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d-wave-induced angular dependence of surface superconductivity
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School of Physics and Astronomy, University of Minnesota, Minneapolis, Minnesota 55455

~Received 23 June 1997; revised manuscript received 17 February 1998!

The Ginzburg-Landau theory is used to estimate thed-wave correction to the critical fieldHc2 and toHc3,
the superconducting critical field in the presence of a surface. The correction toHc3 is dependent on the angle
of orientation of the crystal lattice with respect to the surface of the sample while that due toHc2 is a constant.
This angular-dependent shift inHc3, if experimentally observable, would be an indication of the pairing state
of the superconductor.@S0163-1829~98!06026-3#
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In recent years the pairing state of high-temperature
perconductors has been the subject of great theoretical
experimental interest. There have been numerous re
studies regarding the nature of the pairing state and its r
tionship to vortex structure.1–5

In this paper it will be shown in the spirit of the Ginzburg
Landau theory that there is ad-wave-induced shift in the
critical field Hc2 of high-temperature superconductors. Mo
importantly, the critical field in the presence of a surfaceHc3

has a characteristic dependence on the angle of orientatio
the crystal lattice to the sample surface. Given bulk samp
with various specific orientations of the crystal lattice to t
surface~specific, as there are preferred directions to be a
to form smooth, well characterized surfaces!, this effect
should, in principle, be experimentally observable giving
indication of the pairing state.

The contents of the paper will now be summarized. Firs
the extended Ginzburg-Landau equation with an anisotro
term is presented. The critical fieldsHc2 and Hc3 in the
absence of the anisotropic term are then obtained by a s
dard variational procedure. Thereafter, the corrections to
critical fields associated with the extended Ginzburg-Lan
equation are obtained perturbatively assuming the prefa
(D) of the anisotropic term to be small. This assumption
justified later in the paper. The next step is to study the ef
of diffuse scattering due to surface quality; the calculation
extended for general boundary conditions incorporatin
phenomenological parameterg. The cosinusoidal angular de
pendence ofHc3 is seen to persist over a significant range
g enhancing the possibility of experimental observation. T
dimensionless prefactorD is next estimated from the micro
scopic theory of Makiet al.6,7 D is seen to be small in the
regime where the Ginzburg-Landau theory is valid, justi
ing the perturbation theory used. An examination of the m
croscopic results6,7 shows thatD increases significantly a
temperature decreases suggesting that a substantial e
might exist at low temperatures. In conclusion, the results
the paper are summarized and experimental issues are b
discussed.

The first step is to write the Ginzburg-Landau free-ene
density with a term incorporatingd-wave contributions.
Such a term could arise from a treatment involvings and
d-wave order parameters simultaneously,1,8–10 or from
higher-order Ginzburg-Landau free energy terms:11,12,18
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f 5bucu21
1

2m*
uPcu21

D

2m*

j2

2\2
u~P̂x

22P̂y
2!cu2, ~1!

where

P̂5S 2 i\¹2
2eAW

c
D , ~2!

m* 52me , me being the electron mass, ande5electron
charge. Also,

b5aS T

Tc

21D 5
\2

2m* j2
, ~3!

wherej is the coherence length. The factorj2/2\2 is chosen
for later convenience and to makeD, the prefactor of the
d-wave term, dimensionless. Equation~1! may be rewritten
as

f 5bucu21
1

2m*
uPcu21

D

2m*

j2

\2 F uP̂x
2cu21uP̂y

2cu2

2
1

2
u~P̂x

21P̂y
2!cu2G . ~4!

The third term with the prefactorD in Eq. ~4! is an isotropic
term of higher order while the first and second terms g
rise to the angular dependence ofHc3.

Let us consider first the case whereD50 ~the standard
linearized Ginzburg-Landau free energy!, the corresponding
wave function being calledco . The boundary condition ap
propriate toco is

S 2 i\¹2
2eAW

c
D cousurface50. ~5!

Consider a semi-infinite superconductor with a single surf
in the yz plane. Thex axis is chosen perpendicular to th
surface as shown in Fig. 1. Furthermore, the analysis in
paper is restricted to the case where the external magn
field is directed along thec axis which is chosen parallel to
the z coordinate axis. Proceeding along the usual lines,13–15

the gauge is chosen such thatAW is parallel to they axis:

AW 5H~x2xo!ŷ. ~6!
952 © 1998 The American Physical Society
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The wave function of the superconducting nucleus can t
be chosen to be a function ofx alone. The boundary condi
tion then reduces to

dco

dx
U

surface

50. ~7!

Obtaining the critical field can be treated as a variatio
problem16 of minimizing the quantity:

bo5
\2

2m* j2

5
\2

2m*

*0
`@~dco /dx!21 ~4p2A2/fo

2! ucou2#dx

*0
`ucou2dx

, ~8!

wherefo5hc/2e is the flux quantum. The appropriate wav
function is

co5e2Cx2/2, ~9!

which satisfies the boundary conditionsco(`)50 and Eq.
~7!. Thereupon

bo5bo~C,xo!5S \2

2m*
D H 1

2 FC1S 2pH

fo
D 2

1

CG1S 2pH

fo
D 2

xo
2

22S 2pH

fo
D 2

xo

ApC
J . ~10!

The upper critical fieldHc2 for the bulk can be obtained b
settingxo50 in Eq. ~10! and minimizing with respect toC.
One obtains

C5S 2pH

fo
D , ~11!

bo5
\2

2m*
S 2pH

fo
D . ~12!

FIG. 1. The orientation of the crystal planes to the surface

the coordinate axes.â andb̂ are unit vectors along the crystal axe
n

l

In view of Eq. ~3! one obtains

~Hc2!o5
fo

2pj2
, ~13!

where the subscript ‘‘o’’ in ( Hc2)o will serve to differentiate
the above critical field from the one incorporating th
d-wave corrections.

The critical field of surface superconductivity,Hc3 can be
obtained by minimizing Eq.~10! with respect toxo andC in
turn, whereupon one obtains

C5S 2pH

fo
D b, ~14!

xo5
1

ApC
, ~15!

bo5
\2

2m*
S 2pH

fo
D b. ~16!

Proceeding as above one now obtains

~Hc3!05
fo

2pj2b
5

fo

2pj2

1

~12 2/p!1/2
. ~17!

Now let us return to the extended Ginzburg-Landau of E
~4!. AssumingD to be small, the correction tobo can be
obtained perturbatively withC and xo retaining the values
corresponding to the unperturbed case withD50.

For the above system with the coordinate axes chose
in Fig. 1, the perturbative correction tob is

b15bs21bd , ~18!

where

bs25
D

2m*
S 2

j2

2\2D E0

`

u@~)•â!2co1~)•b̂!2co#u2dx

E
0

`

ucou2dx

~19!

and

bd5
D

2m*

j2

\2

E
0

`

@ u~)•â!2cou21u~)•b̂!2cou2#dx

E
0

`

ucou2dx

.

~20!

In the aboveâ andb̂ are orthogonal unit vectors along th
crystal axes,â making an anglef with respect to thex axis.
Thus we have

â5cos~f!x̂1sin~f!ŷ, ~21!

b̂52sin~f!x̂1cos~f!ŷ. ~22!

Equations~19! and ~20! may be rewritten as

d
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bs25
\2

2m*
S 2

1

2D Dj2

*0
`e2cx2

dx
F E

0

`US cos~f!
d

dx
1sin~f!

d

dy
1 iQ~x2xo!sin~f! D 2

e2 ~c/2! x2

1S 2sin~f!
d

dx
1cos~f!

d

dy
1 iQ~x2xo!cos~f! D 2

e2 ~c/2! x2U2

dxG ~23!

and

bd5
\2

2m*

Dj2

E
0

`

e2cx2
dx

F E
0

`US cos~f!
d

dx
1sin~f!

d

dy
1 iQ~x2xo!sin~f! D 2

e2 ~c/2! x2U2

dx

1E
0

`US 2sin~f!
d

dx
1cos~f!

d

dy
1 iQ~x2xo!cos~f! D 2

e2 ~c/2! x2U2

dxG , ~24!

whereQ52 2pH/fo . After some algebra one obtains for the surface critical field

bs252S \2

2m*
D Dj2S 2pH

fo
D 2S 1

2D S 11
1

p
2

1

pb2D ~25!

52S \2

2m*
D Dj2S 2pH

fo
D 2

~0.2217! ~26!

and

bd5
\2

2m*
Dj2S 2pH

fo
D 2H 1

16F9b2162
4

p
1

1

b2S 92
12

p
2

36

p2D G1
1

16F3b21
4

p
261

1

b2S 32
4

p
2

12

p2D Gcos~4f!J ~27!

5
\2

2m*
Dj2S 2pH

fo
D 2

@b11b2cos~4f!#, ~28!
n

nc
to

t

rds
ring
ivity.
or
ogi-
e-

ld
whereb150.763 446 andb2520.139 415.
Again assuming theD-wave term to be small, one ca

make an expansion inD to obtain

Hc35~Hc3!0$12D@1.490 8520.383 708 cos~4f!#

1O~D2!%. ~29!

Thus thed-wave correction induces an angular depende
in the surface superconducting field which lends itself
experimental observation.

Proceeding in an analogous fashion withxo50 andQ5
2C one obtains the critical fieldHc2

Hc25~Hc2!o@12D1O~D2!#. ~30!

Thus, in this case, there is no angular dependence in
correction. The ratio of the critical fields is

Hc3

Hc2

5S 1

bD $11D@20.490 8510.383 708 cos~4f!#1¯%

~31!

51.65891D@20.814 27110.636 532 cos~4f!#

1O~D2!. ~32!
e

he

The quality of the crystal surface is an issue as rega
experimental studies. Pair breaking due to diffuse scatte
at imperfect surfaces can suppress surface superconduct
To study this effect, the calculation is now performed f
general boundary conditions incorporating a phenomenol
cal parameterg describing the structure of the junction b
tween the superconductor and the vacuum.

As a first step, it is necessary to obtain the critical fie
Hc3 in the absence of thed-wave term of interest. In the

FIG. 2. The dependence ofHc3(h1)/(Hc2)o on h1 for D50.
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presence of a magnetic field parallel to the surface, we h
the following Ginzburg-Landau equation valid in the sup
conducting region:

2
d2co

dx2
1S 2pH

fo
D 2

~x2xo!2co5
co

j2
. ~33!

The boundary condition is now given by

dco

dx
5

co

g
, ~34!
ve
-
where the wave function is now

co5e2~x2x1!2/2j2
. ~35!

The eigenvalue of the operator

2
d2

dx2
1S 2pH

fo
D 2

~x2xo!2 ~36!

being 1/j2, we obtain17
alue is
1

j2
5

E
0

`

e2 ~1/2! @~x2x1!/j#2
„2 d2/dx2 1~2pH/fo!2~x2xo!2

…e2 ~1/2! @~x2x1!/j#2
dx

E
0

`

e2 1/2@~x2x1!/j#2
dx

. ~37!

Writing j/g 5h1, this leads to

FHc3~h1!

~Hc2!o
G 2

5
@U~h1!/22 ~h1/2! e2h1

2
#

$U~h1!/22 ~h1/2! e2h1
2
2@1/4U~h1!# e22h1

2
%

5
g1~h1!

g2~h1!
, ~38!

whereU(h1)5*2h1

` e2x2
dx andxo5x11 @j/2U(h1# e2h1

2
. The dependence ofHc3(h1)/(Hc2)o on h1 is shown in Fig. 2.

The effect of thed-wave term is now studied by a perturbative analysis as before. The correction to the eigenv
determined from Eqs.~19! and ~20! to be

bd~h1!1bs2~h1!5
\2

2m*

D

j2 F f 3~h1 ,f!1S Hc3~h1!

~Hc2!o
D 2

f 2~h1 ,f!1S Hc3~h1!

~Hc2!o
D 4

f 1~h1 ,f!G , ~39!

where f 1 , f 2 , and f 3 are known functions ofh1 andf:

f 1~h1!5
2$h1@21Apsin~2 f!21ApErf~h1!sin~2 f!2#%

2 e3 h1
2
p3/2@11Erf~h1!#3

2
~114 h1

2!@21Apsin~2 f!21ApErf~h1!sin~2 f!2#%

4 e2 h1
2
p3/2@11Erf~h1!#2

2
h1~112 h1

2!@21Apsin~2 f!21ApErf~h1!sin~2 f!2#

4 eh1
2Ap@11Erf~h1!#

1
213 Apsin~2 f!213 ApErf~h1!sin~2 f!2

8
,

~40!

f 2~h1!5
3 @423 Ap2Apcos~4 f!23 ApErf~h1!2Apcos~4 f!Erf~h1!#

8 e4 h1
2
p2@11Erf~h1!#4

1
3 h1@423 Ap2Apcos~4 f!23 ApErf~h1!2Apcos~4 f!Erf~h1!#

4e3h1
2
p3/2@11Erf~h1!#3

1
~114 h1

2!@423 Ap2Apcos~4 f!23 ApErf~h1!2Apcos~4 f!Erf~h1!#

8 e2 h1
2
p@11Erf~h1!#2

1
h1~312 h1

2!@423 Ap2Apcos~4 f!23 ApErf~h1!2Apcos~4 f!Erf~h1!#

16eh1
2Ap@11Erf~h1!#

1
3 @2413 Ap1Apcos~4 f!13 ApErf~h1!1Apcos~4 f!Erf~h1!#

32
~41!
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f 3~h1!5
h1~2112 h1

2!@423 Ap2Apcos~4 f!23 ApErf~h1!2Apcos~4 f!Erf~h1!#

16eh1
2Ap@11Erf~h1!#

1
3 @2413 Ap1Apcos~4 f!13 ApErf~h1!1Apcos~4 f!Erf~h1!#

32
. ~42!

In the above expressions, Erf(h1) is the error function.
Proceeding as in the unperturbed case, we obtain

F Hc3

~Hc2!o
2G 2

5
g1~h1!

g2~h1!
2

D

g2
3 @ f 3~h1!g2

21 f 2~h1!g1
21 f 1~h1!g1g2#1O~D2!. ~43!

Maki et al.6,7 have studied the upper critical field ofd-wave superconductors within the weak-coupling model. They h
obtained, among other results, the critical field for the bulk case with the field parallel to thec axis. An estimate ofD can be
obtained by comparing with this microscopic model. Following Makiet al.,7 the upper critical field for a bulkd-wave
superconductor can be obtained by solving the coupled equations:

2 lnt5E
0

` du

sinh~u!
@12e2ru2

~112r2u4c1!#, ~44!

2c1lnt5E
0

` du

sinh~u! H c12e2ru2Fr2u4

12
1c1S 128ru2112r2u42

16

3
r3u61

2

3
r4u8D G J , ~45!

FIG. 3. The plot of@Hc3 /(Hc2)o# as a function ofh1 andf is shown forD520.02. The parameterh1 is plotted over a range from 0
to 0.4 andf from 2p to p.
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wherer5 2ev2Hc2(T)/(4pT)2, v being the Fermi velocity
in the ab plane. In the neighborhood of the transition tem
perature,r is small and the above equations can be solve
obtain approximate analytic expressions for the upper crit
fields for d- and s-wave superconductors. Then using E
~30! D'20.02 in the temperature where the Ginzbur
Landau theory is valid.~It should be emphasized that th
value of D is an underestimate due to the approximatio
made. Further,D is seen from the exact results of the micr
scopic theory, to increase substantially at lower temperat
suggesting an enhanced effect.! The plot of@Hc3 /(Hc2)o# as
a function ofh1 andf is shown in Fig. 3 for this value ofD.
It can be seen that the cosinusoidal variation that is
d-wave signature persists over a significant range of the
rameterg.

In conclusion, it has been shown that the aboved-wave
contribution to the free energy generates an angle de
dence of the surface superconducting field. Thef depen-
dence ofHc3 provides, in principle, a method for experime
tally detecting ad-wave contribution without knowledge o
the s-d coupling strength.

Surface quality is of significance in observing this effe
For diffuse surfaces with indentations comparable to the
terparticle spacing,h1 is of order unity for short coherenc
length superconductors19 and the effect could be substa
B
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.

ev
-
to
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.
-

s

es

e
a-

n-

.
-

tially suppressed~it should be noted that ifh1 is different for
two crystals with different cleaving directions, correctio
can be made to the observedHc3 /Hc2 ratio using the known
dependence of large angle-independent component of th
tio on h1). However, for high symmetry directions alon
which atomically smooth surfaces can be cleaved, the ef
should be observable. The same would be true for cleav
angles where the step size is large~step formation can be
induced under certain conditions20!. There have been som
experimental efforts where some degree of control in obta
ing cleavage angles other than along thec and a axis has
been demonstrated.21,22

The high magnitude ofHc3 for high-Tc superconductors
makes experiments difficult, but measurements nearTc
would make Hc3 accessible. Furthermore, this particul
problem is far less severe in the case of organic superc
ductors@such as thek-(BEDT-TTF)2 salts# which also pos-
sess layered structures. Hence this analysis could be ap
to other superconducting systems apart from the hi
temperature superconductors, where the nature of the pa
state is not well established.
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comments.
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