with a discussion of how our calculatio
relate to present and future experiments on magnetic lev
tion of superconductors. Finally, in Sec. V we will prese
the main conclusions of our work.

II. MODEL

We will study a levitation system composed of a cylind
cal permanent magnet~PM!, of radiusa and thicknessb,
uniformly magnetized along its axis with magnetizationM ,
and a cylindrical type-II SC, of radiusR and lengthL, placed
at a variable distancez above it, with the same axis of sym
metry. We use the usual cylindrical coordinates (r,u,z) with
the origin located at the center of the top face of the PM. T
superconductor~zero field cooled! is moved initially far from
the PM along thez axis, so that the magnetic field at eve
point of the SC undergoes a variation. On the axis this
plied magnetic field has only a vertical componentHz given
by

Hz~z,r50!5
M

2 S z1b

Aa21~z1b!2
2

z

Aa21z2D . ~1!

It can be proved that close to the axis the radial compon
of the applied field is much smaller than the vertical on
which is almost constant with respect tor in that region. So,
we can consider that all over a region close to the axis,
field has only an axial component given by Eq.~1!. This
approximation is quite good as long asr,a. Although we
will use Eq. ~1! for the external magnetic field, all the fo
lowing treatment can be used with a different expression
instead of a PM, we use another magnetic-field source s
that it acomplishes the above assumptions, the treatment
be valid as well with the new field configuration.

Following the calculation of Landau, Lifshitz, an
Pitaevskii28 but considering a volume current instead of
linear one, it can be seen that the force that a cylindrica
symmetric magnetic field produced over a region occup
by currentsJ5J(r,z) û has only a vertical component give
by

Fz5
pm0

12N E
r8,z8

J~r8,z8!S ]Hz~z8!

]z8 D r82dr8dz8, ~2!

where the integral has to be evaluated over the region c
taining currents24 andN is the demagnetizing factor for th
SC. A more detailed treatment should consider the magn
poles that appear in the faces of SC and the magnetic
that they create. For the purposes of this work, however,
sufficient to correct the force by the factor (12N)21 in or-
der to take into account these demagnetization effects.
magnetizing factors for cylinders, which are dependent
the radius-length ratio of the superconductor, are calcula
in Ref. 29, from which we have taken the value ofN we will
use.

The integral in Eq.~2! can be evaluated if we know th
supercurrent distribution over the whole sample. The critic
state model4,5 ~CSM! has been widely used in order to mod
this distribution in different geometries. The convention
CSM assumes that, in the regions where the SC has fe
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variation of magnetic field, a current of fixed value6Jc
~critical current! is induced. In this work, we shall use a mo
general extension of CSM that includes a dependence
critical current upon the internal magnetic fieldHi . Al-
though any other expression could be implemented, in
work we shall use an exponential dependence@J(Hi)
5K exp(2uHiu/H0)] as studied in Ref. 26 because it wa
found that this field dependence succesfully describes
magnetic properties of a wide range of high-Tc
superconductors.30 It is useful to define the parametersp
5KR/H0 and Hp5H0 ln(11p). p is a measurement of th
degree of dependence ofJc uponHi ; the limit p50 corre-
sponds to constant critical current~Bean’s limit!, and the
larger p is, the stronger is the dependence.Hp is called the
penetration field and is the field at which supercurrents h
just reached the center of the superconductor during its in
magnetization.

In order to study the effect of both the field dependen
and the field-gradient variation along the sample, we fix
the parameters of the PM and the geometrical ones of
SC. Throughout all this work we will use values for tho
parameters encountered in typical experiments. For the
we will take a512 mm, b520 mm, M5398 kA/m ~corre-
sponding to a remanent field of.0.5 T!. These parameter
for the PM yield a maximum applied field~at z50! of Hm
.170 kA/m. For the SC we will fix R56 mm and
L510 mm ~from which N50.35 is assigned!.29 In some
cases, an adequate normalization enables us to reduc
number of parameters that characterize the whole sys
~see Ref. 19!, but in this work, we are interested in descri
ing the behavior in absolute terms since one of our goals
be the estimation of some properties of the superconduc
material from data obtained from levitation experiments.

III. CONSTANT-FIELD GRADIENT:
THE EFFECT OF FIELD DEPENDENCE

We will first study only the effect of the field dependen
of the critical current. So, in this section, we will consid
that supercurrents fill a volumeV where the field is uniform
enough to enable assigning them a mean magnetizationM .
In this case, Eq.~2! can be simplified yielding

Fz5
m0V

12N
Mz

]Hz

]z
, ~3!

Mz being thez component of the magnetization of the S
sample. The values of the magnetic field and its derivat
~assumed as constant all over the SC in this section! are
chosen as the values at the bottom face of the SC. The
plied field at the SC will increase when the sample is d
scending~we shall call this the descending branch! and de-
crease when the SC is moving in the opposite se
~ascending branch!.

As explained in Ref. 26, the parameters that suffice
properly describe the magnetic response of the SC in
critical state areHm /Hp andp. In the present case,Hm cor-
responds to the maximum field created by the PM and th
fore has a fixed value, so the variation ofHm /Hp andp will
correspond exclusively to a variation of the particularJc(Hi)
dependence. In Fig. 1 we show results calculated for dif
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ent values of the parametersHm /Hp andp. In the insets of
the figures, we show the calculated magnetization of
sample with respect to the external magnetic field for e
case.

FIG. 1. Vertical levitation force using the constant-field-gradie
approximation as a function of SC height above the PM, for diff
ent values ofp andHm /Hp : ~a! Hm /Hp50.5, ~b! Hm /Hp51, ~c!
Hm /Hp52, ~d! Hm /Hp510. In all figures,p50 ~solid line!, 1
~dot-dashed line!, 10 ~dashed line!, and 100~dotted line!. The insets
schematically show, in each case, the magnetization of the sa
as function of the applied field (Hz) at the lower face of SC for the
same parameters as above.
e
h

In all the cases shown, the force is hysteretic becaus
the hysteresis in magnetization. As it can be seen in Fig
when varying the ratioHm /Hp maintainingp fixed, the force
becomes more hysteretic~in the sense that there are mo
relative separations between the ascending and descen
branches! for larger Hm /Hp ratios. This can be understoo
by examining the limiting cases~not shown in Fig. 1!. For
Hm!Hp and for all values ofp, supercurrents penetrate
very short depth into the superconductor. When reversing
movement of the sample, opposite currents also pene
only a short distance into the sample, yielding in a nonh
teretic behavior. This limit is similar to the Meissner sta
and yields a maximum value for the force at a given heig
In the other limit,Hm@Hp , supercurrents completely pen
etrate the SC at a very early stage in the descending bra
~far from the magnet!, and opposite currents do the same
the reverse branch when the SC is still very close to
reversing height. The result is an almost symmetric fo
curve with a large hysteresis.

Another general fact is that, far from the PM~low fields!,
the force is larger~in magnitude! in the ascending branch
than in the descending one for a given height. This com
from the fact that we start from a zero-field-cooled SC
that in the descending branch, initially, there are no curre
inside the SC, and thus, magnetization at low fields is alm
zero. When the superconductor is far from the PM, but in
ascending branch, there are currents inside the sample
interact with the field producing a larger force with respect
the force in the descending branch.

The incorporation ofHi dependence onJc (pÞ0) results
in the appearence of a minimum in the magnetization
applied fields smaller thanHp . This is understood by realiz
ing that whenp50, if Hz increases the magnetization nev
decreases~in magnitude! reaching a saturation atHz5Hp
corresponding to the field when currents have comple
penetrated the sample. WhenpÞ0, sinceJc decreases with
field, at a high enough applied field the magnetization wo
start to decrease~in magnitude!, although the current would
continue penetrating deeper into the SC. This produce
minimum in the magnetization at a field valueH* . H* can
be numerically calculated, being the solution of the equat

H*

Hp
@~11p!H* /Hp1p#~11p!H* /Hp5

p2

ln~11p!
. ~4!

It can be demonstrated thatH* lies betweenHp/2 andHp ,
depending onp. In the following, we shall study what the
consequences are of these effects of theJc(Hi) dependence
on the levitation force.

If Hz<Hm,H* (p) the introduction of the field depen
dence increases the force in the descending branch@Fig.
1~a!#. The largerp is, the larger this increase is. The reas
for this is that currents penetrate a distanced equal to

d5RS ~11p!~Hz /Hp!

p
21D , ~5!

with Hz /Hp,Hm /Hp,H* /Hp,1. So, d is a decreasing
function of p. The larger the value ofp is, the fasterJc
decreases but the less it penetrates. The result is, in this r
of fields, a larger~in magnitude! magnetization and, thus,
larger force. At the same time, in this case the force gets
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966 PRB 58CARLES NAVAU AND ALVARO SANCHEZ
hysteretic with increasingp because of the shallower pen
etration of currents. In the limitp→` the hysteresis tends t
zero since the penetration does also.

WhenH* (p),Hz,Hm the field becomes high enough
produce a decrease~in magnitude! of the magnetization
when the field is increasing. In the force behavior, this fac
translated into the presence of a peak in the descen
branch@see Fig. 1~b!#. Whenp increases the peak becom
sharper because in this case currents decrease faster af
increase of applied field. It is not hard to demonstrate t
when the applied field is larger thanHp , for a given mag-
netic field ~corresponding to a given height of the SC!, the
largerp is, the lower the force is@see Fig. 1~c!, left part#. For
a given nonzero value ofp, when the field is increased th
value of current decays to near zero due to its dependenc
field. So, if the field is high enough, depending onp the
force could tend to zero even at low heights~large applied
field!. In fact, in the limit p→`, H* 5Hp and the value of
the current is constant until the magnetic field reaches
value Hp , when it drops abruptly to zero. This produces
sharp fall of magnetization whenHz5Hp , and likewise the
force falls sharply at a heightzp corresponding toHz(zp)
5Hp . However, this fast drop in the force for thep→`
limit appears due to the choice of the particular exponen
dependence. For Kim’s dependence, for instance, even in
p→` limit the force would not fall abruptly to zero, but i
would decrease smoothly. This unphysical sudden drop
zero of the force would be rounded off when considering
more realistic case of nonconstant-field gradient even
very large values ofp ~see Sec. IV!.

WhenHm@Hp , the above behavior is accentuated. As
can see in Fig. 1~d!, except forp50, when the SC is close to
the PM the field is large enough to make the current l
enough so that the force becomes almost zero. Of cours
p increases the force becomes lower, because the largerp is,
the faster is the field-induced current decay.

The approximation of constant-field gradient along the
discussed in this section is adequate for describing levita
of SC samples when they are short or whenever the app
field does not have a strong variation. In the case of su
conducting thin films, owing to their short length, this a
proximation is always well fulfilled. In this limit, however
the magnetization is not well described by the conventio
critical-state model used here, but instead one has to us
extension to this geometry, where the demagnetization
fects are implicitly included.31 In that case, the penetratio
field is not given by the expression ofHp but instead de-
pends on the SC thickness@a penetration field is defined fo
thin films asHd5JcL/2 ~Ref. 31!#. When using realistic pa
rameters one often encounters the caseHm@Hd , which re-
sults in a symmetric force curve as discussed above.
vertical levitation force for this particular geometry has be
studied in Ref. 32.

We finally remark that the equations describing all t
above stages can be calculated analytically, by means of
~3! and using the results of Ref. 26.

IV. NONCONSTANT-FIELD GRADIENT

A. Formulation

In general, the dimensions of the SC and PM are such
the above approximation of constant-field gradient is
s
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well fulfilled. In these cases, it is better to consider Eq.~2!
instead of the simplified equation~3!.

Following Ref. 26, the magnetizationM in a cylindrical
sample can be evaluated by the integral

Mz5
2

R2 E
0

R

x8S E
x8

R

J~x9!dx9D dx8. ~6!

Defining the functionL(x)5*J(x)dx and assuming that cur
rents completely fill the sample, it is easy to see that Eq.~6!
becomes

Mz5L~R!2
2

R2 E
0

R

x8L~x8!dx8, ~7!

which is the same result at which we would arrive at calc
lating the radial integral in Eq.~2!. This demonstration is
easily extended to the case of currents not completely p
etrating the sample and also to the case for which there
different areas with different signs of the currents, just
defining differentLi(x)5*Ji(x)dx functions for each zone

The above shows that the radial integral of Eq.~2! equals
MzR

2, whereMz is the magnetization calculated using th
critical-state model. Equation~2! becomes

Fz5
m0pR2

12N E
z

z1LS ]Hz~z8!

]z8 D Mz~z8!dz8, ~8!

or, in a simpler form,

Fz5
m0pR2

12N E
Hz~z!

Hz~z1L !

Mz~Hz!dHz , ~9!

whereMz(Hz) represents, now, thez component of the mag
netization of the layer placed at heightz8, where the field is
Hz(z8), calculated by the CSM. As is clear from Eq.~9!, the
SC can be viewed as if it were composed of different lay
of differential length, at different heights, each of them fo
lowing the conventional CSM. The total force is evaluat
by adding the contribution of all layers. As in the previo
section, the demagnetization correction is done by the fa
(12N)21.

This integral can be analytically solved in the descend
branch simply integrating the formula for magnetization.
those stages where the frozen-field profile is nonconstan
all layers~ascending branch or minor loops! the integration
has to be numerically done. In the descending branch, for
casep50 ~Bean’s limit! we have three possibles stages.

~a! When the lower layer~low face of SC! is not fully
penetrated by supercurrents~consequently, none of the othe
layers are fully penetrated!, Eq. ~9! gives

Fz~z!5m0pR2$G1@H~z1L !#2G1@H~z!#%. ~10!

~b! When the lower layer is fully penetrated but the upp
one is not

Fz~z!5m0pR2$G1@H~z1L !#2G1~Hp!1G2~Hp!

2G2@H~z!#%. ~11!

~c! When the upper layer~and therefore, the whole SC! is
fully penetrated, we have
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Fz~z!5m0pR2$G2@H~z1L !#2G2@H~z!#%. ~12!

In the above we have used the definitions

G1~H !52
H2

2
1

H3

3Hp
2

H4

12Hp
2 , ~13!

G2~H !52 1
3 HpH. ~14!

WhenpÞ0 analytical expressions can also be found but
resulting expressions are too cumbersome to reproduce
here.

B. Results

In order to see how the consideration of nonconstant-fi
gradient~NCFG! affects the results, we first show in Fig.
the calculations for the casep50 and for some values of th
parameterHm /Hp together with the results obtained in th
previous section for constant-field gradient~CFG!. We incor-
porate in each figure an inset showing a sketch of cur
penetration in the NCFG and CFG approximations. The g
eral casepÞ0 shall be discussed later, although we anti
pate that the main conclusions found forp50 will be valid
in general.

In the NCFG approximation,Hp has to be redefined sinc
different layers of SC will not become completely filled b
current at the same height. We then arbitrarily defineHp for
the nonconstant-field-gradient case as the penetration fie
the bottom layer~bottom face! of the SC. When considering
the CFG approximation in the previous section, we ha
taken the values of the field and field gradient at the bott
layer of the SC and we have regarded these values as
stant for all layers. Now, in NCFG, the values of field a
field gradient are different in each layer, and both are larg
~in magnitude! in the bottom one~since we have chose
parameters for the PM that do not provide a minimum in
derivative of field; see Ref. 19!. In other words, we use in th
NCFG approximation the valueM (z)dz instead of the val-
uesM (z0)dz used in the CFG, thez0 being the height of the
bottom layer. As a consequence, when magnetization is
creasing with field@that is, whenHz(z),H* # the layer that
has a larger contribution to the total force is the bottom o
and thus, since the total force comes from the addition of
contributions from all layers, the force calculated in t
NCFG will be lower than the one calculated in the CF
approximation.

Figure 2 shows that the general behavior when consi
ing the NCFG is that the force is effectively an average alo
the length of the SC of the force calculated using the CFG
can be also noticed from Eq.~9!. In Fig. 3, we show the
results for the nonconstant-field-gradient approximation
different values of the parametersp andHm /Hp . Due to this
kind of average in the force, it can be seen that if force in
CFG does not present a peak at an intermediate height~Fig.
2!, the force in the NCFG will always be lower in magnitud
for the descending branch and for distances far from
magnet~low fields! in the ascending branch. In fact, whe
using the NCFG one can never reach the maximum fo
calculated using the CFG. If the peak in the CFG is not v
sharp, the averaging made in the NCFG makes the peak
e
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appear@see Figs. 1~b! and 3~c!, for the casep51#. When the
peak in the CFG is very sharp, the force in the NCFG a
has a peak in the descending branch@see Figs. 1~b! and 3~c!
for the casep5100#, although the averaging tends to smoo
it.

FIG. 2. Comparison of the vertical levitation force vs SC heig
calculated using the constant-field-gradient approximation~dotted
lines! and the nonconstant-field-gradient approximation~solid lines!
in the case ofp50 and for ~a! Hm /Hp50.1, ~b! Hm /Hp51, ~c!
Hm /Hp510. The sketches show schematically the current pene
tion profile for each case.



es of

968 PRB 58CARLES NAVAU AND ALVARO SANCHEZ
FIG. 3. Vertical levitation force as a function of SC height using the nonconstant-field-gradient approximation for different valup
andHm /Hp : ~a! Hm /Hp50.01, ~b! Hm /Hp50.5, ~c! Hm /Hp51, ~d! Hm /Hp55, ~e! Hm /Hp5100. The values ofp are 0~solid line!, 0.5
~dotted line!, 1 ~dot-dashed line!, and 100~short-dotted line!.
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C. Comparison with experimental results

It can be seen from Fig. 3 that the levitation behavior
the full NCFG approximation depends widely on the valu
of the parametersp, Hm , andHp . However, in practice the
parameters vary over a narrower range than that studied h
Hp is usually of the order ofHm for typical PM of about 1 T.
For a typical high-Tc superconductor,p ranges between 1
and 10.30 For this reason, the most likely behavior should
s

re.

similar to that in Fig. 3~c!. The experimental results shown i
Refs. 33, 17, and 12 are well represented by our calculat
in this range.

If the critical current is high enough the force would b
almost nonhysteretic and should have a large value. On
other hand, when the maximum field-penetration field ratio
high the descending branch of the force would be alm
symmetrically opposed with the ascending one. For b
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samples, the latter case is hard to find in experiments,
this behavior is experimentally found for thin films.12 The
reasons for this have been discussed in Sec. III and in
32. The experimental data of Refs. 12 and 34 clearly sh
the predicted symmetric behavior of the force curve.

In Fig. 3~d!, we have shown some cases in which a pe
in the descending branch appears. As far as we know
experimental results have been published showing this.
see that a significant peak in the descending branch woul
observable forHm /Hp.5 andp.1 or larger. With a typical
Hp.100 kA/m, the peak would appear for fieldsHz
.500 kA/m, which needs a PM ofM.1.5 T, clearly above
the range used in the experiments realized until now. In
case, however, the levitation force would not be as large
in the common experiments.

D. Experimental estimation of parameters

In the previous sections we have studied how the shap
the vertical levitation force curves depends on the key
rameters, and found how these curves reproduce well exp
mental data. The model can be used in another way as
lows.

Given an actual experiment for which the assumptions
fulfilled, the model can be used to obtain a good estimat
for the parametersp andHp of the sample, which characte
ize the critical current of the SC and its intrinsic field depe
dence. The process would be as follows. The maximum
plied field Hm and the dimensions of the PM and SC a
known for the particular experimental setup. From the h
teresis of the experimental data the penetration fieldHp can
be estimated from Fig. 3. As shown in Figs. 3~a!–3~c!, if
Hp>Hm a change inp is not very important~except whenp
is very high, a case seldom encountered for actual highTc
superconductors; the estimation would become more com
cated in this case!; if Hp,Hm , the p parameter is relevan
for the results and can be estimated from the position of
peak or from where an inflection in the descending branch
the force is appreciable, as can be seen in Figs. 3~d! and 3~e!.

V. CONCLUSIONS

We have presented some fundamental equations des
ing the levitation force of type-II superconductors. T
ut
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critical-state model has been used to model the penetratio
currents inside the superconductors. From the resulting m
netization we have calculated the levitation force that
field created by a permanent magnet provides.

Assuming that the field gradient is constant along
length of the superconducting sample, the equation for
levitation force is simplified, which makes it easier to see
effect of the dependence of the critical currentJc on the
internal magnetic field. We have seen that, when taking i
account the field dependence ofJc , the force takes larger o
smaller values at a given height depending on the value
the parameterp, which characterizes the dependence of
critical current on field, and the ratio between the applied a
the penetration fieldsHm /Hp . The limiting cases ofHm
@Hp andHm!Hp show that force can be almost symmet
cally opposed in the descending-ascending process an
most nonhysteretic, respectively. Depending also on
value ofp, a peak in the descending branch of the force c
appear. The exact value ofp controls the sharpness of tha
peak. In the limitp50 we find again the result for Bean’
model.

In the most general case, it is necessary to consider
variation of field and field gradient along the length of t
superconductor. We have seen that in this case the force
be calculated considering the superconductor as compose
different layers at different heights, each one following t
conventional critical-state model. Results for this case
similar to the constant-field-gradient approximation ones,
the force curve is now smoothed due to an integration al
the sample. In particular, the peak in the descending bra
would be present only for nonrealistic values of the para
eters.

We believe that the present treatment is useful not o
for giving a theoretical understanding of the magnetic le
tation of a superconductor, but also for presenting a met
to estimate material parameters of superconductors in a
destructive way.
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